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Abstract

We propose the Complex Market Hypothesis: many individually weak relationships
jointly generate substantial return predictability. We develop an equilibrium model of
the computational arms race in which investors learn from limited data and choose
how many signals to acquire. We solve the model using random matrix theory. In the
unique equilibrium, prices transmit information from larger models to smaller ones,
allowing both to coexist. In our calibration, cheaper computation can substantially
increase aggregate spending and widen fund performance gaps. Yet observing signals
is not the same as knowing how they predict payoffs. Model uncertainty therefore
sustains a substantial equity premium even when everyone observes all signals that
determine payoffs.

1 Introduction

Stock returns may be difficult to predict not because predictable variation is scarce, but

because it is dispersed across many weak relationships. Each relationship contributes little on

∗Sergei Glebkin is at INSEAD, CEPR, and FTG. Bryan Kelly is at AQR Capital Management, Yale School
of Management, and NBER. Semyon Malamud is at the Swiss Finance Institute, EPFL, and CEPR, and is a
consultant to AQR. Matias Palmunen is at the Swiss Finance Institute, EPFL. Mohammad Pourmohammadi
is at Yale School of Management. Kanji Suzuki and Junwei Yang provided excellent research assistance. We
thank Peter Bossaerts, Maryam Farboodi, Peter Kondor, Zhiguo He, Andreas Neuhierl, Lasse Heje Pedersen,
Indira Puri, and Alp Simsek for helpful comments. AQR Capital Management is a global investment
management firm that may or may not apply investment techniques or methods of analysis similar to
those described herein. The views expressed here are those of the authors and not necessarily those of AQR.
Semyon Malamud gratefully acknowledges financial support from the Swiss Finance Institute and the Swiss
National Science Foundation, Grant 100018-228042. This work was also supported by a grant from the Swiss
National Supercomputing Centre (CSCS) under project ID abs25 on Alps. Anthropic’s Claude was used
to assist with parts of the mathematical derivations, numerical checks, coding, and editing; the authors are
solely responsible for all content and any errors.

1



its own. Together, they can generate substantial predictability. We call this view the Complex

Market Hypothesis. The hypothesis allows for a few strong predictors but emphasizes the

information that small forecasting models leave unexploited and larger models can recover.

Empirical evidence motivates this view. Simple models have had limited success in

predicting returns, both at the aggregate market level and in the cross-section.1 Kelly et al.

(2024) establish conditions under which increasing model complexity improves out-of-sample

forecast accuracy and portfolio performance, even when the number of parameters exceeds

the number of observations. In their U.S. equity market application, richer nonlinear trans-

formations of the same underlying predictors deliver better performance.2 Complexity need

not mean more economic variables: it can mean richer relationships between those variables

and returns, and highly complex models are necessary to capture those relationships. For

example, Timmermann and Vulicevic (2026) train neural networks with up to one million

parameters on monthly U.S. stock returns.3 As Kelly et al. (2026) explain, a neural network

with one million parameters is a model with one million weak signals.4

Yet even these gains may capture only a small part of the predictability present in returns.

Chen et al. (2025) develop statistical lower bounds on population predictability that account

for estimation error. In their monthly U.S. market-return application, they report a 95%

lower confidence bound on population R2 of nearly 20%, while their forecasting benchmarks

achieve only 1–2% out of sample. Weak forecasting performance therefore need not imply

that little predictability exists. Together, these findings are consistent with the Complex

Market Hypothesis: many individually weak relationships can jointly generate substantial

predictability while remaining difficult to learn from the available history.

The investment industry appears to be responding to these opportunities. Quantitative

firms invest in larger datasets, more complex models, and the computing infrastructure

1Welch and Goyal (2008) find that many proposed equity-premium predictors fail to outperform the
historical mean out of sample. In the cross-section, Gu et al. (2020) report a monthly out-of-sample R2

of 0.16% for a linear model using size, value, and momentum, compared with 0.40% for a neural network
evaluated on the same sample and against the same benchmark. Kelly and Xiu (2023) review the broader
evidence on forecasting gains from complex machine-learning models.

2See, also, Kelly et al. (2022); Kelly and Malamud (2025).
3Publicly disclosed language models are far larger. Kimi K3 has 2.8 trillion total parameters, and

DeepSeek-V4-Pro has 1.6 trillion (Kimi Team, 2026; DeepSeek-AI, 2026). GLM-5 has 744 billion parameters,
and Mistral Large 3 has 675 billion (GLM-5 Team, 2026; Mistral AI, 2025).

4Related evidence from stochastic discount factors also shows gains from scale. Didisheim et al. (2024)
increase the number of nonlinear factors from 36 to 360,000, and the out-of-sample Sharpe ratio of their
largest model reaches 3.7. Kelly et al. (2025) report a Sharpe ratio of 3.8 for a transformer with about
100,000 parameters and 4.6 for one with about one million. Their linear transformer is equivalent to a
regression with about 2.3 million parameters.
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needed to train and operate them. Table 5, adapted from Timmermann and Vulicevic (2026),

collects public disclosures from eight major firms. Technological advances have made complex

models economically feasible and set off a computational arms race. Further reductions in

computing costs can intensify this competition. Will the largest models dominate, or can

smaller models remain viable? Will prices become so informative that the gains financing

the race disappear? And how will cheaper computation affect aggregate risk and expected

returns?

We develop an equilibrium model of this computational arms race. Investors learn

predictive relationships from limited historical data and choose how many signals to acquire.

The central distinction is between observing signals and knowing how they predict payoffs.

Cheaper computation can make more signals affordable without making their predictive

relationships known. The model therefore separates the effects of computational progress on

signal acquisition from its effects on the uncertainty investors continue to bear.

Consider an asset with payoff

d = β′S,

where S contains N predictive signals and β contains their unknown coefficients.5 Each

signal contributes little individually, but their joint contribution is economically significant.

Investors are identical ex ante and have constant absolute risk aversion. They learn β

through Bayesian updating from T historical observations of signals and payoffs, generated

by dτ = β′Sτ . When predictive relationships are numerous and individually weak, even a

long history may be insufficient to estimate them precisely.6 Assuming that investors know

β would remove this central source of uncertainty.

We study a setting in which both N and T are large, with N/T → c > 0. The complexity

ratio c measures how many predictive relationships must be learned relative to the amount

of historical data available.7 Investors choose model scale q = N1/N by paying to acquire

N1 signals. Signal sets are nested: a larger model incorporates all signals used by a smaller

5For exposition, we suppress strong signals and residual payoff noise, both of which are allowed in the
full model.

6Even models with few parameters can face severe learning constraints; see the analysis of “dark matter”
in asset-pricing models by Chen et al. (2024).

7The proportional limit allows both historical data and prior beliefs to matter. When T is much larger
than N , the history reveals the predictive coefficients and the prior becomes irrelevant. When N is much
larger than T , learning about weak-signal prediction is negligible, and the prior dominates. These alternatives
are nested in the framework as c→ 0 and c→ ∞, respectively.
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one. At full scale, q = 1, an investor observes every signal that determines the payoff in this

simplified specification. Even then, observing S need not reveal β′S when β is unknown.

Our main technical contribution is a new equilibrium framework, which we call complex

rational expectations equilibrium (CREE). With few exceptions (Breon-Drish, 2015; Albagli

et al., 2024; Avdis and Glebkin, 2026), rational-expectations models with learning from

prices are linear and Gaussian, and the exceptions assume a known joint distribution of

signals and payoff. Parameter learning breaks this structure. When investors estimate the

predictive coefficients from the history, their forecast is not Gaussian, and their demand is

a nonlinear function of the signals. Other investors must then learn from a price that is

nonlinear in this information. This problem is commonly considered intractable. We solve it

when the number of signals is proportional to the length of the history. Investors learn the

N predictive coefficients. They also learn the covariance matrix of the signals, which has of

order N2 unknown entries. Random matrix theory shows that these nonlinearities disappear

in the high-dimensional limit. Explicit formulas characterize the equilibrium. It combines

Bayesian learning, inference from prices, market clearing, and the endogenous choice of model

scale. With a fixed signal set, it has a closed form. When a positive mass of investors is

informed, it is also the limit of exact equilibria of regularized finite economies (Appendix J).

Whereas Kelly et al. (2024); Kelly and Malamud (2025); Didisheim et al. (2024) study the

benefits of complexity taking return dynamics as given, we study how these benefits change

when investors choose model scale in equilibrium and prices reveal information produced

by competing models. Model complexity is therefore not only a forecasting choice. It is

an equilibrium outcome shaped by computational costs and the information transmitted

through prices.

In the unique equilibrium, investors can use different model scales despite being identical

ex ante. Prices explain why. Investors using smaller models combine their own forecasts

with information revealed by the trades of investors using larger models. They save on

computation while recovering some of the information they did not acquire directly. Larger

models supply information to prices; prices help smaller models remain viable. Coexistence

does not require exogenous differences in investor ability or risk preferences. The virtue of

complexity of Kelly et al. (2024) survives in equilibrium. Among the model scales in use, a

larger model leaves less payoff risk even after the investor learns from the price, and it earns

a higher gross Sharpe ratio.

Falling fixed computing costs change market structure in stages. When these costs are

prohibitive, no investor acquires a complex model. Once entry becomes worthwhile, investors
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enter at a common large scale. Further cost reductions initially expand this group and can

then support investors using smaller models alongside it. Lower fixed costs thus broaden

participation without changing the largest model in use.8 This sequence describes how

advances that first make complex models viable can eventually support a broader range of

model scales.

Lower variable costs have a different effect: they make larger models worthwhile.9 Their

effects on participation and concentration can be nonmonotonic. Cheaper acquisition en-

courages entry, but more informative prices make it more attractive to rely on information

acquired by others. The largest model can therefore expand even as participation falls.

When both fixed and variable costs are sufficiently low, every investor acquires the full

signal set. This is a possible outcome of computational abundance: differences in signal

access disappear.

The effects on fund performance depend on the parameters of the economy, so we use

a calibration to quantify them. Lower fixed costs intensify competition: entry reveals more

information through prices and reduces gross fund Sharpe ratios. Lower variable costs

initially favor investors using the largest models, who expand their models and improve

performance. Investors using the smallest models lose ground because their signals are also

observed by every larger model and become increasingly visible in prices. The performance

gap first widens, then narrows as prices reveal more of even the largest models’ information.

It disappears when all investors acquire the full model. These are differences in gross

performance: after accounting for computational costs, all model scales used in equilibrium

deliver the same ex ante utility.

Cheaper computation can also substantially increase aggregate spending.10 In our cal-

ibration, lower fixed costs near the entry threshold attract enough additional investors to

8When a continuous range of smaller models is occupied and some investors remain uninformed, further
entry leaves both the population mass at the largest scale and the population density at existing scales
unchanged.

9The hardware cost of a floating-point operation is one measure of variable cost. Hobbhahn and Besiroglu
(2022) study 470 GPUs released from 2006 to 2021. Floating-point operations per second per dollar double
about every 2.5 years, and about every 2.1 years for GPUs used in machine learning. At these rates, the
cost of an operation falls tenfold in seven to eight years. Maslej et al. (2025) report that hardware costs
decline by 30% per year, and that the cost of inference at the level of GPT-3.5 fell more than 280-fold from
November 2022 to October 2024.

10We know of no aggregate series for compute spending by funds, but related measures have increased.
Neudata (2026) estimate that investment managers spent at least $2.5 billion on alternative data in 2024,
after average growth of 21% per year since 2020. Torbey et al. (2025) report that the technology costs of
asset managers rose by 9% in 2024, compared with 7% for total costs. In April 2026, Jane Street committed
about $6 billion to the cloud platform of one compute provider (CoreWeave, 2026).
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more than offset the saving per investor. Lower variable costs instead induce investors at

the top to expand their models. A tenfold reduction in the variable cost coefficient raises the

largest model’s annual compute bill from 11.3 to 52.8 basis points and aggregate spending

from 3.6 to 8.2 basis points, even as participation falls. Around the calibrated baseline,

investors using the smallest models spend less. The spending increase is therefore driven by

entry when fixed costs fall and by model expansion when variable costs fall.

These changes in the investment industry need not produce comparable reductions in

aggregate risk. When fixed costs fall, the largest model is unchanged. Because signal sets are

nested, entry by investors using smaller models does not expand the information collectively

acquired. In our calibration, even when every investor acquires a model, residual volatility

remains about 17.4%, and the equity premium falls only from 6.53% without acquisition to

about 6.48%. Widespread participation in information acquisition is not the same as a large

expansion of the market’s collective information.

Lower variable costs reduce uncertainty more substantially by expanding the largest

model. Yet even when every investor acquires the full signal set, residual volatility remains

about 15.1% and the equity premium about 4.9% in our calibration. In this specification,

an investor who knew the predictive coefficients as well as the signals would face no residual

payoff risk. The remaining risk therefore reflects uncertainty about how signals determine

payoffs, not a lack of access to the signals themselves.

Computational abundance is therefore not the same as certainty. Cheaper computation

expands access to signals, but it does not lengthen the history available to learn their

predictive relationships. The computational arms race can transform the investment industry

and eliminate differences in signal access without eliminating the model uncertainty that

sustains an equity premium.

2 Literature review

That prices reveal private information through the trades of informed agents goes back to

Hayek (1945). Rational-expectations theory formalized it (e.g., Lucas, 1972; Grossman and

Stiglitz, 1980). Classical models assume that investors know the statistical structure of the

economy (Grossman, 1976; Hellwig, 1980). With few exceptions, dynamic and non-linear

extensions keep this assumption (e.g., Wang, 1993), restrict learning to a linear Gaussian

problem (e.g., Lewellen and Shanken, 2002), or study non-linear learning in a one-period

setting where the joint distribution of signals and payoff is known (e.g., Breon-Drish, 2015;
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Albagli et al., 2024; Avdis and Glebkin, 2026). CREE is also a one-period model, but its

investors learn the high-dimensional predictive model itself from a finite history.

Non-linear parameter learning is central in models of financial markets (e.g., Pastor and

Veronesi, 2009; Collin-Dufresne et al., 2016; Farmer et al., 2024). CREE brings it into

noisy rational-expectations equilibrium: investors learn the predictive coefficients and the

covariance matrix of the weak signals. Random matrix theory makes the price-filtering

problem tractable in the proportional limit. Non-linearities can generate complementarities

in information acquisition (e.g., Breon-Drish, 2015; Barlevy and Veronesi, 2000, 2007; Veld-

kamp, 2006; Ganguli and Yang, 2009; Manzano and Vives, 2011; Mele and Sangiorgi, 2015);

Veldkamp (2023) gives a recent monograph. In CREE with a fixed signal set, the mass

of informed traders is unique, and its comparative statics can change sign (Proposition 3).

With endogenous scale, Theorem 5 gives existence and uniqueness within the linear-price

class of the nested Gaussian economy. Several papers estimate the value of information (e.g.,

Kadan and Manela, 2019; Farboodi et al., 2022b). We derive it when investors estimate a

high-dimensional predictive model and also learn from prices.

Recent papers study equilibria in which agents use complex models to track high-

dimensional state variables (e.g., Ashwin et al., 2024; Han et al., 2021; Moll, 2024; Moll

and Ryzhik, 2025). Others put artificial-intelligence and reinforcement-learning traders

into markets. AI traders can learn to collude (Dou et al., 2025). AI agents with planning

can coordinate to create and exploit bubbles (Dou et al., 2026a). Reinforcement-learning

traders herd on common rules whose price impact caps their performance relative to the

most sophisticated humans (Dou et al., 2026b). Ross et al. (2026) argue that more capable

models behave more alike, so better individual models need not give better system-level

outcomes. Lopez-Lira and Tang (2026) find that the returns to an LLM-based strategy

fall as adoption spreads. Ellis et al. (2026) study information aggregation under machine

learning with constrained inference at the population distribution. In CREE, investors

share a prior and a learning technology. Differences arise from endogenous model scale and

inference from prices (Section 5).

Big data need not raise market efficiency; Goldstein et al. (2021) give an overview. With

signals of heterogeneous quality, more signals can lower informational efficiency (Dugast and

Foucault, 2018; Ke, 2023). Barbopoulos et al. (2023) find that sophisticated investors raise

price informativeness as their access to cloud computing grows, while naive investors lower

it. Bai et al. (2016) and Farboodi et al. (2022a) find that price informativeness has been

roughly constant at short horizons and has risen only at horizons of three to five years. CREE
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connects these findings to persistent parameter uncertainty: prior beliefs stay relevant when

the number of signals and the length of the history are both large at a fixed complexity ratio.

Several papers measure how performance changes with model size. The out-of-sample

performance of a factor model increases with the number of factors, even when this number

far exceeds the number of observations (Didisheim et al., 2024). The performance of a

transformer-based stochastic discount factor still improves at one million parameters (Kelly

et al., 2025). Kelly et al. (2026) show that the stochastic discount factor of a trained deep

network has a linear representation with one factor for each parameter. Timmermann and

Vulicevic (2026) estimate the limit that performance approaches as compute grows. This

evidence motivates the many weak signals in CREE.

Statistical complexity affects predictability and its measurement. Martin and Nagel

(2021) study how overfitting affects in-sample tests of efficiency and predictability, Davis

and Lopez-Lira (2026) examine its implications for Arbitrage Pricing Theory, and Nielsen

(2022) studies the role of priors in out-of-sample predictability. Complexity can also be cog-

nitive. Puri and Veldkamp (2025) argue that differences in cognitive ability and information

complexity can widen disagreement. Gabaix and Graeber (2024) model the complexity of

a decision as the inverse of the total factor productivity of thinking about it. Molavi et al.

(2024) study boundedly rational agents who use a low-dimensional approximation of a model

with many factors but know the coefficients of that approximation. In CREE, complexity is

statistical. Investors are Bayesian, and they can disagree despite a common prior because

they hold different information and face persistent parameter uncertainty. Differences in

beliefs between informed and uninformed traders have been studied in complex environments

(e.g., Al-Najjar, 2009; Montiel Olea et al., 2022).

Chen et al. (2024) question the parameter knowledge often assumed in rational-

expectations models. In CREE, investors still know the strong-signal block and hold

specified priors over the weak-signal coefficients and covariance. Relaxing these priors is a

direction for future work. We also contribute to the literature on high-dimensional Bayesian

learning, where the posterior need not concentrate on the truth (Diaconis and Freedman,

1986; Ritov et al., 2014). CREE shows how persistent parameter uncertainty affects prices

and the incentives to acquire information.
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3 The model

We consider a one-period economy in the spirit of Grossman and Stiglitz (1980). There are

two assets: a risk-free asset, which is the numeraire and has a gross return of one, and a

risky asset with price P and payoff d. Investors trade at date 0, and d is realized at date 1.

3.1 Signals, beliefs, and data

Our Complex Market Hypothesis states that predictability is dispersed across many weak

relationships, possibly alongside a few strong ones. Assumption 1 formalizes it: the payoff

d is predicted by n strong signals and N weak signals. We study this economy with both

the signal dimension and the available history large. Assumption 1 also states the investors’

common prior over the unknown parameters. We take this prior to be correctly specified:

the true parameters are a draw from it. This is without loss for our results on information

acquisition and model scale, which investors choose ex ante under the prior.

Assumption 1 (Complex Market Hypothesis) There are two types of signals, n strong

signals s ∈ Rn and N weak signals S ∈ RN , such that

d = b′s + β′S + ε , (1)

for vectors b ∈ Rn and β ∈ RN . The residual ε ∼ N (0, σ2
ε) is independent of the Gaussian

signals
(
s
S

)
∼ N (0, diag(ψ,Ψ)), where ψ ∈ Rn×n and Ψ ∈ RN×N are positive-semidefinite.11

The weak-signal parameters (β,Ψ) are unknown, and investors share a common prior under

which they are independent, with

β ∼ N
(
0,

σ2
β

N
IN

)
, Ψ ∼ W−1

(
V0N IN , (1 + κ)N

)
, (2)

for constants σ2
β > 0, V0 > 0, and κ > 0, where IN is the N × N identity matrix and

W−1(Ψ0, νΨ) is the inverse-Wishart distribution with scale matrix Ψ0 and νΨ degrees of

freedom (Appendix A gives its density).12 The number n of strong signals and the strong-

signal parameters (b, ψ) are fixed and known.13

11We assume that strong and weak signals are uncorrelated for convenience. The assumption can be
relaxed at the cost of more complicated expressions for the equilibrium quantities.

12Degrees of freedom proportional to N and a scale V0NIN that grows with N keep the prior mean
E[Ψ] = V0N

κN−1IN bounded as N → ∞ and ensure that the prior is nondegenerate for large N .
13For informed investors, taking (b, ψ) as known is without loss. Because n is fixed, they can estimate
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Under the prior (2), each weak-signal coefficient is small, βi = Op(N
−1/2), consistent

with the standard definition of weak signals (Belkin et al., 2020; Giglio et al., 2021; Shen

and Xiu, 2024; Liao et al., 2026), whereas the strong-signal coefficients b are fixed. This

split reflects the predictive structure of most real-world economic relationships: a few strong

signals alongside a potentially vast number of weak ones (Giannone et al., 2021).

The data available before trading are a history of T past observations generated by the

same law,

dτ = b′sτ + β′Sτ + ετ , τ = 1, . . . , T, (3)

where, given the parameters, the (sτ , Sτ , ετ ) are independent draws from the distribution of

(s, S, ε) in Assumption 1, independent of the current draw. Symbols without the index τ

refer to the current draw. Stacking the coefficients as β =
(
b
β

)
∈ Rn+N and the signals as

S =
(
s
S

)
∈ Rn+N , the current payoff is d = β′S + ε. Bold symbols stack the history: s =

(s1, . . . , sT )
′ ∈ RT×n, S = (S1, . . . , ST )

′ ∈ RT×N , S = [s, S] ∈ RT×(n+N), d = (d1, . . . , dT )
′ ∈

RT , and ε = (ε1, . . . , εT )
′ ∈ RT . In this notation, (3) reads d = Sβ + ε.

The length T of the history is the second dimension of our analysis. The classical

econometric setting takes the sample size T to be much larger than the number of parameters,

formally T → ∞ with N fixed. The history then reveals the parameters exactly, and

parameter uncertainty disappears, as is standard in rational-expectations models. We instead

consider the case in which T and N are both large and comparable, formalized as the limit

N, T → ∞ with N/T → c > 0; we call c the complexity ratio.14

Unless explicitly considering a boundary case, the analytical derivations maintain V0 > 0,

σ2
ε > 0, and ση > 0. Appendix H uses the zero-noise case σ2

ε = 0 with c > 1. The proofs do

not cover this case, and Section 4.3 defines it by continuity in (12).

3.2 Investors

Following Grossman and Stiglitz (1980), the economy is populated by three classes of agents:

(b, ψ) from the history at the
√
T rate, and their payoff posterior has the same limit as with a known strong

block (Proposition B.1 in Appendix B.3). Uninformed investors do not observe the history. That they know
(b, ψ) is an assumption.

14Requiring N/T to converge to a positive constant is not a major restriction. With both T and N large,
there are three cases. If T is much larger than N , the history reveals the parameters, as in the classical limit.
If N is much larger than T , the history is uninformative, and beliefs are determined by the prior. Only the
proportional case keeps both the data and the prior relevant, and the other two can be approached as its
limits c→ 0 and c→ ∞.
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• Informed investors have CARA preferences with risk aversion γ > 0. They observe the

history (S,d), the current signals (s, S), and the price. As in Grossman and Stiglitz

(1980), the price adds nothing to what they already know, so their information set is

FI = σ(S,d, s, S).

• Uninformed investors have the same preferences but no access to the data, current or

past, and learn only from the price: FU = σ(P ).

• Noise traders supply σηη shares of the asset inelastically, where η ∼ N (0, 1) is inde-

pendent of everything else and ση controls the size of noise trading.

Informed and uninformed investors form a unit continuum, a fraction λ of which is informed.

Both are rational Bayesians: they share the common prior of Assumption 1 and maximize

expected utility conditional on their information sets.

As in Grossman and Stiglitz (1980), the fraction λ is determined by the cost of infor-

mation. To become informed, an investor pays a cost χ > 0: the expense of building the

infrastructure to collect, clean, and process the history and to extract the current signals.

3.3 Equilibrium

We define equilibrium directly in the limiting economy as N, T → ∞ with N/T → c, which

we call the limit from now on.15 The limiting economy has a limiting probability space

(Ω,A,P∞), a limiting payoff d∞, and limiting informed information set F∞
I ; E∞ denotes

expectation under P∞. Table 6 in Appendix J lists all probability laws used in the paper.

Appendix B specifies these objects. We first take the fraction λ of informed investors as

given and then determine it by information acquisition.

Definition 1 (Complex rational expectations equilibrium) Fix λ ∈ [0, 1]. For each

p ∈ R, let xI(p) be F∞
I -measurable and xU(p) deterministic, and let P be F∞

I ∨ σ(η)-

measurable. Then xI , xU , and P form a complex rational expectations equilibrium (CREE)

if the following conditions hold.

15Unless stated otherwise, deterministic limits hold in probability. Random limits hold in distribution,
and almost surely on the coupled probability space of Appendix B.2. On that space, functions of the price
p, such as demand schedules, converge uniformly in p on compact sets.
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(i) Informed optimality. For every realization of the informed investors’ information and

each p ∈ R,16

xI(p) ∈ argmax
x∈R

E∞[−e−γx(d∞−p) ∣∣F∞
I

]
.

(ii) Uninformed optimality. For each p ∈ R,

xU(p) ∈ argmax
x∈R

E∞[−e−γx(d∞−p) ∣∣P = p
]
.

(iii) Market clearing. For every realization of the informed investors’ information and the

supply shock,

λxI(P ) + (1− λ)xU(P ) = ση η .

An equilibrium consists of demand schedules xI(p) and xU(p), which specify the amount

an informed or uninformed investor is willing to buy or sell at price level p, and a price

function P , such that both schedules are optimal and the market clears. Informed demand

also depends on the informed investors’ information; we suppress this argument. We restrict

the price to depend on the state of the economy only through the informed investors’

information and the supply shock. Since the supply shock is independent of the payoff

and of FI , the price carries no information about the payoff beyond FI , which is why FI

above omits the price. We focus on CREE in which the uninformed demand xU is continuous

and nonincreasing in the price.17 From now on, CREE means a CREE in this class.

As in Grossman and Stiglitz (1980), the fraction λ adjusts until no investor gains by

switching between being informed and uninformed. Given a CREE at λ, the ex-ante expected

utilities of an informed and an uninformed investor are

VI = eγχE∞[−e−γxI(P )(d∞−P )
]
, VU = E∞[−e−γxU (P )(d∞−P )

]
, (4)

where the factor eγχ accounts for the cost of information. Both are evaluated under P∞, so

investors value information under their common limiting beliefs.

16The conditional expectation is the version specified in Appendix B, the limit of the finite Bayesian
posteriors along the observed information.

17Rational expectations models can also admit discontinuous equilibria; see Pálvölgyi and Venter (2015).
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Definition 2 (Overall equilibrium) An overall equilibrium is a fraction λ ∈ [0, 1] and a

CREE (xI , xU , P ) at λ in which each investor chooses whether to acquire information so that

its ex-ante utility in (4) is maximized.

Under the nondegeneracy conditions of Appendix J, the positive-mass equilibria of The-

orems 1 and 2 are limits of finite REEs under regularized laws, with vanishing covariance

and price-support regularizations. The construction includes binary information acquisition

and recovers the limiting prices, portfolios, and informed fractions. It does not cover the

zero-informed case, the endogenous scales of Section 5, or the zero-noise calibration of

Appendix H.

Unless a finite economy is explicitly under consideration, we suppress the superscript ∞
on limiting random variables and information sets and write E, Var, and Cov for moments

under P∞.

4 Equilibrium characterisation

We take the informed fraction λ ∈ (0, 1] as given and characterise the CREE of Definition 1

in four steps. First, we solve the informed investors’ Bayesian problem and derive the limit

of their demand. Second, market clearing shows that the price reveals the same signal in

every CREE. Third, we solve the uninformed investors’ signal-extraction problem. Finally,

optimality determines the uninformed demand, which is linear, and market clearing gives

the price.

4.1 Learning by informed investors

Beyond the residual ε, the payoff (1) is uncertain for two reasons. Fundamental uncertainty is

uncertainty about the current signals s and S, the fundamentals that drive the payoff. Model

uncertainty is uncertainty about the predictive coefficients β that map the fundamentals into

the payoff. The uninformed face both. The informed observe the fundamentals and so face

only model uncertainty, which they reduce by learning β from the history. This learning is

tractable: the posterior of β is Gaussian, as Lemma 1 below shows.

Throughout this subsection, N and T are finite: s, S, and the history (S,d) are those

of the economy with N weak signals and T past observations, and the posteriors are exact.
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Section 4.3 takes the limit. Define the shrinkage parameter

z =
σ2
ε

σ2
β

(5)

and the sample covariance matrix

Ψ̂ =
1

T
S′S ∈ RN×N . (6)

We write cN = N/T for the finite ratio and I for the N ×N identity matrix.

Lemma 1 (Bayesian updating) (i) Coefficients. The informed investors’ posterior

for the weak-signal coefficient is Gaussian,

β | FI ∼ N (β̂, Σ̂β),

where, writing d⊥ = d− s b for the payoff history net of the known strong component,

β̂ = T−1(zcNI + Ψ̂)−1S′d⊥ (7)

and

Σ̂β = Var[β | FI ] = T−1σ2
ε(zcNI + Ψ̂)−1 . (8)

(ii) Payoff. Correspondingly, the payoff is conditionally Gaussian,

d | FI ∼ N
(
b′s+ β̂′S, σ2

ε + S ′Σ̂βS
)
.

4.2 Optimal demand of informed investors

Lemma 1 makes the informed investors’ problem tractable. Their payoff is conditionally

Gaussian, so with CARA preferences, maximizing E[−e−γx(d−p) | FI ] reduces to a standard

mean–variance problem. Its solution is

xI(p) =
E[d | FI ]− p

γVar[d | FI ]
=

b′s+ β̂′S − p

γ
(
σ2
ε + S ′Σ̂βS

) . (9)
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4.3 Limiting demand of informed investors

The demand (9) is nonlinear in the signals, which complicates inference from the price for

the uninformed. Its numerator contains the forecast MN = b′s + β̂′S, a linear form in the

N current signals with coefficients β̂ estimated from the history. The forecast is Gaussian

given the history and Ψ, but its variance b′ψb + β̂′Ψβ̂ is random, so it is not Gaussian

unconditionally. Its denominator, σ2
ε + S ′Σ̂βS, is a quadratic form in the same signals, and

the matrix Σ̂β of this form is itself a nonlinear function of the signal history. The slope of

the demand is therefore random and correlated with the forecast.

Random matrix theory removes both nonlinearities in the limit. The quadratic form

S ′Σ̂βS averages over signal dimensions, as the law of large numbers averages over observations

in the classical setting with N fixed and T large. It converges in probability to a deterministic

value (Lemmas G.1 and G.5 and Proposition G.3 in Appendix G).

The forecast needs no central limit theorem. Given (β,Ψ), the payoff is exactly Gaussian

with variance b′ψb+ β′Ψβ + σ2
ε . This variance converges in probability to the unconditional

payoff variance

σ2
d = b′ψb+ σ2

β

V0
κ

+ σ2
ε

by the same two lemmas, so the payoff is Gaussian in the limit. By Lemma 1, the payoff

is the forecast plus an error that is Gaussian given FI , and the variance of this error has a

deterministic limit. Hence the forecast is Gaussian in the limit as well. Lemma 2 gives both

limits in closed form.

Lemma 2 (Equilibrium informed demand) In the limit, the informed demands (9)

converge in distribution, and almost surely on the coupled space of Appendix B.2, to

xI(p) =
S̃ − p

γσ2
I (c)

, (10)

where S̃ is the limit of the forecast b′s+ β̂′S, and

σ2
I (c) = σ2

ε

Z∗

zc
,

with Z∗ > zc the larger root of

(1 + cκ)Z2
∗ + c

[
V0(1− c)− z(2 + cκ)

]
Z∗ − c2z (V0 − z) = 0 .
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The payoff d, the forecast S̃, and the supply shock η are jointly Gaussian, with

d = S̃ + e , S̃ ∼ N
(
0, σ2

d − σ2
I (c)

)
, e ∼ N

(
0, σ2

I (c)
)
, (11)

where e is independent of S̃ and η. The demand (10) is the informed demand of every

CREE.

Lemma 2 requires σ2
ε > 0. At σ2

ε = 0, the ridge z is zero and the sample covariance Ψ̂ is

singular for c > 1, so the proof does not apply. We define this case by continuity, with the

limit N, T → ∞ taken first:

σ2
I (c)

∣∣∣
σε=0

:= lim
σε↓0

σ2
I (c) = σ2

βV0
(c− 1)+

1 + cκ
. (12)

Indeed, σ2
I (c) = σ2

βZ∗/c for z > 0, and the larger root Z∗ is continuous in z. At z = 0 the

quadratic has the roots 0 and cV0(c− 1)/(1 + cκ). The limit is positive if and only if c > 1.

4.4 Learning by uninformed investors

The uninformed learn from the price. To see what the price reveals, substitute the informed

demand (10) into market clearing,

λ
S̃ − P

γσ2
I (c)

+ (1− λ)xU(P ) = σηη ,

and rearrange:

sP ≡ S̃ − ν(c) η = P − (1− λ)γσ2
I (c)

λ
xU(P ) , ν(c) =

γσησ
2
I (c)

λ
. (13)

The right-hand side depends only on the price and on the uninformed investors’ own schedule,

so the uninformed can recover sP from the price. The price thus conveys a noisy signal of

the informed forecast. Since d = S̃ + e with e independent of S̃ and η (Lemma 2), the

uninformed solve a Gaussian signal-extraction problem, which the next lemma solves.

Lemma 3 (Uninformed posterior) In every CREE, d | P ∼ N
(
α(c) sP , σ

2
U(c)

)
, where

α(c) =
τP

τS + τP
, σ2

U(c) = σ2
I (c)+

1

τS + τP
, τS =

1

σ2
d − σ2

I (c)
, τP =

1

ν(c)2
.
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4.5 Equilibrium

Under the posterior of Lemma 3, CARA optimization gives the uninformed demand

xU(p) =
α(c) sP (p)− p

γσ2
U(c)

.

By (13), sP (p) itself depends on xU(p), so this is a linear equation for xU(p) at each price.

Its solution is linear in p: linearity of the equilibrium is a consequence of the equilibrium

conditions, not an assumption. Market clearing then determines the price.

Theorem 1 (Complex rational expectations equilibrium) Let λ ∈ (0, 1] and ση > 0.

There is a unique CREE. In it, the demand schedules are

xI(p) =
S̃ − p

γσ2
I (c)

, xU(p) = −ϑ p , ϑ =
λ
(
1− α(c)

)
γ
[
λσ2

U(c) + (1− λ)α(c)σ2
I (c)

] > 0 , (14)

and the price is

P = a(c)
(
S̃ − ν(c)η

)
, a(c) =

λσ2
U(c) + (1− λ)α(c)σ2

I (c)

λσ2
U(c) + (1− λ)σ2

I (c)
, (15)

with σ2
I (c) as in Lemma 2, ν(c) as in (13), and α(c) and σ2

U(c) as in Lemma 3.

4.6 Overall equilibrium

We now determine the informed fraction by information acquisition, as in Definition 2. In

the CREE of Theorem 1, the payoff and the price are jointly Gaussian. As in Grossman and

Stiglitz (1980), each investor’s ex-ante expected utility is then proportional to its posterior

standard deviation, so acquiring information is preferred exactly when σU(c) > eγχσI(c).

The uninformed standard deviation depends on the informed fraction, since more informed

trading makes the price more informative; we write σU(c;λ), with σU(c; 0) = σd when the

price reveals nothing. The informed fraction is therefore

λ =


0 , σU(c; 0) ≤ eγχσI(c) ,

1 , σU(c; 1) ≥ eγχσI(c) ,

λ∗ , otherwise, where σU(c;λ
∗) = eγχσI(c) .
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Substituting σI(c) from Lemma 2 and σU(c;λ) from Lemma 3 gives a closed form.

Theorem 2 (Overall equilibrium) Let ση > 0 and χ > 0. There is a unique overall

equilibrium. Let R2
I(c) = 1 − σ2

I (c)/σ
2
d be the share of payoff variance that the informed

forecast explains, and ζ = 1−e−2γχ the minimum share at which acquiring information pays.

The informed fraction is

λ(c) =


0 , R2

I(c) ≤ ζ ,

min

{
γσησd

√(
1−R2

I(c)
)(
R2
I(c)− ζ

)
ζ R2

I(c)
, 1

}
, R2

I(c) > ζ ,

and for λ(c) > 0 its CREE is that of Theorem 1.

Information is acquired exactly when the informed forecast explains more than the share

ζ of the payoff variance, and, on the interior margin, the informed fraction rises with the

noise-trading scale ση, which keeps the price from revealing the forecast.

4.7 Complexity and information acquisition

How does the number of investors who adopt complex models respond to the economy’s

primitives—how variable the signals are, how costly information is, how much noise trading

there is? We show that the answer depends critically on complexity c, and we characterize

it through two polar regimes. As c → 0, the informed learn the weak-signal coefficients

β exactly: there is no model uncertainty, and the economy reduces to the classical setting

of Grossman and Stiglitz (1980). As c → ∞, the history is uninformative about the weak

signal block, so beliefs about it are determined by the prior alone. Complexity thus governs

whether the signals S are usable: knowing β tells the informed how to use them, while

without it they fall back on the prior and leave the signals’ predictive content unexploited.

As a result, the comparative statics of information acquisition can differ in sign between the

two regimes (Table 1).

On the interior acquisition margin, Theorem 2 can be written as

λ2 =
γ2σ2

ησ
2
d

ζ

(
1 + ζ −R2

I −
ζ

R2
I

)
, ζ < R2

I < 1. (16)

Thus, the informed R2 is the key endogenous quantity determining entry, and we characterize

how it behaves in the two regimes.
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R2
I is the explained variance divided by the total variance, σ2

d = b′ψb + σ2
βV0/κ + σ2

ε ,

containing the contributions of the strong block, the weak block, and the residual ε. At

zero complexity the informed estimate β exactly and eliminate both the strong and weak

contributions, leaving only ε, so the explained variance is b′ψb+σ2
βV0/κ. At high complexity

they cannot estimate β and the signals S are not usable, so only the strong block is explained,

b′ψb, and the weak contribution becomes residual risk. Dividing by σ2
d gives

R2
I(0) =

b′ψb+ σ2
βV0/κ

b′ψb+ σ2
βV0/κ+ σ2

ε

, R2
I(∞) =

b′ψb

b′ψb+ σ2
βV0/κ+ σ2

ε

. (17)

Here the arguments 0 and ∞ denote the limits c ↓ 0 and c → ∞; in particular, σ2
I (0) = σ2

ε .

How the informed fraction responds to the primitives then differs between the two regimes,

as the following proposition shows.

Proposition 3 (Complexity and information acquisition) Let As := b′ψb and Aw :=

σ2
βV0/κ be the strong and weak explainable variance. At the two complexity limits, λ depends

on the signal parameters (b, ψ, σβ, V0, κ) only through As and Aw. On interior acquisition

margins:

(i) At every complexity level, λ increases in the noise-trading scale ση and in strong

explainable variance As, and decreases in the acquisition cost χ.

(ii) In weak explainable variance Aw, λ increases at c = 0. Let As > 0. At c → ∞,

the margin is interior only if 0 ≤ Aw < 1−ζ
ζ
As − σ2

ε . On this range, λ increases for

Aw < A∗
w and decreases for Aw > A∗

w, where A
∗
w = 1−ζ

2ζ
As− σ2

ε . If A
∗
w ≤ 0, λ decreases

in Aw throughout.

(iii) In c, λ is hump-shaped if R2
I(∞) <

√
ζ < R2

I(0), increasing if R2
I(∞) ≥

√
ζ, and

decreasing if R2
I(0) ≤

√
ζ.

Table 1 collects the signs.

The contrast between As and Aw is the main result. Strong explainable variance is

usable at every complexity level: a larger As gives the informed forecast more to predict

without adding to residual risk, so it always raises acquisition. Weak explainable variance is

usable only to the extent that β can be learned. At low complexity the informed estimate

β exactly, so Aw is pure predictable variation and raises acquisition. At high complexity

the weak coefficients cannot be learned, so the same Aw becomes residual risk. Residual
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Table 1: Information acquisition at low and high complexity

Increase in Low complexity High complexity

c = 0 c→ ∞

Noise-trading scale ση ↑ ↑
Acquisition cost χ ↓ ↓
Strong explainable variance As ↑ ↑
Weak explainable variance Aw ↑ ∩

Complexity c = N/T :

∩ if R2
I(∞) <

√
ζ < R2

I(0);

↑ if R2
I(∞) ≥

√
ζ; ↓ if R2

I(0) ≤
√
ζ.

Notes: Entries give the response of the informed fraction λ at interior equilibria, holding other primitives
fixed. ↑ and ↓ denote monotone responses; ∩ denotes a hump-shaped response.

risk pulls acquisition two ways: it makes informed demand less sensitive to the forecast and

leaves more noise in the price, which encourages entry, but it also shrinks the proportional

risk reduction that acquisition delivers, which discourages it. At high complexity λ therefore

first rises and then falls in Aw, whereas at low complexity it only rises.

5 Scaling in complex markets

The previous section treats complexity c as exogenous. We now let investors choose the

complexity of their acquired models by including more signals at a cost, while full-universe

complexity c remains fixed.

Suppose the weak signals are ordered, as when a data provider offers nested subscription

tiers. An investor acquires the history and current observations of the strong signals and the

first N1 of the N weak signals, where N1/N → q ∈ (0, 1]; a model of scale q costs χ(q). The

investor chooses scale before observing the acquired data or the price; remaining uninformed

and learning only from the price costs nothing.

As in Definition 1, we define equilibrium directly in the limiting economy. Write Fq for

the information acquired at scale q: the strong signals, the first qN weak signals, and the

history of these signals and of the payoff. Larger models nest smaller ones, so Fq ⊆ Fq′ for

q ≤ q′. Appendix D defines these sets rigorously. An investor at scale q also learns from

the price: the price can reflect the forecasts of investors who scaled further, so it carries

information the investor did not acquire. An uninformed investor observes only the price.
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Let λ ∈ [0, 1] be the fraction of informed investors and let F be the cumulative distribution

function of scales among them. Thus F (q) is the fraction of informed investors whose scale

is at most q, and λ dF (q) gives their population shares. The previous section is the special

case in which F is a unit point mass at q = 1: every informed investor uses the full model.

We first take (λ, F ) as given.

Definition 3 (CREE with heterogeneous scales) Fix (λ, F ). For each p ∈ R, let

xq(p), the demand of an informed investor at scale q, be Fq-measurable, let xU(p) be

deterministic, and let P depend only on the information collectively acquired and the supply

shock. Then {xq}0<q≤1, xU , and P form a CREE at (λ, F ) if the following conditions hold.18

(i) Informed optimality. For every q ∈ (0, 1],

xq(p) ∈ argmax
x∈R

E
[
−e−γx(d−p)

∣∣Fq, P = p
]
.

(ii) Uninformed optimality.

xU(p) ∈ argmax
x∈R

E
[
−e−γx(d−p)

∣∣P = p
]
.

(iii) Market clearing.

λ

∫
(0,1]

xq(P ) dF (q) + (1− λ)xU(P ) = σηη.

For a CREE at (λ, F ), define the ex-ante values

V (q) = eγχ(q)E
[
−e−γxq(P )(d−P )

]
, 0 < q ≤ 1, VU = E

[
−e−γxU (P )(d−P )

]
. (18)

Both are evaluated before observing the data or the price, integrating over their realizations

under the equilibrium price rule. The value V (q) is defined at every scale, including those

outside the support of F , where it is the value of a deviation.

18Appendix D.4 specifies the measurability, integrability, and conditional-belief conventions.
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Definition 4 (Overall equilibrium with endogenous scales) An overall equilibrium

with endogenous scales is a scale distribution (λ, F ) together with a CREE at (λ, F ) in

which every investor chooses its scale, and whether to acquire at all, so that its ex-ante

utility in (18) is maximized.

We focus on linear equilibria, in which the price is a linear function of the informed

investors’ forecasts and the supply shock. We impose the following restrictions on the

acquisition cost.

Assumption 2 (Acquisition costs) The cost is χ(q) = χ0+χ1(q) with a fixed component

χ0 ≥ 0 and a scale component χ1 ∈ C2([0, 1]) satisfying χ1(0) = χ′
1(0) = 0, χ′

1(q) > 0 for

q > 0, and χ′′
1(q) ≥ 0.

Our leading example is the quadratic cost χ(q) = χ0 + χ̄q2, which satisfies Assumption 2

and is supported by the calibration in Appendix H.

We characterize the equilibrium scale distribution through two residual-risk curves. The

first, RP (q) = Var[d | Fq, P ], is the payoff risk left after acquiring scale q and observing the

price; it depends on the equilibrium population distribution (λ, F ) and is characterized below.

The second, R(q) = Var[d | Fq], is the risk left after acquiring scale q alone and depends

only on the information primitives. We obtain R by applying the limiting-risk calculation

of Lemma 2 to the first qN signals rather than all N : a scale-q model has complexity qc,

while the omitted signals add residual noise and change the effective loading prior and the

covariance of the observed signals. Appendix D.1 derives these adjustments and proves the

following. Recall from Proposition 3 the weak explainable variance Aw = σ2
βV0/κ. In the

finite economy, write FN
q for the information in the payoff history and in the current and

past observations of the strong signals and the first N1 weak signals.

Lemma 4 (Pre-price residual risk across scales) For q ∈ [0, 1], let R(q) be the larger

root in r of

(1 + cκ)r2 +
[
κAw

(
1− c− 1−q

κ+q

)
− σ2

ε(2 + cκ)
]
r −

[
σ2
ε + κAw

1−q
κ+q

]
(κAw − σ2

ε) = 0. (19)

If N1/N → q ∈ (0, 1], then, in the limit,

Var[d | FN
q ]

p−→ R(q).
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The function R is continuous and decreasing on [0, 1], with R(0) = σ2
ε + Aw and R(1) =

σ2
I (c) > σ2

ε .

The value R(0) is the risk of an investor who observes only the strong signals.

We now turn to the risk remaining after observing the price, which in equilibrium has a

simple form on the support of F , pinned down by indifference across scales. Every acquired

scale must deliver the same ex-ante utility; otherwise an informed investor would switch to a

better one. As in Grossman and Stiglitz (1980), ex-ante utility is proportional to the standard

deviation of the unforecast payoff, so, net of the acquisition cost, V (q) ∝ −eγχ(q)
√
RP (q).

Constancy of V on the support therefore gives

eγχ(q)
√
RP (q) = eγχ(qH)

√
RP (qH).

At the largest acquired scale qH the price adds nothing the investor has not acquired, so

RP (qH) = R(qH), which pins down the constant.

Lemma 5 (Post-price residual risk in equilibrium) Under Assumption 2, in a linear

overall equilibrium with λ > 0, let qH be the largest scale in the support of F and RH = R(qH).

Then RP (qH) = RH and, for every q in the support of F ,

RP (q) = RH e
2γ[χ1(qH)−χ1(q)]. (20)

Lower residual risk gives better gross performance.

Corollary 4 (Gross Sharpe ratio across scales) Under Assumption 2, in a linear over-

all equilibrium with λ > 0, let πq = xq(P )(d − P ) be the trading profit at scale q and let

SP = Var[d− P ]. For every q in the support of F ,

E[πq]√
Var[πq]

=

√
SP −RP (q)

2SP −RP (q)
, (21)

and this ratio is strictly increasing in q on the support of F .

All investors learn from the same price, but a larger model still earns a higher Sharpe

ratio before acquisition costs. After these costs, every occupied scale gives the same ex-ante

utility. The calibration adds a positive mean supply; the proof of Corollary 4 in Appendix E.1

gives a sufficient condition for the ratio to increase with scale in that case.
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The shape of RP determines the scale distribution F . How fast RP (q) falls as q rises

measures how much the price reveals about models larger than q, and hence how many

investors run them. If many investors scale beyond q and the price reveals their forecasts

almost perfectly, acquiring scale q adds little and RP is nearly flat there; if few do, the price

reveals little and RP falls steeply. Market clearing makes this precise and recovers F from

RP ; the precise inversion takes some algebra and is given in Appendix E. The next lemma

recovers a distribution with a continuous density on an interval and a possible atom at its

upper endpoint. Theorem 5 below establishes when this form arises.

Lemma 6 (Recovering the scale distribution from residual risk) Consider a linear

overall equilibrium with λ > 0 whose scale distribution F has support [qL, qH ], with 0 <

qL < qH ≤ 1, a continuous density on (qL, qH), and no atom except possibly at qH . For

qL ≤ q < qH , the scale CDF is

F (q) = 1− γση
λ

RP (q)
√

R′(q)
R′

P (q)
−R(q)√

R(q)−RP (q)
exp

{
−1

2

∫ qH

q

[√
−R′(s)−

√
−R′

P (s)
]2

R(s)−RP (s)
ds

}
. (22)

Outside this interval, F (q) = 0 for q < qL and F (q) = 1 for q ≥ qH . The jump at the top is

1− F (qH−) =
γση
λ

R(qH)

−R′(qH)

√
R′′(qH)−R′′

P (qH)

2
, (23)

where R′′
P (qH) is taken on the occupied interval. Normalization F (qL) = 0 determines λ.

The preceding lemmas determine a candidate scale distribution once its endpoints are

known. For this candidate to be an equilibrium, the recovered CDF must be nondecreasing,

its top mass must be well defined, and informed entry must be optimal. In particular,

a positive top mass requires R′′(qH) − R′′
P (qH) > 0 in (23); a nondegenerate interval also

requires positive density and enough informed investors to populate it. The theorem gives

conditions under which equilibrium has this form or reduces to a single acquired scale or no

acquisition.
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Theorem 5 (Equilibrium with endogenous scales) Under Assumption 2, a linear

overall equilibrium exists and is essentially unique.19 Suppose additionally that

χ1 ∈ C3([0, 1]), χ′′
1(q) > 0, and χ′′′

1 (q) < 2
√
2γ [χ′′

1(q)]
3/2 for 0 < q < 1.20 Assume

also that σ2
ε ≤ σ2

βV0 and χ′
1(1) > −R′(1)/(2γR(1)). Then the largest acquired scale,

whenever entry occurs, is the unique qH ∈ (0, 1) satisfying

− R′(qH)

2γR(qH)
= χ′

1(qH).

Writing RH = R(qH), no investor acquires information if and only if

χ0 ≥ χentry
0 :=

1

2γ
log

σ2
d

RH

− χ1(qH). (24)

Below this threshold, either F is a unit point mass at qH , or its support is [qL, qH ] for a

unique 0 < qL < qH , with a continuous, strictly positive density on (qL, qH) and a point

mass at qH . In the latter case, RP and F are given by Lemmas 5 and 6, and the absolute

population mass at the top is

λH := λ[1− F (qH−)] = γση
RH

−R′(qH)

√
R′′(qH)−R′′

P (qH)

2
> 0.

The pair (qL, λ) is uniquely determined by F (qL) = 0, the population bound 0 < λ ≤ 1, and

the ex-ante participation conditions V (qH) ≥ VU and (1− λ)
[
V (qH)− VU

]
= 0.

The participation conditions require ex-ante indifference between acquiring information

and remaining uninformed when 0 < λ < 1, and a weak preference for acquisition when

λ = 1.

Quadratic variable cost, χ(q) = χ0+χ̄q
2 with χ̄ > 0, is our leading example going forward.

The largest model equates the marginal reduction in pre-price residual risk, measured in

certainty-equivalent units, to marginal acquisition cost. Its owner already knows every

forecast reflected in the price; investors with smaller models combine cheaper subscriptions

with information from the price. Appendix E proves the results and gives the scalar test

separating the two positive-entry cases, the endpoint equation for (qL, λ), and the equilibrium

price and demands.

19The informed fraction λ and population measure λ dF are unique, and the price and optimal demands
are unique up to almost-sure equivalence.

20These curvature inequalities hold for quadratic costs because χ′′′
1 (q) = 0.
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6 The computational arms race and market structure

To understand how the computational arms race may transform financial markets, we study

changes in the cost of acquiring and processing information. We maintain the quadratic

cost χ(q) = χ0 + χ̄q2, whose two parameters act on the equilibrium differently, and vary

them separately. The figures throughout use the baseline calibration in Appendix H. Our

first results concern the distribution of model scales: who acquires information, how large a

model they choose, and how investors spread across scales.

6.1 Scale distribution

Figure 1 illustrates how falling fixed acquisition costs change the distribution of model scales.

A speculative reading of this transition is as a past and a present of quantitative investment,

with a possible future beyond the last panel. At sufficiently high costs, no investor acquires a

complex model. This no-entry regime can stand for an earlier era in which the computation

required by today’s models was effectively infeasible. The relevant horizon is roughly four

decades: Renaissance Technologies was founded in 1982.21

The point masses in panels (a) and (b) represent earlier stages with higher fixed costs,

in which advanced forecasting is concentrated in a small group of specialized funds. Once

acquisition becomes worthwhile, entrants all choose the same large model. Further reductions

in fixed cost initially enlarge this group without changing its model scale.

Panel (c) is the baseline, calibrated to present-day survey data, and gives a stylized

present. The group using the largest model remains, like the firms in Table 5, but additional

investors enter with smaller models. They combine their own forecasts with information

revealed by prices. The market therefore supports a wider range of forecasting operations.

A possible future lies beyond the baseline: still lower fixed costs extend that range toward

smaller scales.

21See Renaissance Technologies’ company history.
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Figure 1: Scale distributions as fixed acquisition costs fall. Each panel shows the
equilibrium distribution of model scales q for one fixed cost χ0, in annual basis points of
fund capital: 10 in panel (a), 5 in panel (b), and the baseline value 0.336 in panel (c). The
coefficient χ̄ and all other primitives stay at the calibrated values of Appendix H. The shaded
area is the population density λf(q), with f = F ′ on (qL, qH), on the left axis; its area is the
population share at scales below qH . The vertical stem at qH is the population mass λH at
the largest scale, in percent on the right axis. Each panel also reports the uninformed share
1− λ. Axes are common across panels, and q is in units of 10−4. Only the point mass exists
in panels (a) and (b); the baseline in panel (c) adds a continuum of smaller models.
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Figure 2: Price revelation and the marginal value of model scale. Dashed curves show
the marginal benefit of scale, MB(q) = −R′

P (q)/(2γRP (q)). Solid lines show the marginal
cost, MC(q) = 2χ̄q, which is the same in all panels because only the fixed cost χ0 changes:
5 annual basis points in panel (a), 2 in panel (b), and the baseline value 0.336 in panel
(c). Vertical units are annual basis points of fund capital per 10−4 increase in q, and q is
in units of 10−4. Panel (a) is an equilibrium with all informed investors at qH . Panel (b)
is a counterfactual that keeps all informed investors at qH ; the arrow marks a profitable
reduction in scale. Panel (c) is the baseline equilibrium, in which MB and MC coincide on
the shaded support [qL, qH ].

Figure 2 explains the mechanics of this transition through the marginal benefit of ex-

panding a model (MB) and its marginal research cost (MC). The same MC curve applies

throughout because the fixed cost does not affect the cost of an additional signal.

In panel (a), investors enter at the largest scale qH , where MB crosses MC from above.

Reducing model scale would sacrifice more in information value than it would save in research

costs, making the deviation unprofitable. As more investors enter, their trading makes the

common forecast more visible in prices, lowering MB below qH . The crossing remains at qH :

an investor at that scale already knows every forecast reflected in the price, so further price

revelation leaves its marginal information benefit unchanged.

This expansion of the top group cannot continue indefinitely. Panel (b) shows what

would happen if entry remained concentrated at qH after the top mass reached its limit.

MB would fall below MC just to the left of qH . An investor could then gain by choosing a
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smaller model: the saving in research costs would exceed the loss in information value. This

is a counterfactual allocation, not an equilibrium.

In equilibrium, smaller scales become occupied, as in panel (c). MB and MC coincide over

the occupied interval: the price adjusts so that investors are indifferent among these models.

Further reductions in fixed cost extend the interval downward, while leaving the population

density at existing scales and the absolute top mass unchanged. The shaded interval shows

the baseline support. The following proposition formalizes the result, with ρ(q) = λf(q)

denoting the population density, where f = F ′ on (qL, qH), and λH = λ[1 − F (qH−)] the

absolute top mass.

Proposition 6 (Fixed acquisition costs and entry) Suppose χ(q) = χ0+χ̄q
2, with χ̄ >

−R′(1)/(4γR(1)), and σ2
ε ≤ σ2

βV0. Holding all other primitives fixed, a fall in χ0 weakly

raises participation λ and leaves the largest acquired scale qH unchanged whenever acquisition

occurs. If qL < qH and λ < 1, it lowers qL and raises λ, while leaving the density ρ(q) at

existing scales and the top mass λH unchanged. Once λ = 1, further reductions have no

effect on the scale distribution.

Smaller scales need not become occupied. Under the assumptions of the proposition,

they are occupied at some positive fixed cost if and only if ΛH < limχ0↓0 λone. Here ΛH is

the top-mass threshold in (54), and λone is the informed mass of the single-scale candidate in

(62), capped at one. Otherwise, all informed investors use qH at every fixed cost below the

entry threshold. The baseline satisfies the condition, with ΛH = 0.239 and a limit of 0.333.

A fall in the variable-cost coefficient χ̄ has different effects from a fall in the fixed

cost χ0. Lower fixed costs draw investors into the market without changing the largest

model; lower variable costs make larger models worthwhile. The investor at the top already

knows every forecast reflected in prices, so its marginal information benefit is determined

by private signals alone. Reducing χ̄ lowers marginal research cost and shifts the optimal

scale upward. Figure 3 illustrates this expansion: the largest model grows throughout the

sequence, eventually reaching qH = 1.

Participation and concentration, however, need not change monotonically. Between

panels (a) and (b), a halving of χ̄ raises participation from 61.5% to 77.9%, with all informed

investors choosing the largest model. A further halving introduces a continuous range of

smaller models in panel (c), but participation falls to 71.4% and the top mass falls to 58.4%.

Two forces govern this response: cheaper computation encourages acquisition, while larger
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Figure 3: Scale distributions as variable acquisition costs fall. Each panel shows the
equilibrium distribution of model scales q for one variable-cost coefficient χ̄. Panel titles
give χ̄ as a multiple of its baseline value: about 28.2, 14.1, and 7.06 in panels (a)–(c), each
half of the preceding one, and 10−10 in panel (d). The fixed cost stays at its baseline value,
χ0 = 0.336 annual basis points of fund capital, and all other primitives stay at the calibrated
values of Appendix H. The shaded area is the population density λf(q), with f = F ′ on
(qL, qH), on the left axis. The vertical stem at qH is the population mass at the largest scale,
in percent on the right axis. Each panel also reports the uninformed share 1− λ; all masses
are shares of the whole population. In panels (a)–(c), q is in units of 10−5; panel (d) uses
the full range [0, 1] and shows every investor at qH = 1.

models reveal more information through prices and make it more attractive to rely on others’

forecasts. The largest model therefore expands even when the informed population shrinks.

Panel (d) suggests a possible future of computational “abundance.” When both fixed

and variable acquisition costs are sufficiently low, every investor acquires the full signal set,

q = 1. Everyone then learns everything that the available signals can reveal. In the calibrated

economy, with the fixed cost at its baseline value, this outcome arises when χ̄ is at most

−R′(1)/(4γR(1)), about 1.6× 10−9 times its baseline value; above this bound, qH < 1. Full

acquisition still leaves residual payoff risk R(1) > 0, because parameter uncertainty persists

in the proportional limit. The following proposition formalizes the increase in model scale

and the eventual acquisition of all signals.
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Proposition 7 (Variable acquisition costs and model scale) Suppose χ(q) =

χ0 + χ̄q2, with χ̄ > 0. Holding all other primitives fixed, a fall in χ̄ weakly raises

the largest acquired scale qH whenever acquisition occurs. For sufficiently small positive χ̄,

qH = 1 whenever acquisition occurs. If χ0 < log[σ2
d/R(1)]/(2γ), then, for all sufficiently

small positive χ̄, acquisition occurs and every informed investor chooses q = 1. If both cost

parameters are sufficiently small, every investor acquires the full model.

7 Fund performance and compute expenditure

The preceding section establishes how acquisition costs affect entry and model scale across

parameter values satisfying the propositions’ assumptions. The effects on fund performance

and expenditure depend more closely on the other primitives. To discipline these compar-

isons, we use the calibration in Appendix H throughout. The patterns in this section and

the quantitative comparisons that follow are therefore properties of this calibrated economy,

rather than general comparative-static results. We interpret χ0 primarily as the cost of

setting up compute infrastructure and χ̄q2 as the expense of training and operating a model

at scale q; we refer to their sum as compute expenditure.

7.1 Fund performance

Figure 4 reports annual gross Sharpe ratios of trading profits, before compute expenditure

and fees. Each ratio divides unconditional expected trading profits by their standard devi-

ation. The upper and lower curves follow the largest and smallest acquired models in each

equilibrium. The additional curve holds model scale fixed at q = X/c with X = 0.1, in the

complexity units of Appendix H.1, whenever that scale is occupied; this value is close to the

baseline median in Table 4. Dotted vertical lines mark the baseline; light dashed lines mark

the transition to a single acquired scale.

A fall in fixed cost has a competitive effect. Entry makes investors’ information more

visible in prices and erodes the trading opportunities available to each fund. Gross perfor-

mance declines at the largest model even though its scale stays unchanged. At the bottom

of the scale distribution, the move toward smaller models further reduces performance.

Lower variable costs initially favor funds with the largest models. As panel (b) shows,

these funds expand their models and improve their gross performance, while funds using the

smallest models lose ground. The signals in a small model are also observed by every investor

using a larger one, so this information is widely represented in trading and increasingly
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Figure 4: Gross fund Sharpe ratios as compute costs change

revealed by prices. The performance gap therefore widens at first. As costs fall further,

however, price revelation erodes even the largest models’ informational edge: their gross

performance declines and the gap narrows. The gap ultimately disappears in the full-model

limit, when all investors acquire the same information at q = 1.

7.2 Compute expenditure

The other side of this response is the compute bill. Figure 5 shows its distribution among

acquiring funds on the left axis and aggregate expenditure on the right. Shading spans the

full range of fund expenditure; the median is weighted by equilibrium population shares.

Because F is conditional on acquisition, aggregate expenditure as a fraction of total fund

capital is

λ

∫
(0,1]

χ(q) dF (q) = λχ0 + λχ̄

∫
(0,1]

q2 dF (q).

Both axes report annual basis points, with individual fund capital and total population

capital as their respective denominators.

Lower fixed cost makes a given model cheaper for every fund, which is intuitive. Aggregate

spending can nevertheless rise: starting near the no-entry threshold and reducing fixed

cost brings enough funds into the market to outweigh the saving per fund. This is a
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Figure 5: The distribution and aggregate level of compute expenditure

spending analogue of the rebound mechanism associated with Jevons’ paradox (Jevons, 1865,

Chapter VII). The effect is not monotone over the whole range.

A fall in variable cost instead induces a strong expansion of compute spending at the

top. Reducing χ̄ tenfold from its baseline raises the largest model’s budget from 11.32 to

52.76 basis points, while the smallest model’s budget falls from 0.84 to 0.75 basis points.

Aggregate spending rises from 3.59 to 8.20 basis points even though participation falls from

53% to 38%. Here the rebound comes from more spending by the large-model funds rather

than from entry.

7.3 Risk premia and residual uncertainty

Cheaper compute makes more information accessible, but how much aggregate risk does it

remove? Figure 6 pairs the equity premium with the uncertainty remaining after investors

combine their acquired information with the price. As in the calibration, mean asset supply

is one, so the equity premium is

E[d− P ] =
γ

λ

∫
(0,1]

RP (q)
−1 dF (q) + (1− λ)R−1

U

, RU = Var[d | P ].
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Figure 6: Compute costs, the equity premium, and residual uncertainty

Panels (b) and (d) report residual volatility,
√
RP (q), for the largest and smallest acquired

models. Their vertical axes omit the intervals marked by breaks. They also show an oracle

who observes the same signals as the largest model and knows the true coefficients and

covariance matrix. Evaluated at the equilibrium scale qH , its residual variance is Ror(qH) =

σ2
βV0(1 − qH)/(κ + qH), by Lemma D.2 and the calibration’s restriction σ2

ε = 0. The oracle

still faces uncertainty from omitted signals when qH < 1, but its residual risk vanishes at

qH = 1. The largest model already observes all information entering the price, so its residual

variance is RP (qH) = R(qH); the gap from the oracle reflects uncertainty about how to

use the acquired signals. Dotted vertical lines mark baseline costs, light dashed lines mark

the transition to a single acquired scale, and shaded regions indicate no acquisition. Solid

vertical lines in panels (c) and (d) mark the full-model boundary, q = 1.

Lower fixed costs induce widespread entry, but leave most payoff uncertainty unresolved.

The largest model retains the same scale, leaving both its residual risk and the oracle

benchmark unchanged wherever acquisition occurs. Because information sets are nested,

entrants using smaller models do not expand the information collectively acquired. At

sufficiently low fixed costs, every investor acquires information, yet residual volatility remains

between 17.37% and 17.41%, even after learning from prices. The equity premium falls only

from 6.53% without acquisition to about 6.48% with full participation, remaining far above

zero.

Lower variable costs allow investors to use larger models, reducing residual uncertainty
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more substantially. At sufficiently low costs, all investors acquire the full signal set and face

the same residual risk. Yet panel (d) shows that their common residual volatility,
√
R(1),

remains about 15.14%, while the oracle’s falls to zero. The gap reflects persistent uncertainty

about the coefficients that determine how signals predict the payoff. The equity premium is

then γR(1), about 4.91%, and so remains substantial even when all investors are informed.

Cheaper compute expands access to data without lengthening the history available to learn

from it, leaving model uncertainty as a key source of priced risk.

8 Conclusion

We propose the Complex Market Hypothesis and formalize it through Complex Rational

Expectations Equilibria, a framework in which investors learn a high-dimensional predictive

model and choose how much information to acquire. Random matrix theory makes Bayesian

learning, inference from prices, and market clearing tractable while preserving uncertainty

about predictive coefficients and signal covariances. The framework determines model scale,

information acquisition, and prices jointly.

Competition can sustain different model scales among otherwise identical investors. In-

vestors using smaller models save on compute by combining their forecasts with information

larger models reveal through prices. Equilibrium can therefore combine a group using the

largest model with a continuum of smaller models. Falling fixed costs broaden participation

without changing the largest scale. Lower variable costs encourage larger models, but

participation need not rise because prices reveal more information.

In the calibration, lower fixed costs encourage entry and erode gross fund performance.

Lower variable costs initially favor the largest models, widening performance gaps before

further price revelation narrows them. Compute expenditure can rise as costs fall through

entry or model expansion. Investors remain indifferent ex ante across occupied scales after

compute costs.

Cheaper computation does not remove the statistical limits of learning. With fixed

costs at their calibrated value, sufficiently low variable costs lead every investor to acquire

all signals. Yet residual volatility remains about 15.1% and the equity premium about

4.9%, while an oracle who knew the predictive coefficients would face no residual risk.

Full acquisition does not lengthen the history available to learn those coefficients. Model

uncertainty remains priced even when compute costs no longer constrain acquisition.
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Organization of the appendix

The appendix contains the proofs of the main-text results, the required random-matrix tools,

the calibration, supporting evidence on compute and data scale, and the finite-economy foun-

dation of CREE. Appendix A proves Bayesian updating. Appendix B constructs the limiting

economy and proves informed demand, and Appendix C proves the single-scale equilibrium

and acquisition results. Appendix D constructs nested information and proves pre-price

residual risk. Appendix E proves post-price residual risk and Corollary 4, recovers the scale

distribution, and proves equilibrium existence, uniqueness, and characterization. Appendix F

proves the acquisition-cost comparative statics. Appendix G collects the random-matrix

tools used in these proofs. Appendix H presents the calibration, empirical targets, baseline

outcomes, and motivation for quadratic research costs. Appendix I reports public disclosures

of compute and data scale, adapted from Timmermann and Vulicevic (2026). Appendix J

constructs rational expectations equilibria of regularized finite economies that converge to

CREE, including endogenous binary information acquisition; it requires σ2
ε > 0. The limiting

economy throughout uses the common prior of Assumption 1.

A Bayesian updating: proof of Lemma 1

Proof of Lemma 1. The current signals carry no information about β. Under the prior, β,

Ψ, and the strong signals are independent, the history and current signals are conditionally

independent draws given Ψ, and the history payoffs depend on β only through d = Sβ+ ε.

The joint density of (β,Ψ,S,d, s, S) therefore factors as

p(β) p(d | S, β) p(s) p(s) p(Ψ) p(S | Ψ) p(S | Ψ).

Integrating out Ψ and conditioning on F = σ(S,d), the density of (β, s, S) is proportional

to

p(β) p(d | S, β) × p(s)

∫
p(Ψ) p(S | Ψ) p(S | Ψ) dΨ,

a function of β times a function of (s, S). Hence β and (s, S) are independent given F , and

β | FI has the law of β | F . It remains to compute the latter.

43



Posterior of β. Because the strong block (b, ψ) is known, the investor first removes the

strong component and works with the residual d⊥ := d− sb, which in vector form is

d⊥ = Sβ + ε,

where d⊥ = (dτ − s′τb)
T
τ=1 and S = (Sτ )

T
τ=1 ∈ RT×N . To lighten notation, we write d for

d⊥ throughout the rest of the proof. Under the investor’s prior, β ∈ RN is drawn from

N (0, σ2
βI/N), and the signals have covariance matrix Ψ. The Gaussian projection theorem

gives

E[β | S,d] = Cov[β,d | S]Cov[d | S]−1d

Var[β | S,d] = Var[β] − Cov[β,d | S]Cov[d | S]−1Cov[β,d | S]′

We have

Cov[d | S] = (σ2
εIT + c−1

N σ2
βΨ̌)

Cov[β,d | S] = E[βd′ | S] = σ2
βS

′/N

where cN = N/T and Ψ̌ := SS′/T ∈ RT×T is the Gram dual of the sample covariance

Ψ̂ = S′S/T ∈ RN×N of (6). The two share their nonzero eigenvalues and are exchanged by

the push-through identity

S′(ℓIT + Ψ̌
)−1

=
(
ℓIN + Ψ̂

)−1
S′ , (25)

which is the only matrix fact this proof needs: it moves every T × T inverse to the N ×N

side. Hence

Var[β | S,d] = σ2
βI/N − σ4

βS
′(σ2

εIT + c−1
N σ2

βΨ̌)−1S/N2.

Now we plug everything in; by (25), we have

β̂ = S′/N(σ−2
β σ2

εIT + c−1
N Ψ̌)−1d = (zcNIN + Ψ̂)−1S′d/T
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where z = σ2
εσ

−2
β . Applying (25) once more to the posterior covariance,

Σ̂β = σ2
βI/N − cNσ

2
βS

′(zcNIT + Ψ̌)−1S/N2

= σ2
βI/N − σ2

β(zcNI + Ψ̂)−1Ψ̂/N

= σ2
εT

−1(zcNI + Ψ̂)−1.

This proves part (i).

Posterior of the payoff. Given FI , the strong component b′s and the current weak signals

S are known, so

d = b′s + β′S + ε,

where β | FI ∼ N (β̂, Σ̂β) by part (i) and ε ∼ N (0, σ2
ε) is independent of β and of FI . Hence

β′S | FI ∼ N (β̂′S, S ′Σ̂βS), and adding the independent ε gives part (ii). □

Inverse-Wishart convention. For a positive-definite scale matrix Λ and νΨ > N − 1, the

distribution W−1
N (Λ, νΨ) in Assumption 1 has density

p(Ψ) =
|Λ|νΨ/2

2νΨN/2ΓN(νΨ/2)
|Ψ|−(νΨ+N+1)/2 exp

{
−1

2
tr(ΛΨ−1)

}
,

where ΓN(a) = πN(N−1)/4
∏N

i=1 Γ(a+(1− i)/2). For νΨ > N +1, its mean is Λ/(νΨ−N −1).

The case V0 = 0 is understood as the degenerate weak block Ψ = 0.

B The limiting economy and informed demand

We construct the common probability space used in Definition 1 and prove Lemma 2 directly

under the common prior. The only asymptotic inputs are the concentration and deterministic

equivalents in Appendix G.

B.1 Proof of Lemma 2

Proof of Lemma 2. Let cN = N/TN → c and write ON = (SN ,dN , sN , SN) for the

informed observations. Lemma 1 gives the exact posterior

dN | ON ∼ N (MN , RN), MN = b′sN + β̂′
NSN , RN = σ2

ε + S ′
N Σ̂β,NSN . (26)
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Concentration of residual risk. Conditional on ΨN and the history, SN ∼ N (0,ΨN) is

independent of the history, and NΣ̂β,N ⪯ σ2
βIN . Lemma G.1, localized using Lemma G.5,

therefore gives

RN − σ2
ε −

σ2
ε

TN
tr
[
ΨN(zcNIN + Ψ̂N)

−1
]

p−→ 0.

Proposition G.3, evaluated at the prior spectrum H0, implies

RN
p−→ r := σ2

ε [1 + ξ(zc; c)] = σ2
ε

Z∗

zc
, Z∗ := zc[1 + ξ(zc; c)].

The change from zcN to zc is harmless by the resolvent identity and the uniform lower bound

on these positive ridge parameters.

The effective-ridge quadratic. Apply Theorem G.4 to the normalized trace with AN = ΨN .

Its fixed-point identity is∫
x

Z∗ + x
dH0(x) =

1

c
− z

Z∗
. (27)

By Lemma G.5, H0 is the image of MPy under x = a/t, where y = (1 + κ)−1 and a =

V0/(1 + κ). For V0 > 0, set u = a/Z∗ and let mMP be the Stieltjes transform of MPy. The

left-hand side of (27) is umMP(−u), and

ywmMP(w)
2 − (1− y − w)mMP(w) + 1 = 0.

Substituting mMP(−u) = (c−1 − z/Z∗)/u yields

(1 + cκ)Z2
∗ + c[V0(1− c)− z(2 + cκ)]Z∗ − c2z(V0 − z) = 0.

The polynomial is negative at Z∗ = zc when V0 > 0 and has positive leading coefficient, so

its root above zc is the larger root. This proves the formula for σ2
I (c) = r in the lemma.

When V0 = 0, the weak block vanishes and r = σ2
ε , with Z∗ = zc by continuity.

The joint Gaussian limit. Conditional on (βN ,ΨN), the payoff is centered Gaussian with

variance b′ψb+ β′
NΨNβN + σ2

ε . Independence of βN and ΨN , quadratic-form concentration,

and the prior spectral mean give

β′
NΨNβN

p−→ σ2
β

V0
κ
.
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Consequently dN ⇒ N (0, σ2
d). For every real t, the exact posterior implies

E[eitdN ] = E[eitMN−t2RN/2] = e−t
2r/2E[eitMN ] + o(1).

The error vanishes by bounded convergence in probability, since RN → r. Thus MN ⇒
N (0, σ2

d − r). More generally, for real t, u,

E[eitMN+iu(dN−MN )] = E[eitMN−u2RN/2] −→ exp
{
−1

2
t2(σ2

d − r)− 1
2
u2r
}
.

This proves that the limiting forecast and residual are independent Gaussians. The supply

shock is independent of both at every N and in the limit.

Coupling. The steps above give (MN , RN) ⇒ (S̃, r) with S̃ ∼ N (0, σ2
d− r). The convergence

RN → r in probability does not depend on how the economies for different N are coupled,

because r is deterministic. Weak convergence on R2 has an almost-sure representation: there

are copies of the pairs (MN , RN) on one probability space with (MN , RN) → (S̃, r) almost

surely. Appendix B.2 extends this space to the limiting economy. That construction uses

only the weak limit above, and it gives the informed posterior N (S̃, r) in (28).

Demand convergence and optimality. BecauseRN , r ≥ σ2
ε , for every compact price set C ⊂ R,

almost surely on the coupled space,

sup
p∈C

∣∣∣∣∣MN − p

γRN

− S̃ − p

γr

∣∣∣∣∣ ≤ |MN − S̃|
γσ2

ε

+ sup
p∈C

|S̃ − p| |RN − r|
γσ4

ε

−→ 0.

Under the posterior (28), conditional expected utility is

− exp
{
−γx(S̃ − p) + 1

2
γ2x2r

}
.

Its unique maximizer is (S̃ − p)/(γr), proving (10) in every CREE. The coupled copies have

the original finite-economy laws, so the demands also converge in distribution. □

B.2 Construction and verification of the limiting economy

The proof of Lemma 2 establishes (MN , RN) ⇒ (M∞, r), with M∞ ∼ N (0, σ2
d − r) and

r = σ2
I (c). Its coupling step realizes copies of these pairs on one probability space with

almost-sure convergence. We extend that space to the whole economy. For each N , draw

ON conditional on (MN , RN) according to the original finite common-prior law, using ran-
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domness independent of the payoff residual introduced below. These regular conditional

distributions exist because the observations and statistics take values in Euclidean spaces.

The observations have their original marginal laws and reproduce their prescribed posterior

statistics.

Take independent Z, η ∼ N (0, 1), independent also of the entire observation array, and

define

dN =MN +
√
RN Z, d∞ =M∞ +

√
r Z.

By (26), every (ON , dN , η) has its original finite-economy joint law. The coupling chooses

only dependence across different economy sizes, and gives dN → d∞ almost surely.

Formally, take Ω to be the coordinate space of arrays ((ON , dN)N≥1, η) on whichMN and

dN have finite limits and RN → r. Equip it with its Borel sigma-field A and the law P∞

induced by this construction. Set

F∞
I = σ(O1, O2, . . .), S̃ =M∞ = lim

N
MN , d∞ = lim

N
dN .

Independence of Z from the whole observed array gives

d∞ | F∞
I ∼ N (S̃, r). (28)

It also ensures that conditioning on the full observation array leaves each finite posterior

N (MN , RN) unchanged. The limiting posterior is therefore conditional on the full limiting

information, not just the forecast statistic.

At every information state in Ω, including null states, select the kernel N (limN MN , r).

It is the weak limit of the finite Bayesian posteriors along that observed array and a version

of (28). This supplies the statewise convention in Definition 1. For any candidate price P ,

the uninformed investors condition on σ(P ) under the same P∞. Appendix C.1 computes

this conditional law in a CREE and specifies its continuous Gaussian version at every price.

B.3 Learning the strong-signal block

The following auxiliary result concerns the known strong-signal parameters in Assumption 1.

Informed investors observe the history and can estimate these parameters. Proposition B.1

shows that the estimation does not change the limit of their payoff posterior. Uninformed
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investors do not observe the history. That they know (b, ψ) is an assumption. Work on the

nondegenerate strong-signal coordinates, so that ψ is positive definite.

For this auxiliary calculation, suppose the informed investor estimates the strong block

under the following priors:

b ∼ N (0, σ2
bIn), ψ ∼ W−1(V n

0 , n+ kψ),

independent of the weak-block priors in (2); signals are conditionally Gaussian given their

covariances. Write zb := σ2
ε/σ

2
b , ψ̂ := T−1

∑
τ≤T sτs

′
τ , and let S = [s,S] ∈ RT×(n+N) be the

augmented signal matrix.

Applying the Gaussian updating calculation of Lemma 1 to the augmented coefficient

vector gives the following posterior. Writing β = (b, β) for the joint coefficient, the posterior

is Gaussian, β | F ∼ N (β̂, Σ̂β) with β̂ = (D + S ′S)−1S ′d, Σ̂β = σ2
ε(D + S ′S)−1, and D =

diag(zbIn, zN IN); the strong covariance updates by conjugacy, ψ | F ∼ W−1(T ψ̂+V n
0 , T +

n+kψ), so ψ̄ := E[ψ | F ] = (T ψ̂+V n
0 )/(T +kψ− 1). Let QS := IT −S(zN IN +S′S)−1S′ be

the residualization matrix that partials the weak block out of the strong regression, so that

b̂ = (zbIn + s′QSs)
−1s′QS d, Σ̂bb = σ2

ε(zbIn + s′QSs)
−1.

Let BS := (zN IN + S′S)−1S′s ∈ RN×n, and let β̂ and Σ̂β be the known-block posterior

moments of Lemma 1. Block inversion of D+S ′S gives the other blocks of Σ̂β and the weak

block β̂est of β̂:

Σ̂βb = −BSΣ̂bb, Σ̂ββ = Σ̂β +BSΣ̂bbB
′
S, β̂est = β̂ −BS(b̂− b). (29)

The current signals carry no information about β, as in the proof of Lemma 1. With an

estimated strong block, the informed payoff posterior is therefore N (M est
N , Rest

N ), where

M est
N = b̂′s+ (β̂est)′S, Rest

N = σ2
ε + S ′Σ̂β S.

Its known-block counterpart is N (MN , RN) in (26).

Proposition B.1 (The strong block is learned perfectly) Under these priors, in the

limit T,N → ∞ with N/T → c > 0 and n fixed, and with m(·; c) as in Theorem G.2:

(i)
1

T
tr(QS)

p−→ σ2
ε

σ2
I (c)

= 1− c
(
1− zcm(−zc; c)

)
;
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(ii) the strong-coefficient posterior covariance vanishes at the parametric rate, T Σ̂bb
p−→

σ2
I (c)ψ

−1, and b̂
p−→ b with b̂− b = Op(T

−1/2);

(iii) the strong-covariance posterior mean is consistent, ψ̄
p−→ ψ;

(iv) the payoff posterior has the known-block limit, M est
N −MN = Op(T

−1/2) and 0 ≤ Rest
N −

RN = Op(T
−1).

By item (iv) and RN ≥ σ2
ε , the informed demand (9) with an estimated strong block has

the limit in Lemma 2. For informed investors, taking (b, ψ) as known in the main text is

therefore without loss.

Proof of Proposition B.1. (i) Trace of QS. By the cyclic property of the trace and S′S =

T Ψ̂ (so zN IN + S′S = T (zcNIN + Ψ̂) with cN = N/T ),

1
T
tr(QS) = 1− 1

T
tr
(
(zN IN + S′S)−1S′S

)
= 1− N

T
+ zcN

N
T
m̂(zcN),

where m̂(zcN) := 1
N
tr
(
(zcNIN + Ψ̂)−1

)
. Since cN → c and m̂(zcN) → m(−zc; c) (Theo-

rem G.2), the right-hand side tends to 1 − c + zc2m(−zc; c) = 1 − c(1 − zcm(−zc; c)); by
Proposition G.3 and Lemma 2, σ2

I (c) = σ2
ε/(1− c(1− zcm(−zc; c))), which is (i).

(ii) Posterior covariance and consistency. QS is symmetric with eigenvalues in (0, 1]

and independent of s, whose rows are i.i.d. N (0, ψ). Conditional on QS, the Gaussian

quadratic form 1
T
s′QSs has mean 1

T
tr(QS)ψ and variance O

(
tr(Q2

S)/T
2
)
= O(1/T ) (using

tr(Q2
S) ≤ tr(QS) ≤ T ); hence 1

T
s′QSs

p−→ 1
T
tr(QS)ψ → σ2

ε

σ2
I (c)

ψ, the concentration now running

over the T time periods (with n fixed) rather than over the N signals. As zb/T → 0,

T Σ̂bb = σ2
ε

(
zb
T
In +

1
T
s′QSs

)−1 p−→ σ2
ε

(
σ2
ε

σ2
I (c)

ψ
)−1

= σ2
I (c)ψ

−1.

By the partitioned-regression formula, with d = s b+ u and u = Sβ + ε,

b̂− b = (zbIn + s′QSs)
−1
(
−zb b+ s′QSu

)
.

The inverse is Op(1/T ) by the display above. Since s is independent of (S, β, ε) with mean-

zero rows, E[s′QSu | S, β, ε] = 0 and Var[s′QSu | S, β, ε] = (u′Q2
Su)ψ; as ∥QS∥ ≤ 1 and

u′u =
∑

τ u
2
τ = Op(T ), we have u′Q2

Su ≤ u′u = Op(T ), so s′QSu = Op(
√
T ). Combining,

b̂− b = Op(1/T ) ·Op(
√
T ) = Op(T

−1/2) → 0.

(iii) Covariance consistency. With n, kψ fixed, ψ̂ = T−1
∑

τ≤T sτs
′
τ

p−→ ψ by the law of

large numbers, and ψ̄ = (T ψ̂+V n
0 )/(T+kψ−1) → ψ since V n

0 /T → 0 and T/(T+kψ−1) → 1.
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(iv) Payoff posterior. Substituting (29) into the definitions of M est
N and Rest

N and writing

v := s−B′
SS ∈ Rn,

M est
N −MN = (b̂− b)′v, Rest

N −RN = v′Σ̂bb v ≥ 0.

It remains to show v = Op(1). Since t/(zN + t2) ≤ (2
√
zN)−1 for t ≥ 0, the singular values

of (zN IN + S′S)−1S′ are at most (2
√
zN)−1. For fixed n, ∥s∥2 ≤ tr(s′s) = Op(T ). Hence

∥BS∥ ≤ ∥s∥/(2
√
zN) = Op(1). Given Ψ and the history, S ∼ N (0,Ψ), so

E
[
∥B′

SS∥2 | Ψ,S
]
= tr

(
B′
SΨBS

)
≤ n ∥Ψ∥ ∥BS∥2,

which is Op(1) by Lemma G.5. Thus v = Op(1). Item (ii) gives b̂ − b = Op(T
−1/2) and

∥Σ̂bb∥ = Op(T
−1), which proves (iv). □

C Equilibrium and information acquisition

The proofs follow Lemma 3, Theorems 1 and 2, and Proposition 3 in the main text. As in

the main text, this appendix suppresses the superscript ∞ on limiting random variables and

information sets and writes E, Var, and Cov for moments under P∞.

C.1 Proof of Lemma 3

Proof of Lemma 3. Write A := γ(1 − λ)/λ ≥ 0 and suppress the argument c. Market

clearing with the informed demand (10) gives (13), sP = P − Aσ2
I xU(P ). By the restriction

following Definition 1, xU is continuous and nonincreasing; since Aσ2
I ≥ 0, the map p 7→

p − Aσ2
I xU(p) is continuous, strictly increasing, and tends to ±∞ as p → ±∞, so it is

a bijection of R. Hence σ(P ) = σ(sP ), and conditioning on P = p is conditioning on

sP = sP (p) := p − Aσ2
I xU(p). By Lemma 2, S̃ ∼ N (0, τ−1

S ), η ∼ N (0, 1), and e ∼ N (0, σ2
I )

are independent under P∞. Hence (d, sP ) = (S̃ + e, S̃ − νη) is jointly Gaussian, with

Cov[d, sP ] = τ−1
S , Var[sP ] = τ−1

S + τ−1
P , and Var[d] = τ−1

S + σ2
I . Gaussian projection gives

d | sP ∼ N (α sP , σ
2
U), with α = τ−1

S /(τ−1
S + τ−1

P ) = τP/(τS + τP ) and

σ2
U = τ−1

S + σ2
I −

τ−2
S

τ−1
S + τ−1

P

= σ2
I +

1

τS + τP
,

as claimed. We use this Gaussian version at every p ∈ R. □
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C.2 Proof of Theorem 1

Proof of Theorem 1. Write A := γ(1− λ)/λ ≥ 0 and suppress the argument c.

Informed demand. By Lemma 2, the informed demand of every CREE is xI(p) = (S̃ −
p)/(γσ2

I ).

Uninformed demand. Take a CREE; by the restriction following Definition 1, xU is

continuous and nonincreasing. By Lemma 3, d | P = p ∼ N (α sP (p), σ
2
U), with sP (p) =

p − Aσ2
I xU(p). As in the proof of Lemma 2, the CARA problem in Definition 1(ii) under

this posterior has the unique solution

xU(p) =
α sP (p)− p

γσ2
U

=
α
(
p− Aσ2

I xU(p)
)
− p

γσ2
U

.

Collecting xU(p) gives xU(p)
(
γσ2

U + αAσ2
I

)
= −(1− α) p, so xU(p) = −ϑp with

ϑ =
1− α

γσ2
U + αAσ2

I

=
λ(1− α)

γ
[
λσ2

U + (1− λ)ασ2
I

] ,
which is (14). Since ση > 0, τP <∞ and α < 1, so ϑ > 0.

Price. With these schedules, market clearing reads λ(S̃ − P )/(γσ2
I )− (1− λ)ϑP = σηη.

The left-hand side is strictly decreasing in P , so the equation has a unique solution. By (13),

it is P = sP/(1 + Aσ2
Iϑ) = a (S̃ − νη) with a = 1/(1 + Aσ2

Iϑ). Substituting ϑ,

Aσ2
Iϑ =

(1− λ)(1− α)σ2
I

λσ2
U + (1− λ)ασ2

I

, a =
λσ2

U + (1− λ)ασ2
I

λσ2
U + (1− λ)σ2

I

,

which is (15). This proves uniqueness.

Existence. Let xI , xU , and P be given by (14) and (15). The price is a function of

(S̃, η), hence F∞
I ∨ σ(η)-measurable, and xU(p) is deterministic. Informed optimality holds

by Lemma 2, and market clearing holds by construction. The schedule xU is continuous and

decreasing, so Lemma 3 and the demand computation above give uninformed optimality. □

C.3 Proof of Theorem 2

Proof of Theorem 2. Suppress the argument c. By the definition of R2
I , σ

2
I = (1−R2

I)σ
2
d

and B := σ2
d − σ2

I = R2
Iσ

2
d. Recall ζ = 1− e−2γχ ∈ (0, 1), so e−2γχ = 1− ζ.

Ex-ante utilities. Fix λ ∈ (0, 1] and the CREE of Theorem 1. Let mj and σ2
j be the

posterior mean and variance of investor j ∈ {I, U}, so mI = S̃, mU = αsP , and xj(P ) =
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(mj−P )/(γσ2
j ). Conditional on the investor’s information, the CARA utility of this demand

is − exp{−(mj − P )2/(2σ2
j )}. Write d − P = (mj − P ) + (d −mj). The error d −mI = e

is independent of (S̃, η), hence of mI − P . The error d−mU is independent of sP , hence of

P and of mU − P . The variable mj − P is therefore Gaussian with mean zero and variance

Var[d− P ]− σ2
j . For X ∼ N (0, s2), E[− exp{−X2/(2σ2)}] = −(1 + s2/σ2)−1/2. Hence

VI = −eγχ σI√
Var[d− P ]

, VU = − σU√
Var[d− P ]

,

and VI ⋛ VU if and only if (1− ζ)σ2
U ⋛ σ2

I .

The zero-mass economy. Let λ = 0 and take a CREE. Market clearing reads xU(P ) = σηη

in every state. Since ση > 0, η = xU(P )/ση is a function of P . For the converse, xU is

continuous and nonincreasing, so its level sets {p : xU(p) = y} are disjoint intervals. At

most countably many of them contain more than one point; let D be the countable set of

the corresponding values y. For y /∈ D in the range of xU , let g(y) be the unique solution

of xU(p) = y; the map g is decreasing, hence Borel. The variable σηη has a continuous

distribution, so σηη /∈ D and P = g(σηη) almost surely. Hence σ(P ) = σ(η) up to null sets.

The supply shock η is independent of the payoff d, so d | P ∼ N (0, σ2
d), and we use this

version at every p ∈ R. CARA optimization then gives xU(p) = −p/(γσ2
d). This schedule

is strictly decreasing, so market clearing gives P = −γσησ2
dη. The informed demand is

that of Lemma 2. Conversely, these schedules and this price satisfy Definition 1, and xU is

continuous and decreasing. They are therefore the unique CREE at λ = 0.

In this CREE, mU = 0 and σ2
U = σ2

d, and xj(P ) = (mj − P )/(γσ2
j ) for j ∈ {I, U}.

The error d − mI = e is independent of (S̃, η), and d − mU = d is independent of P .

The ex-ante computation above therefore applies at λ = 0. Hence VI ≤ VU if and only if

(1− ζ)σ2
d ≤ (1−R2

I)σ
2
d, that is, R

2
I ≤ ζ.

The acquisition margin. For λ ∈ (0, 1], Lemma 3 gives

σ2
U(λ) = σ2

I +
B ν2

B + ν2
, ν =

γσησ
2
I

λ
.

It is continuous and strictly decreasing in λ, and it tends to σ2
I + B = σ2

d as λ ↓ 0. The

net gain (1− ζ)σ2
U(λ)− σ2

I is therefore strictly decreasing on (0, 1], with limit σ2
d(R

2
I − ζ) at

λ = 0.

If R2
I ≤ ζ, the gain is negative for every λ ∈ (0, 1], so no positive fraction satisfies

Definition 2, while λ = 0 does by the previous step.

53



If R2
I > ζ, λ = 0 is not an overall equilibrium by the previous step. A positive fraction is

an interior equilibrium if and only if the gain is zero, that is,

B ν2

B + ν2
=

ζ

1− ζ
σ2
I ⇐⇒ ν2 =

ζ (1−R2
I)R

2
I

R2
I − ζ

σ2
d ,

which, with ν = γσησ
2
I/λ and σ2

I = (1−R2
I)σ

2
d, gives

λ = γσησd

√
(1−R2

I)(R
2
I − ζ)

ζR2
I

.

By monotonicity this is the unique zero of the gain. If it lies in (0, 1), it is the unique overall

equilibrium, since at λ = 1 the gain is negative. If it is at least one, the gain is nonnegative

on (0, 1], so λ = 1 is the unique overall equilibrium. □

C.4 Proof of Proposition 3

Proof of Proposition 3. We first establish the limiting information shares, then derive

every row of Table 1 from the acquisition condition. All moments below are under the

common prior, as in Section 4.7.

Residual risk and the two complexity limits. Substituting Z∗ = cσ2
I/σ

2
β and z = σ2

ε/σ
2
β into

the quadratic of Lemma 2 shows that σ2
I (c) is the larger root of

0 = (1 + cκ)(σ2
I )

2 +
[
σ2
βV0(1− c)− σ2

ε(2 + cκ)
]
σ2
I

− σ2
ε(σ

2
βV0 − σ2

ε).
(30)

At c = 0, the polynomial factors as

(σ2
I − σ2

ε)(σ
2
I − σ2

ε + σ2
βV0),

so its larger root is σ2
ε and is simple. For c > 0, the polynomial is negative at σ2

I = σ2
ε , where

it equals −cσ2
εσ

2
βV0. At σ

2
I = σ2

ε + σ2
βV0/κ, it equals (1 + κ)(σ2

βV0/κ)
2 > 0. Consequently,

σ2
ε < σ2

I (c) < σ2
ε +

σ2
βV0

κ
, c > 0,

and the polynomial has a strictly positive derivative at its larger root. Its partial derivative
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with respect to c is

κσ2
I

(
σ2
I − σ2

ε −
σ2
βV0

κ

)
< 0.

Implicit differentiation therefore gives ∂cσ
2
I > 0, including the right derivative ∂cσ

2
I (0) = σ2

ε .

Dividing (30) by c and using the preceding bounds gives

σ2
I (c) −→ σ2

ε +
σ2
βV0

κ
.

Since σ2
d is independent of c, R2

I(c) strictly decreases and the limits in (17) follow.

Acquisition costs and supply noise. Theorem 2 gives (16) and the equivalent identity

λ2 = γ2σ2
η

[
1− ζ

ζ
σ2
I −

(σ2
I )

2

σ2
d − σ2

I

]
. (31)

The learning quantities σ2
I and σ2

d are independent of χ and ση. Thus ∂σηλ = λ/ση > 0.

Since ∂χζ = 2γ(1− ζ), differentiation yields

∂λ2

∂χ
= −

2γ3σ2
ησ

2
I (1− ζ)

ζ2
< 0.

These are the ση and χ claims in part (i).

Weak explainable variance at c = 0. Using (17) in (31),

λ(0)2 = γ2σ2
ησ

2
ε

[
1− ζ

ζ
− σ2

ε

As + Aw

]
, As + Aw = b′ψb+

σ2
βV0

κ
.

Since σ2
I (0) = σ2

ε is independent of Aw, the right-hand side strictly increases with As + Aw,

hence with Aw. This is the low-complexity Aw entry.

Strong explainable variance. At every complexity level, σ2
I is independent of As, while

∂Asσ
2
d = 1. Differentiating (31) therefore gives

∂λ2

∂As
=
γ2σ2

η(σ
2
I )

2

(σ2
d − σ2

I )
2
> 0.

This establishes the strong-signal claim in part (i).
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Weak explainable variance at c→ ∞. In the other limit, (31) becomes

λ(∞)2 = γ2σ2
ησ

2
I (∞)

[
1− ζ

ζ
− σ2

I (∞)

b′ψb

]
, σ2

I (∞) = σ2
ε +

σ2
βV0

κ
.

Let As = b′ψb > 0. The margin is interior only if the bracket is positive, that is, σ2
I (∞) <

1−ζ
ζ
As, or Aw <

1−ζ
ζ
As − σ2

ε . Holding As, γ, χ, and ση fixed, differentiation with respect to

the limiting residual σ2
I (∞) gives

∂λ(∞)2

∂σ2
I (∞)

= γ2σ2
η

[
1− ζ

ζ
− 2σ2

I (∞)

As

]
.

This is positive for σ2
I (∞) < 1−ζ

2ζ
As and negative for σ2

I (∞) > 1−ζ
2ζ
As. Since σ

2
I (∞) = σ2

ε+Aw,

λ(∞) increases in Aw for Aw < A∗
w and decreases for Aw > A∗

w, with A
∗
w = 1−ζ

2ζ
As − σ2

ε . At

the peak, R2
I(∞) = As/(As+ σ2

I (∞)) = 2ζ/(1 + ζ). This is the high-complexity Aw entry of

Table 1.

Complexity. For the information share, holding σ2
d and ζ fixed, (16) gives

∂λ2

∂R2
I

=
γ2σ2

ησ
2
d

ζ

[
ζ

(R2
I)

2
− 1

]
.

Combining this derivative with ∂cR
2
I < 0 proves sgn(∂cλ) = sgn(R2

I−
√
ζ), including the right

derivative at zero. Since R2
I(c) decreases continuously from R2

I(0) to R
2
I(∞), participation is

hump-shaped precisely whenR2
I(∞) <

√
ζ < R2

I(0). IfR
2
I(∞) ≥

√
ζ, it increases throughout;

if R2
I(0) ≤

√
ζ, it decreases throughout, on interior acquisition margins. This completes the

verification of every row of Table 1. □

The proof also gives two facts that Proposition 3 and Table 1 do not state.

Additional observation: risk aversion. At fixed ζ, (31) gives ∂γλ = λ/γ > 0, since σ2
I and σ

2
d

are independent of γ. At fixed χ, however, ∂γζ = 2χ(1− ζ) and

∂λ2

∂γ
= 2γσ2

ησ
2
I

[
1− ζ

ζ
− σ2

I

σ2
d − σ2

I

− γχ(1− ζ)

ζ2

]
.

This expression can have either sign at any fixed complexity level with informative signals.

As γ ↓ 0, (31) gives λ2 ∼ γσ2
ησ

2
I/(2χ), so the response is positive for sufficiently small γ.

At the entry boundary γ = log(σ2
d/σ

2
I )/(2χ), the first two terms in brackets cancel and the
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third is strictly negative. The response is therefore negative just below that boundary. Both

neighborhoods have interior acquisition, even if the population cap binds between them.

Additional observation: finite complexity. The Aw entries of Table 1 hold at the two

complexity limits. At finite c > 0, by (30), σ2
I (c) depends on σ

2
βV0 and on κ separately, so λ is

not a function of Aw alone. We therefore vary σ2
βV0 at fixed κ, so that dAw = d(σ2

βV0)/κ. The

root σ2
I (0) of (30) is simple, so the implicit function theorem makes σ2

I (c) jointly smooth

in (σ2
βV0, κ, c) near c = 0. For the other endpoint, divide (30) by c and regard it as a

polynomial in σ2
I , σ

2
βV0, κ, and 1/c. At 1/c = 0 its positive root is σ2

I (∞), and its derivative

with respect to σ2
I is κσ2

I (∞) > 0. The implicit function theorem gives joint smoothness

in (σ2
βV0, κ, 1/c) near 1/c = 0. By (31), the derivative of λ2 with respect to σ2

βV0 at fixed

κ therefore converges, as c ↓ 0 and as c → ∞, to 1/κ times the limiting derivative with

respect to Aw computed above. Hence, on interior acquisition margins and for Aw ̸= A∗
w, the

derivatives of λ with respect to σ2
β and to V0 at fixed κ have the sign of the high-complexity

Aw entry at all sufficiently large finite c, and the sign of the low-complexity entry at all

sufficiently small c > 0. The same argument applies to κ at fixed σ2
βV0, with the opposite

sign: the limits depend on κ only through Aw = σ2
βV0/κ, which decreases in κ. Finally,

ζ < 2ζ/(1 + ζ) <
√
ζ < 1 for 0 < ζ < 1, so at the high-complexity peak R2

I(∞) <
√
ζ, and

λ decreases in c at all sufficiently large finite c.

D Limiting information across scales

We define the limiting information sets F∞
q used in Section 5. The objective distribution

and investors’ common beliefs coincide under P∞. Rather than define them directly as

the limit of the information generated by the acquired signals, we define them through the

forecasts: a larger model contains every smaller one, so an investor at scale q knows the

forecast M(u) that each model of scale u ≤ q would produce, and F∞
q is the information in

this forecast path, together with the strong signals every informed investor observes. The

finite-dimensional laws of the finite-economy forecasts converge to those of this forecast path

(Lemma D.3). The forecasts are also easier to work with: the forecast path q 7→ M(q) is a

diffusion in the scale coordinate (Appendix D.2). We first build this forecast path from the

nested posteriors, then let F∞
q be the information it carries.
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D.1 Proof of Lemma 4: pre-price residual risk

D.1.1 Observed and omitted signals

Partition S = (S1, S2) and β = (β1, β2) into N1 observed and N2 = N − N1 omitted

coordinates, and partition the history S = [S1,S2] in the same way. Write qN := N1/N

and let qN → q ∈ (0, 1]. The information acquired at scale q in the finite economy is

FN
q := σ(s,S1,d, s, S1). (32)

We take the degrees of freedom νN := (1+κ)N to be an integer. Otherwise replace νN by its

integer part: the exact formulas below then hold with κN replaced by νN −N , and no limit

changes, because νN/N → 1 + κ in both cases. The following two auxiliary results supply

the parameter transformation used in Lemma 4.

Lemma D.1 (Inverse-Wishart sub-block) Partition Ψ ∼ W−1
N (V0N IN , νN) with lead-

ing N1 ×N1 block Ψ1, and put A1 := Ψ−1
1 Ψ12 and Ψ2·1 := Ψ2 −Ψ21Ψ

−1
1 Ψ12. Then:

(i) the marginal law of the block is inverse-Wishart, with degrees of freedom reduced by the

codimension,

Ψ1 ∼ W−1
N1

(
V0N IN1 , νN −N2

)
, νN −N2 = N1 + κN ;

equivalently, Ψ1 has the prior law of Assumption 1 in dimension N1 with (V0, κ) replaced

by (V0/qN , κ/qN);

(ii) E[Ψ1] =
V0N
κN−1

IN1;

(iii) as N → ∞, the empirical spectral distribution of Ψ1 converges weakly, in probability,

to the law H
V0/q,κ/q
0 of Lemma G.5, and ∥Ψ1∥ ≤ ∥Ψ∥;

(iv) Ψ1 is independent of (A1,Ψ2·1); conditional on Ψ2·1, the rows of A1 are independent

N
(
0,Ψ2·1/(V0N)

)
vectors; and Ψ2·1 ∼ W−1

N2
(V0N IN2 , νN).

Proof of Lemma D.1. The inverse-Wishart definition gives

ΩΨ := Ψ−1 ∼ WishartN
(
(V0N)−1IN , νN

)
,

where, for an integer νΨ ≥ N , WishartN(Σ, νΨ) denotes the law of
∑νΨ

i=1 gig
′
i for i.i.d. gi ∼

N (0,Σ). Realize ΩΨ = G′G with G ∈ RνN×N having i.i.d. N (0, (V0N)−1) entries, and split
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its columns as G = [G1 | G2 ] with G1 ∈ RνN×N1 and G2 ∈ RνN×N2 . The blocks of ΩΨ are

ΩΨ,1 = G′
1G1, ΩΨ,12 = G′

1G2, and ΩΨ,2 = G′
2G2. Let P2 := G2(G

′
2G2)

−1G′
2 be the orthogonal

projection onto col(G2), which has rank N2 almost surely.

(i) Marginal law. By block inversion, the leading block of Ψ = Ω−1
Ψ is

Ψ1 =
(
ΩΨ,1·2

)−1
, ΩΨ,1·2 := ΩΨ,1 − ΩΨ,12Ω

−1
Ψ,2ΩΨ,21 = G′

1

(
IνN − P2

)
G1.

Choose U ∈ RνN×(νN−N2), a measurable function of G2, with orthonormal columns spanning

col(G2)
⊥, so that IνN −P2 = UU ′. The matrices G1 and G2 are independent, and the columns

of G1 are independent N (0, (V0N)−1IνN ) vectors. Since U
′U is the identity, H := U ′G1 has

i.i.d. N (0, (V0N)−1) entries conditional on G2. Thus, conditional on G2, ΩΨ,1·2 = H ′H ∼
WishartN1

(
(V0N)−1IN1 , νN − N2

)
. This law does not depend on G2. It is therefore the

unconditional law, and Ψ1 is independent of G2. Inversion gives (i). For the equivalent form,

V0N = (V0/qN)N1 and N1 + κN = (1 + κ/qN)N1.

(ii) Mean. For W ∼ WishartN1(Σ, νΨ) with νΨ > N1 + 1, E[W−1] = Σ−1/(νΨ −N1 − 1).

With Σ = (V0N)−1IN1 and νΨ = N1 + κN ,

E[Ψ1] = E
[
Ω−1

Ψ,1·2
]
=

V0N IN1

(N1 + κN)−N1 − 1
=

V0N

κN − 1
IN1 .

(iii) Spectrum. By (i), Ψ1 = V0N W−1 with W ∼ WishartN1(IN1 , νN −N2), and

N1

νN −N2

=
qN

qN + κ
−→ y1 :=

q

q + κ
∈ (0, 1),

V0N

νN −N2

−→ V0
q + κ

=
V0/q

1 + κ/q
.

The proof of Lemma G.5 uses the dimensions only through the limits of these two ratios.

It therefore applies although qN varies with N , and gives the limit law H
V0/q,κ/q
0 . We claim

convergence only in probability, because no coupling across N is fixed here. Finally, Ψ1 is a

principal block of Ψ, so ∥Ψ1∥ ≤ ∥Ψ∥.
(iv) Independence. Block inversion also gives

A1 = −ΩΨ,12Ω
−1
Ψ,2 = −(P2G1)

′G2(G
′
2G2)

−1, Ψ2·1 = Ω−1
Ψ,2 = (G′

2G2)
−1.

Conditional onG2, the matrices P2G1 and (IνN−P2)G1 are jointly Gaussian and uncorrelated,

hence independent. So A1 and Ψ1 are independent conditional on G2. The conditional law

of Ψ1 does not depend on G2, so Ψ1 is independent of (A1, G2) and therefore of (A1,Ψ2·1).

Row i of A1 is −(G′
2G2)

−1G′
2gi, where gi is column i of G1. Conditional on G2, these rows
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are independent centered Gaussian vectors with covariance

(V0N)−1(G′
2G2)

−1G′
2G2(G

′
2G2)

−1 =
Ψ2·1

V0N
.

This conditional law depends on G2 only through Ψ2·1, so it is also the law conditional on

Ψ2·1. Finally, ΩΨ,2 = G′
2G2 ∼ WishartN2

(
(V0N)−1IN2 , νN

)
, which gives the law of Ψ2·1. □

Lemma D.2 (Folding omitted signals into residual risk) Let V0 > 0 and Ψ2·1 = Ψ2−
Ψ21Ψ

−1
1 Ψ12. The payoff has the exact conditional regression representation

d = b′s+ β̃′
1S1 + ε1, β̃1 = β1 +Ψ−1

1 Ψ12β2, (33)

where ε1 is Gaussian and independent of S1 conditional on the parameters, with variance

σ2
ε +Rom and Rom = β′

2Ψ2·1β2. Let rq be the value of σ2
I in Lemma 2 at the parameters

cq = qc, κq =
κ

q
, V0,q =

V0
q
,

σ2
β,q = σ2

β

q(1 + κ)

κ+ q
, σ2

ε,q = σ2
ε + σ2

βV0
1− q

κ+ q
.

(34)

Then the posterior given the information FN
q of (32), with mean MN(q) := E[d | FN

q ],

satisfies

Var[d | FN
q ]

p−→ rq, E
∣∣∣E[eitd | FN

q

]
− eitMN (q)−t2rq/2

∣∣∣ −→ 0 for every t ∈ R. (35)

The parameters (34) leave the total payoff variance σ2
d unchanged.

Proof of Lemma D.2. Conditional regression. Gaussian projection gives S2 =

Ψ21Ψ
−1
1 S1 + e2, where e2 and S1 are independent conditional on Ψ and Var[e2 | Ψ] = Ψ2·1.

Substitution proves (33), with ε1 = β′
2e2+ε. The same decomposition applies independently

to every historical observation conditional on the parameters.

The effective coefficient prior. With A1 = Ψ−1
1 Ψ12, the effective coefficient is β̃1 = β1+A1β2.

By Lemma D.1(iv), Ψ1 is independent of (A1,Ψ2·1), and conditional on Ψ2·1 the rows of

A1 are independent centered Gaussian vectors with covariance Ψ2·1/(V0N). Consequently,

conditional on (β2,Ψ2·1),

A1β2 ∼ N
(
0,
Rom

V0N
IN1

)
, β̃1 ∼ N

(
0,
σ2
β +Rom/V0

N
IN1

)
.
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These coefficients are independent of Ψ1. After the regression, the law of the residual history

depends on the omitted parameters only through Rom and is independent of the effective

coefficient and observed signals conditional on Rom. Thus, conditional on this one scalar,

the observed problem is exactly a Gaussian regression of the baseline form. Its coefficient

prior is N
(
0, N−1(σ2

β +Rom/V0)IN1

)
, its noise variance is σ2

ε +Rom, and its covariance prior

is the law in Lemma D.1(i).

Concentration of omitted risk. Since Ψ2·1 ⪯ Ψ2 and Ψ2 is a principal block of Ψ, we have

∥Ψ2·1∥ ≤ ∥Ψ∥. Let EN := {∥Ψ∥ ≤ Λ + 1}, with Λ the edge bound of Lemma G.5; then

P(EN) → 1. By Lemma D.1(iv), Ψ2·1 ∼ W−1
N2

(V0N IN2 , νN), with dimension ratio N2/νN →
y2 := (1− q)/(1 + κ) < 1 and V0N/νN → V0/(1 + κ). Let q < 1. The proof of Lemma G.5,

applied with these two ratios, shows that the empirical spectral distribution of Ψ2·1 converges

weakly, in probability, to the law of V0
1+κ

ℓ−1 with ℓ ∼ MPy2 . On EN the spectrum of Ψ2·1 lies

in [0,Λ + 1], so the first moments converge:

1

N2

tr(Ψ2·1)
p−→ V0

1 + κ
· 1

1− y2
=

V0
κ+ q

,
1

N
tr(Ψ2·1)

p−→ (1− q)V0
κ+ q

.

For q = 1 the second limit also holds, because N−1 tr(Ψ2·1) ≤ (N2/N)(Λ + 1) on EN . The

vector
√
Nβ2 ∼ N (0, σ2

βIN2) is independent of Ψ. Apply the L2 bound of Lemma G.1 in

dimension N2 to the matrix Ψ2·11EN with C = Λ+ 1, and multiply it by (N2/N)2:

E

[(
Rom −

σ2
β

N
tr(Ψ2·1)

)2
1EN

]
≤

2(Λ + 1)2σ4
βN2

N2
−→ 0.

Therefore

Rom
p−→ rom := σ2

βV0
1− q

κ+ q
.

Multiplying the prior variance of each effective coefficient by N1 and replacing Rom by

rom gives σ2
β,q in the limit; adding rom to the residual variance gives σ2

ε,q. The covariance

parameters in (34) follow from Lemma D.1(i) and (iii).

The conditional Gaussian kernel. The scalar Rom is latent to an investor who observes

FN
q . Conditional on (FN

q , Rom), Lemma 1 applies to the reduced regression and gives d ∼
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N
(
mN(Rom), vN(Rom)

)
. Here, for ρ ≥ 0,

mN(ρ) = b′s+ S ′
1

(
cNζ(ρ)IN1 + Ψ̂1

)−1S′
1(d− sb)

T
,

vN(ρ) = (σ2
ε + ρ)

[
1 +

1

T
S ′
1

(
cNζ(ρ)IN1 + Ψ̂1

)−1
S1

]
,

with Ψ̂1 = S′
1S1/T , cN = N/T , and ζ(ρ) = (σ2

ε+ρ)/(σ
2
β+ρ/V0). The function ζ is continuous

and ζ(ρ) ≥ ζ := min{z, V0} > 0.

The statistic vN(rom) depends on the data only through (S1, S1), whose law is the baseline

law with covariance Ψ1. Its ridge and dimension ratio satisfy cNζ(rom) → cqσ
2
ε,q/σ

2
β,q and

N1/T → cq. Lemma D.1(iii) supplies the spectral hypotheses of Appendix G with H =

H
V0,q ,κq
0 , in probability and with ∥Ψ1∥ ≤ Λ + 1 on EN . This is sufficient: every subsequence

has a further subsequence along which these hypotheses hold almost surely, and a sequence

converges in probability if every subsequence has a further subsequence that does. The

reduced parameters (V0/qN , κ/qN , qNcN) vary with N , but the deterministic equivalents of

Appendix G use the sequence only through the limits of the dimension ratio, the ridge, and

the spectral distribution. The risk-concentration step in the proof of Lemma 2 therefore

gives vN(rom)
p−→ rq.

Next, the resolvent identity gives, for ρ, ρ′ ≥ 0,∥∥∥(cNζ(ρ)IN1 + Ψ̂1

)−1 −
(
cNζ(ρ

′)IN1 + Ψ̂1

)−1
∥∥∥ ≤ |ζ(ρ)− ζ(ρ′)|

cNζ
2 .

The norm ∥Ψ1∥ ≤ ∥Ψ∥ is bounded on EN . Also ∥Ψ̂1∥ ≤ ∥Ψ1∥ ∥X∥2/T for a T ×N1 matrix X

of independent standard Gaussians, and ∥X∥2/T is bounded in probability by the extreme-

eigenvalue limit used in Lemma G.5 (Bai and Silverstein, 2010). The variables ∥S1∥2/T and

∥d−sb∥2/T have bounded means on EN . Hence vN(Rom)−vN(rom)
p−→ 0, because Rom

p−→ rom.

For the mean, mN(Rom)−mN(rom) = S ′
1wN , where wN is a function of the history and the

parameters with

∥wN∥ ≤ |ζ(Rom)− ζ(rom)|
cNζ

2 ∥Ψ̂1∥1/2
∥d− sb∥√

T

p−→ 0.

Conditional on the history and the parameters, S1 ∼ N (0,Ψ1), so S
′
1wN has conditional

variance at most ∥Ψ1∥∥wN∥2. Therefore

vN(Rom)
p−→ rq, mN(Rom)−mN(rom)

p−→ 0. (36)
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Uniform integrability. The kernel variance is unbounded in Rom, so (36) alone does not

control the event on which Rom is far from rom. A fourth-moment bound does. Conditional

on (β,Ψ), d is centered Gaussian with variance b′ψb+ β′Ψβ + σ2
ε , and

E
[
(β′Ψβ)2 | Ψ

]
=
σ4
β

N2

[
(trΨ)2 + 2 tr(Ψ2)

]
≤ 3σ4

β

(trΨ
N

)2
.

By Lemma D.1(i) with a block of size one, V0N/Ψii has the chi-square law with κN + 1

degrees of freedom, so E[Ψ2
ii] = (V0N)2/[(κN − 1)(κN − 3)] for κN > 3. Convexity gives

E[(trΨ/N)2] ≤ maxiE[Ψ
2
ii]. Hence supN E[d

4] < ∞, where the supremum is over all large

N . SincemN(Rom) and vN(Rom) are the conditional mean and variance of d given (FN
q , Rom),

convexity of x 7→ x4 and x 7→ x2 under conditional expectations also gives

E
[
mN(Rom)

4
]
≤ E[d4], E

[
vN(Rom)

2
]
≤ E

[
(d−mN(Rom))

4
]
≤ 16E[d4].

Passing to the observed posterior. The observed posterior is a mixture of the kernels over

Rom, so

Var[d | FN
q ] = E

[
vN(Rom) | FN

q

]
+Var

[
mN(Rom) | FN

q

]
, MN(q) = E

[
mN(Rom) | FN

q

]
.

By (36) and the second-moment bound, vN(Rom) → rq in L
1. Conditional expectation is an

L1 contraction, so the first term converges to rq in L
1. For the second term, fix K > 0 and

let ϕK(x) = max{−K,min{x,K}}. The variable ϕK(mN(rom)) is FN
q -measurable, and the

conditional variance is the smallest mean squared distance to an FN
q -measurable variable.

Since ϕK is a contraction with range [−K,K],

E
[
Var[mN(Rom) | FN

q ]
]
≤ E

[(
mN(Rom)− ϕK(mN(rom))

)2]
≤ 2E[d4]

K2
+ 2E

[
min

{
(mN(Rom)−mN(rom))

2, 4K2
}]
.

The last term tends to zero as N → ∞ by (36) and bounded convergence. Letting N → ∞
and then K → ∞ gives

E
[
(mN(Rom)−MN(q))

2
]
= E

[
Var[mN(Rom) | FN

q ]
]
−→ 0.
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This proves the first claim in (35). For the second claim,

E
[
eitd | FN

q

]
= E

[
eitmN (Rom)−t2vN (Rom)/2 | FN

q

]
.

We have shown mN(Rom) −MN(q) → 0 in L2 and vN(Rom)
p−→ rq. The integrand therefore

differs from the FN
q -measurable variable eitMN (q)−t2rq/2 by a term that is bounded by 2 and

tends to zero in probability, hence in L1. The contraction property gives the claim.

Finally,

σ2
β,q

V0,q
κq

+ σ2
ε,q = σ2

β

V0
κ

+ σ2
ε .

Adding b′ψb proves conservation of total payoff variance. □

D.1.2 The residual-risk curve

We prove Lemma 4 and record the explicit root and derivatives used in the equilibrium

characterization. The limit R(q) of Var[d | FN
q ] incorporates both omitted signals and

estimation of the predictive loadings and signal covariance. Use the abbreviations

Aw =
σ2
βV0

κ
, As = b′ψb, aR = 1 + cκ,

tR = κAw − σ2
ε , υ(q) =

κ(1− q)

κ+ q
.

In particular, σ2
d = As + Aw + σ2

ε . Define

bR(q) = Aw[κ(1− c)− υ(q)]− σ2
ε(2 + cκ),

dR(q) = −[σ2
ε + Awυ(q)]tR, ∆R(q) =

√
bR(q)2 − 4aRdR(q).

Applying the parameter transformation (34) to Lemma 2 gives the quadratic (19), with the

larger root

R(q) =
−bR(q) + ∆R(q)

2aR
. (37)

Thus the curve depends on (c, κ, Aw, σ
2
ε); the known strong block affects total payoff variance

but contributes no residual risk. Acquisition costs, risk aversion, supply noise, and the scale

distribution do not enter (37).

64



Proof of Lemma 4. Let q ∈ (0, 1]. By (35) in Lemma D.2, Var[d | FN
q ]

p−→ rq, where rq is

the limiting risk of Lemma 2 at the parameters (34). Substitute these parameters into the

residual-risk quadratic (30) implied by Lemma 2. The quadratic coefficient is 1+ cqκq = aR,

and the identity σ2
β,qV0,q − σ2

ε,q = κAw − σ2
ε = tR gives the constant coefficient dR(q). The

linear coefficient simplifies to bR(q), so rq solves (19). Lemma 2 selects the larger root, so

rq = R(q) in (37). At q = 1 the transformation is the identity, so R(1) = σ2
I (c).

Let Pq(x) = aRx
2 + bR(q)x + dR(q) and n(q) = σ2

ε + Awυ(q). At zero its two roots are

σ2
ε + Aw and (σ2

ε − κAw)/(1 + cκ), with the former strictly larger. For q > 0,

Pq(n(q)) = −cκAwn(q)[1− υ(q)] < 0.

Hence the roots are distinct and the larger one satisfies R(q) > n(q). The discriminant

remains strictly positive on [0, 1], proving smoothness, including at zero. Viewing the root

as a function of υ gives

Rυ =
Aw(R + tR)

∆R

, Rυυ =
2Rυ(Aw − aRRυ)

∆R

,

υ′ = −κ(1 + κ)

(κ+ q)2
, υ′′ =

2κ(1 + κ)

(κ+ q)3
,

R′ = Rυυ
′, R′′ = Rυυ(υ

′)2 +Rυυ
′′.

(38)

Since R+ tR ≥ Aw(υ+κ) > 0, we have Rυ > 0 and therefore R′ < 0. The displayed formulas

give every derivative used in Theorem 5 and its explicit distribution formulas. □

Smoothness, positive residual risk, and decreasing risk are therefore consequences of the

primitives. The formula for R′′ need not have a constant sign, so no concavity of − logR or

of the scale objective is assumed. Holding (κ,Aw, σ
2
ε) fixed, implicit differentiation also gives

∂cR(q) =
κR(q)[R(0)−R(q)]

∆R(q)
> 0 (q > 0).

Thus greater complexity raises residual risk at each positive scale.

D.2 The posterior-mean process

Use the curve R in (37), with As = σ2
d − R(0) and j = −R′. The index q = 0 records the

strong-signal information common to subscribers; it is not the uninformed option.
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We first show that the finite-economy forecasts at different scales have asymptotically

independent Gaussian increments. Fix scales 0 = q0 < q1 < · · · < qk ≤ 1 and integers

N1(q1) ≤ · · · ≤ N1(qk) ≤ N with N1(qℓ)/N → qℓ. The information sets FN
qℓ

of (32) are then

nested, with forecasts MN(qℓ) = E[d | FN
qℓ
]. Put FN

0 := σ(s) ⊆ FN
q1

and MN(0) := b′s.

Lemma D.3 (Joint convergence of forecasts across scales) Let ∆N,ℓ = MN(qℓ) −
MN(qℓ−1) for 1 ≤ ℓ ≤ k and ∆N,k+1 = d − MN(qk). In the limit, (s,∆N,1, . . . ,∆N,k+1)

converges in distribution to a vector with independent components s∞ ∼ N (0, ψ),

∆ℓ ∼ N
(
0, R(qℓ−1)−R(qℓ)

)
for 1 ≤ ℓ ≤ k, and ∆k+1 ∼ N

(
0, R(qk)

)
.

Proof of Lemma D.3. Single scales. For u ∈ {q0, . . . , qk} and t ∈ R, define

φN,u(t) := E
[
eitd | FN

u

]
− eitMN (u)−t2R(u)/2.

We claim that E[|φN,u(t)|] → 0. For u > 0 this is (35), because ru = R(u) by the proof of

Lemma 4. For u = 0, the variable d− b′s = β′S + ε is independent of s and, conditional on

(β,Ψ), centered Gaussian with variance β′Ψβ + σ2
ε . Hence

φN,0(t) = eitb
′s
(
E
[
e−t

2(β′Ψβ+σ2
ε)/2
]
− e−t

2R(0)/2
)
.

The bracket tends to zero, because β′Ψβ
p−→ Aw by the proof of Lemma 2 and R(0) = σ2

ε+Aw.

Increments. Let u < u′ be two consecutive scales. Since FN
u ⊆ FN

u′ , iterated expectations

give

eitMN (u)−t2R(u)/2 + φN,u(t) = e−t
2R(u′)/2E

[
eitMN (u′) | FN

u

]
+ E

[
φN,u′(t) | FN

u

]
.

Multiply by e−itMN (u)+t2R(u′)/2, which is FN
u -measurable and has modulus et

2R(u′)/2:

E
[
eit(MN (u′)−MN (u)) | FN

u

]
= e−t

2(R(u)−R(u′))/2 + φ̃N,u(t), (39)

where

E[|φ̃N,u(t)|] ≤ et
2R(u′)/2

(
E[|φN,u(t)|] + E[|φN,u′(t)|]

)
−→ 0.

At the largest scale, the definition of φN,qk gives directly

E
[
eit(d−MN (qk)) | FN

qk

]
= e−t

2R(qk)/2 + e−itMN (qk)φN,qk(t).
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Induction. Fix a ∈ Rn and t1, . . . , tk+1 ∈ R. Let δℓ = R(qℓ−1) − R(qℓ) for ℓ ≤ k and

δk+1 = R(qk), and put

ΦN,ℓ := exp
{
i
(
a′s+

∑
m≤ℓ

tm∆N,m

)}
, 0 ≤ ℓ ≤ k + 1.

For ℓ ≥ 1, the variable ΦN,ℓ−1 has modulus one and is FN
qℓ−1

-measurable. Conditioning on

FN
qℓ−1

and using (39) and the display after it gives

E[ΦN,ℓ] = E
[
ΦN,ℓ−1E

[
eitℓ∆N,ℓ | FN

qℓ−1

]]
= e−t

2
ℓδℓ/2E[ΦN,ℓ−1] + o(1).

Iterating from ℓ = k + 1 down to ℓ = 1, and using E[ΦN,0] = e−a
′ψa/2, we obtain

E[ΦN,k+1] −→ e−a
′ψa/2

k+1∏
ℓ=1

e−t
2
ℓδℓ/2.

The right-hand side is the characteristic function of the stated Gaussian vector. Pointwise

convergence of characteristic functions proves convergence in distribution. □

The limiting economy imposes this increment structure at all scales simultaneously. Its

initial forecast is M(0) = G := b′s∞ ∼ N (0, As). Consider nested information sets (Gq)0≤q≤1

with σ(s∞) ⊆ G0 and the conditional payoff laws

d∞ | Gq ∼ N (M(q), R(q)), M(q) = E∞[d∞ | Gq]. (40)

These requirements determine how the forecasts at different scales are related.

Proposition D.4 (Forecast innovations) Suppose the nested information sets satisfy

(40), with M(0) = G and V0 > 0. For q < q′, the innovation M(q′) −M(q) is independent

of Gq and has law N (0, R(q)−R(q′)). The process has a continuous version satisfying

M(q) = G+

∫ q

0

√
j(u) dWu, d∞ =M(1) +

√
R(1)Z, (41)

where W is a standard Brownian motion, independent of G0, and Z is standard normal,

independent of G1. In particular, the joint law of the payoff and forecast process is determined

by As and R.

Proof of Proposition D.4. For t ∈ R, (40) gives E∞[eitd
∞ | Gq] = eitM(q)−t2R(q)/2. Nesting
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and iterated expectations imply

eitM(q)−t2R(q)/2 = e−t
2R(q′)/2E∞[eitM(q′) | Gq].

Multiplying by e−itM(q)+t2R(q′)/2 yields

E∞[eit(M(q′)−M(q)) | Gq] = e−t
2(R(q)−R(q′))/2.

This deterministic characteristic function proves normality and independence from Gq; suc-
cessive forecast increments are therefore independent. Since j is bounded,

E∞[|M(q′)−M(q)|4] = 3(R(q)−R(q′))2 ≤ 3∥j∥2∞|q′ − q|2.

The continuity criterion gives a continuous version, with quadratic variation [M ]q =∫ q
0
j(u) du. The process

Wq :=

∫ q

0

j(u)−1/2 dM(u)

has independent centered Gaussian increments of variance equal to the increment in q, so

it is Brownian and independent of G0. Finally, the posterior at q = 1 implies that Z =

(d∞ −M(1))/
√
R(1) is standard normal and independent of G1. □

The forecast process is a diffusion in the scale coordinate, dM(q) =
√
j(q) dWq, similar to

the continuous and heterogeneous information (CHI) structure of Avdis and Glebkin (2026).

Here j(q) is the rate at which acquiring additional signals reduces posterior variance. The

derivation uses Gaussian posteriors conditional on the nested information sets; it does not

require a separate assumption of jointly Gaussian forecasts.

D.3 Information generated by the forecasts

For the nested information sets above, define the information generated by the observed

forecast path as

GMq := σ
(
s∞,M(u) : 0 ≤ u ≤ q

)
⊆ Gq.

Take the supply shock η ∼ N (0, 1) independent of (d∞,G1). The forecast path retains all

information in Gq about the payoff, the other forecasts, and the supply shock: writing M for
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the entire continuous path,

L(d∞, s∞,M, η | Gq) = L(d∞, s∞,M, η | GMq ). (42)

To see this, the strong signals and the past forecast path are already GMq -measurable.

Proposition D.4 implies that the entire process of future increments (M(u) −M(q))q≤u≤1

is independent of Gq. This follows first for finite collections of increments and then for the

continuous path. The terminal residual
√
R(1)Z is independent of G1, and η is independent

of both the acquired information and the payoff. Thus the conditional law on the left of (42)

depends on Gq only through the observed strong signals and forecast path.

In particular, for any candidate price P measurable with respect to GM1 ∨ σ(η), disinte-
gration of (42) gives

L(d∞ | Gq ∨ σ(P )) = L(d∞ | GMq ∨ σ(P )).

The two information sets therefore produce the same conditional trading problem for every

such price. Informed demands then depend on Gq only through GMq and P , and market clear-

ing aggregates these demands and the supply shock. Restricting the price to be measurable

with respect to the forecast paths of the acquired scales and η is therefore self-consistent,

and we impose it. The entire past path matters here: the current forecast M(q) alone need

not reveal the smaller-scale forecasts entering prices. This is the sense in which acquired

information is equivalent to the information generated by the forecasts.

We now construct this representation and use it to define the limiting economy. On

Ω = Rn × C0([0, 1])× R2, take independent coordinates

s∞ ∼ N (0, ψ), W = (Wq)0≤q≤1 a standard Brownian motion, Z, η ∼ N (0, 1).

Here C0([0, 1]) is the space of continuous paths starting at zero; P∞ is the product of the

indicated Gaussian laws and Wiener measure, and A is its completed Borel sigma-field. Set

G = b′s∞, define M and d∞ by (41), and define the acquired information by

F∞
q := σ

(
s∞,M(u) : 0 ≤ u ≤ q

)
, 0 ≤ q ≤ 1, (43)

completed under P∞. Thus knowing F∞
q means knowing the strong signals and all forecasts

up to scale q. When j > 0, it is equivalently σ(s∞,Wu : 0 ≤ u ≤ q), since the deterministic

transformation in (41) can be inverted. The information sets are nested and continuous from
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below at every positive scale, and the supply shock is independent of the entire acquired

information family and the payoff.

The construction satisfies the required posterior laws. Indeed,

d∞ −M(q) =

∫ 1

q

√
j(u) dWu +

√
R(1)Z

is independent of F∞
q and Gaussian with variance

∫ 1

q
j(u) du+R(1) = R(q). Consequently,

d∞ | F∞
q ∼ N (M(q), R(q)), M(q) = E∞[d∞ | F∞

q ]. (44)

Moreover,

Var∞[d∞] = σ2
d, Cov∞[M(q),M(q′)] = σ2

d −R(min{q, q′}).

This supplies a common payoff and a jointly specified family of information sets for every

feasible scale. By Lemma D.3 and the continuous mapping theorem, the finite-economy

vector (s,MN(q1), . . . ,MN(qk), d) converges in distribution to (s∞,M(q1), . . . ,M(qk), d
∞)

for all scales 0 < q1 < · · · < qk ≤ 1. At q = 1, it has the payoff–forecast decomposition of

Appendix B. Equation (43) is the definition of acquired information in the limiting economy;

the equilibrium conditions use this information together with the observed price.

D.4 Equilibrium conventions

The scale distribution F is a probability distribution on (0, 1], extended to a right-continuous

CDF on [0, 1] by F (0) = 0 and F (1) = 1. It may have atoms and has no atom at zero. The

informed fraction λ is separate; the uninformed have mass 1 − λ and acquire no strong

or weak signals. Integrals against dF are Lebesgue–Stieltjes integrals. When λ = 0, F is

an arbitrary unused conditional distribution and imposes no restrictions on the values of

unchosen scales.

For λ > 0, let

qH := inf{q ∈ [0, 1] : F (q) = 1}.

70



The information collectively acquired by positive population shares is∨
0<q≤1

1−F (q−)>0

F∞
q = F∞

qH
,

where the equality follows from nesting and continuity from below. Each F∞
q is generated

by the strong signals and the forecast path, which is the self-consistent restriction imposed

in Appendix D.3. The price restriction in Definition 3 is therefore

P is

F∞
qH

∨ σ(η)-measurable, λ > 0,

σ(η)-measurable, λ = 0.

The schedules (q, p, ω) 7→ xq(p, ω) are jointly measurable and, when λ > 0,∫
(0,1]

|xq(P )| dF (q) <∞ P∞-almost surely.

The uninformed schedule xU is Borel measurable. When λ = 0, the informed population

integral is defined to be zero. Market clearing holds P∞-almost surely.

All conditional beliefs are regular conditional distributions under the same P∞ and the

actual candidate price function P . For each fixed scale, informed optimality holds almost

surely in the observed information and price; uninformed optimality holds almost surely in

the observed price. Joint measurability then makes these conditions valid for population

aggregation, while imposing them at every feasible scale defines all deviation values. Before

conditioning on the price, we select the Gaussian kernel in (44) as the posterior version.

Conditioning further on an arbitrary candidate price is defined almost surely; requiring

optimality also at null information–price pairs would require an additional choice of versions

there.

The acquisition cost of Assumption 2 is finite, continuous, and nonnegative on (0, 1]. Since

holding zero shares is feasible, the optimized conditional trading utility lies in [−1, 0]; hence

each ex-ante value in Definition 4 is well defined and finite. These values are deterministic,

with the equilibrium price rule implicit in their expectations. Formally, Definition 4 requires
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a common optimal value V̄ such that

V (q) ≤ V̄ for every q ∈ (0, 1],

λ [V̄ − V (q)] = 0 for dF -almost every q,

VU ≤ V̄ , (1− λ)(V̄ − VU) = 0.

Thus F assigns probability one to optimal scales whenever λ > 0; when λ = 0, the conditions

reduce to V (q) ≤ VU for every q. If the acquisition menu contains only one scale, the

definitions reduce to Definitions 1 and 2.

E Equilibrium with endogenous scales

We prove Lemmas 5 and 6, Corollary 4, and Theorem 5 in the Gaussian economy constructed

in Appendix D. All expectations and variances below use P∞, which is both the objective

law and investors’ common beliefs. A linear price is an affine, square-integrable function of

the strong signals, the acquired forecast innovations, and η, with deterministic coefficients.

Uniqueness throughout concerns this class and the almost-sure conventions of Appendix D.4.

Write j = −R′ > 0, K = γση > 0, and As = σ2
d − R(0) ≥ 0. For general acquisition costs,

define

J0(q) = − logR(q)

2γ
− χ(q), qH = min argmax

0<q≤1
J0(q).

The maximum is attained at a positive scale because J ′
0(0) > 0. Set RH = R(qH), BH =

σ2
d−RH , and R = RHe

2γχ(qH). For the proof only, abbreviate the absolute population measure

by µ(dq) = λ dF (q), so µ((0, 1]) = λ ≤ 1. We first prove the two lemmas and the corollary

in their main-text order: indifference determines residual risk, and market clearing recovers

the distribution from that risk. The proof of Theorem 5 then checks admissibility and

participation, excludes other support shapes under the additional restrictions, and establishes

general existence and uniqueness.

E.1 Proofs of Lemma 5 and Corollary 4: post-price residual risk

Proof of Lemma 5. Write RP (q) = Var∞[d∞ | F∞
q , P ], RU = Var∞[d∞ | P ], and SP =

Var∞[d∞ − P ]. Linear equilibrium prices are centered, as verified in Appendix E.3.4. For

any investor with information I including the price and deterministic posterior variance r,
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Gaussian CARA optimization gives

max
x

E∞[−e−γx(d∞−P ) | I] = − exp

{
−(E∞[d∞ | I]− P )2

2r

}
.

The conditional mean of d∞ −P is centered Gaussian with variance SP − r. Integrating the

optimized utility therefore yields

V (q) = −eγχ(q)
√
RP (q)

SP
, VU = −

√
RU

SP
.

The denominator
√
SP is common to all acquisition choices. Thus −eγχ(q)

√
RP (q) is

constant on the support of any positive-entry equilibrium. At its highest acquired scale qH ,

the investor already knows every forecast entering the price; the remaining price variation

reveals only the independent supply shock. Consequently RP (qH) = R(qH), and indifference

gives

eγχ(q)
√
RP (q) = eγχ(qH)

√
R(qH),

RP (q) = R(qH)e
2γ[χ1(qH)−χ1(q)]

at every occupied scale, with equality at support endpoints by continuity. The fixed cost

cancels from this comparison. □

The ex-ante certainty equivalent of a value V < 0 is − log(−V )/γ. By the value

formulas in the proof of Lemma 5, differences in ex-ante certainty equivalents therefore

equal differences in

J (q) = − logRP (q)

2γ
− χ(q), JU = − logRU

2γ
. (45)

The common term logSP/(2γ) cancels; the indices are evaluated before observing the price.

Proof of Corollary 4. Fix q and write r = RP (q) and a = SP−r. By the proof of Lemma 5,

m = E∞[d∞ | F∞
q , P ]− P is centered Gaussian with variance a, and the optimal demand is

xq(P ) = m/(γr). Here a > 0: if a = 0, then RP (q) = SP and V (q) = −eγχ(q) < −1 ≤ VU ,

so q could not be in the support of F . Given (F∞
q , P ), the payoff d

∞ is Gaussian with mean

m+P and deterministic variance r. The forecast error e = d∞−P −m is therefore Gaussian

73



with mean zero and variance r, and it is independent of m. Hence πq = m(m+ e)/(γr), and

E∞[πq] =
a

γr
, Var∞[πq] =

3a2 + ar − a2

(γr)2
=
a(2SP − r)

(γr)2
.

Their ratio gives (21). The map r 7→ (SP − r)/(2SP − r) has derivative −SP/(2SP − r)2 < 0.

By (20) and χ′
1 > 0 in Assumption 2, RP is strictly decreasing on the support of F , so the

ratio is strictly increasing there.

With mean supply, as in Appendix H, let δ = E∞[d∞ − P ]. Then m has mean δ and

variance a = SP − r, the expected profit E∞[πq] = (a + δ2)/(γr) is positive, and the same

calculation gives

E∞[πq]
2

Var∞[πq]
=

(a+ δ2)2

a2 + a(3δ2 + SP ) + δ2SP
.

Its derivative with respect to a has the sign of a(δ2 + SP ) + δ2(SP − 3δ2), which is positive

whenever SP ≥ 3δ2. A Gaussian integral gives E∞[e−m
2/(2r)] =

√
r/SP e

−δ2/(2SP ), so

V (q) = −eγχ(q)
√
RP (q)

SP
e−δ

2/(2SP ).

The last factor is common to all scales. Indifference therefore still gives (20), so RP is

strictly decreasing on the support of F and a = SP − RP increases with scale. The ratio

then increases with scale whenever SP ≥ 3δ2. □

E.2 Proof of Lemma 6: recovering the distribution

We recover the price information and population tail from R and the actual post-price

risk RP on an occupied interval. The calculation uses the following identities for a linear

CREE, whose coefficient matching and existence at any population distribution are verified

in Appendix E.3.4. Normalize the price’s supply-noise coefficient and write

P = aPX , X = k0M(0) +

∫ 1

0

k(s) dM(s)− η. (46)

Here M(0) = b′s∞, and k(s) is the loading on the forecast innovation dM(s). An investor

at scale q learns from the price through its residual Yq = X − E∞[X | F∞
q ]. Define its
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covariance with the unknown payoff and its variance by

H(q) = Cov∞[d∞ −M(q), Yq | F∞
q ] =

∫ 1

q

k(s)j(s) ds,

v(q) = Var∞[Yq | F∞
q ] = 1 +

∫ 1

q

k(s)2j(s) ds, g(q) =
H(q)

v(q)
.

Gaussian conditioning gives

RP (q) = R(q)− H(q)2

v(q)
,

E∞[d∞ | F∞
q , P ] =M(q) + g(q)

(
X − E∞[X | F∞

q ]
)
.

(47)

Let

Π(q) =

∫
[q,1]

µ(ds)

RP (s)
, L(q) = K +

∫
[q,1]

g(s)µ(ds)

RP (s)
.

Here Π is a precision-weighted tail; F continues to denote the conditional CDF of scales.

Matching the coefficient of each forecast increment in market clearing gives

k(q) =
Π(q)

L(q)
, h(q) := 1− k(q)g(q) > 0, L(q)h(q)v(q) = K. (48)

The population tail is m(q) = µ([q, 1]), and the same market-clearing identities give

m = RPΠ−Kg, k =
mv +KH

KR +mH
,

H ′ = −kj, v′ = −k2j, H(1) = 0, v(1) = 1.

(49)

These identities follow from the precision tails and hold across atoms because RP and g are

continuous.

In particular, h = KRP/(KR +mH) > 0. Differentiating the Gaussian posterior with

R′ = −j, H ′ = −kj, and v′ = −k2j gives

R′
P = −j + 2kHj

v
− k2H2j

v2
= −j

(
1− kH

v

)2

.
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Hence, away from atoms,

R′
P = −jh2, J ′ =

jh2

2γRP

− χ′. (50)

Proof of Lemma 6. On [qL, qH), positive population above q implies H(q) > 0, so R(q) >

RP (q). Set u = H/
√
v =

√
R−RP . The identities above give

h =

√
R′
P

R′ ,
k√
v
=

1− h

u
, m =

K

u
√
v

(
RP

h
−R

)
.

The last equality follows by solving h = KRP/(KR + mH) for m. Because no investor

acquires above qH , k = 0 there and v(qH) = 1. Moreover,

v′

v
= −j

(
k√
v

)2

= −
[√

−R′ −
√

−R′
P

]2
R−RP

.

Integrating backward from qH determines v−1/2 as the exponential factor in (22). The

integrand equals k2j/v and extends continuously to qH , since k(qH−) = µ({qH})/(KRH)

and v(qH) = 1. Substituting u, h, and K = γση into the formula for m and using

F (q) = 1−m(q)/λ for q < qH proves (22).

To evaluate the tail at the top, set λH = µ({qH}) and ε := qH − q. The terminal values

and the left limit of k give

H(q) =
λHj(qH)

KRH

ε+ o(ε), R(q)−RP (q) =

[
λHj(qH)

KRH

]2
ε2 + o(ε2).

By Lemma 5 and χ1 ∈ C2, RP has a continuous second derivative up to qH from the

occupied interval. Since g(qH) = H(qH)/v(qH) = 0, (48) gives h(qH−) = 1, and (50) gives

R′
P (qH−) = R′(qH). With RP (qH) = R(qH), the zeroth- and first-order terms of R − RP

vanish at qH . Comparing the last display with the second-order Taylor expansion of R−RP

at qH therefore yields

R′′(qH)−R′′
P (qH−)

2
=

[
λHj(qH)

KRH

]2
.

Solving for the nonnegative mass λH and using 1−F (qH−) = λH/λ proves (23). Finally, the

inclusive tail m(q) = µ([q, qH ]) is continuous on [qL, qH ] because there are no atoms below
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qH . It satisfies m(q) = λ[1 − F (q)] for q < qH , m
′ = −λF ′ on (qL, qH), m(qL) = λ, and

m(qH) = λH . These identities prove the normalization and atom formulas. □

An occupied interval that reaches qH therefore requires −R′(qH) = 2γχ′
1(qH)R(qH):

differentiate (20) and use R′
P (qH−) = R′(qH).

E.3 Proof of Theorem 5

Appendices E.3.1–E.3.6 together prove Theorem 5. They first construct the candidate

distribution, then verify its optimality and establish that it is the unique equilibrium.

E.3.1 A candidate density and a top mass

Consider a positive-entry candidate whose largest acquired scale is initially denoted by q̄.

For the mixed candidate, suppose

µ(dq) = ρ(q)1(qL,q̄) dq + λHδq̄(dq), 0 < qL < q̄ ≤ 1,

λ = λH +

∫ q̄

qL

ρ(q) dq ≤ 1,

where ρ is continuous and strictly positive on the occupied interval and λH > 0 is an absolute

population share. The conditional CDF among informed investors is F (q) = µ((0, q])/λ. We

also allow a single-scale candidate µ = λδq̄ and consider no acquisition separately. At this

stage the proposed mixed form is an assumption used to derive a candidate; Appendix E.3.3

proves its necessity under (64).

In any equilibrium with λ > 0, let q̄ = sup suppµ. The preceding top-scale argument gives

RP (q̄) = R(q̄) without requiring an atom there. Continuity and optimality of occupied scales

imply that the common informed index is J0(q̄), even if q̄ has no atom. Since RP (q) ≤ R(q),

every deviation has J (q) ≥ J0(q), so q̄ must maximize J0. If a smaller q tied that maximum,

the positive population above it would make the price strictly informative beyond its acquired

information, giving J (q) > J0(q) = J0(q̄), a contradiction. Thus q̄ = qH , the smallest global

maximizer. For the construction and deviation checks, write R∗(q) = RHe
2γ[χ1(qH)−χ1(q)] for

the extension of this indifference curve to all scales. Throughout this appendix, RP denotes

residual risk under the actual candidate price. The two curves coincide on the equilibrium

support by Lemma 5, but can differ at unoccupied scales or for a candidate that is not an

overall equilibrium. Comparing (45) to J0(qH) shows that a positive-mass linear CREE is
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an overall equilibrium if and only if

RP (q) ≥ R∗(q) for every q ∈ (0, 1],

RP (q) = R∗(q) for dF -almost every q,

RU ≥ R, (1− λ)(RU −R) = 0.

(51)

In particular,

R(q) > R∗(q) for 0 ≤ q < qH .

For the mixed construction, take qH < 1 with J ′′
0 (qH) < 0; Appendix E.3.3 derives these

properties from the additional primitive restrictions. On the candidate interval, indifference

fixes RP = R∗ and R′
∗ = −2γχ′

1R∗. The risk reduction and its derivative therefore identify

u = H/
√
v and h; the identity 1−h = kH/v then identifies ℓ = k/

√
v. Since v′ = −jℓ2v and

v(qH) = 1, the remaining price variance is obtained by one integral. For 0 < q < qH , define

u∗(q) =
√
R(q)−R∗(q), h∗(q) =

√
2γχ′

1(q)R∗(q)

j(q)
,

ℓ∗(q) =
1− h∗(q)

u∗(q)
, e∗(q) =

1

2

[
χ′′
1(q)

χ′
1(q)

− j′(q)

j(q)
− 2γχ′

1(q)

]
,

zρ(q) = e∗(q)− j(q)ℓ∗(q)
2, v∗(q) = exp

{∫ qH

q

j(s)ℓ∗(s)
2 ds

}
.

(52)

The root and derivative formulas (37)–(38) make every function in (52) explicit in

(c, κ, Aw, σ
2
ε , γ, χ1). In particular, they do not depend on the fixed cost, strong-signal

predictability, supply noise, or an equilibrium price. Logarithmic differentiation gives

h′∗/h∗ = e∗, so zρ = h′∗/h∗ − jℓ2∗. The candidate density and absolute population tail are

ρ∗(q) =
KR∗(q)zρ(q)

h∗(q)u∗(q)
√
v∗(q)

,

m∗(q) =
K√
v∗(q)

[
R∗(q)ℓ∗(q)

h∗(q)
− u∗(q)

]
.

(53)

On an equilibrium occupied interval, m∗ = m and ρ∗ = −m′.
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The tail identities imply

k′ = − ρh

RPL
, g′ = −kjh

v
,

h′

h
=

ρg

RPL
+
k2j

v
, Lhv = K.

Substitution of g = u∗/
√
v∗ and L = K/(h∗v∗) therefore yields the density in (53). Further-

more,

k = ℓ∗
√
v∗, g =

u∗√
v∗
, Π =

Kℓ∗
h∗
√
v∗
, L =

K

h∗v∗
.

Substituting these expressions into m = RPΠ−Kg proves the tail formula and m′
∗ = −ρ∗.

The same identities imply (u∗
√
v∗)

′ = −kj with zero terminal value, verifying the price

covariance H and thus the candidate residual risk throughout the interval.

For the interior nondegenerate top in the theorem, define the curvature and associated

mass threshold by

CH = −γRHJ ′′
0 (qH) =

1

2

[
R′′(qH)−

j(qH)
2

RH

+ 2γRHχ
′′
1(qH)

]
> 0,

ΛH =
KRH

√
CH

j(qH)
.

(54)

By indifference, CH = [R′′(qH)−R′′
P (qH)]/2 in a mixed equilibrium, with the derivative taken

from the occupied interval. For ε := qH − q,

R(q)−R∗(q) = CHε
2 + o(ε2).

The mixed candidate has occupied scales arbitrarily close to the top. Since v(qH) = 1,

H(qH) = 0, and k(qH−) = λH/(KRH), its price implies

R(q)−RP (q) =

[
λHj(qH)

KRH

]2
ε2 + o(ε2).

Matching these coefficients with CH in (54) pins down the top mass:

λH = KRH

√
CH

j(qH)
= ΛH . (55)
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The corresponding endpoint limits are

u∗(qH) = 0, h∗(qH) = v∗(qH) = 1, ℓ∗(qH) =

√
CH

j(qH)
, m∗(qH) = ΛH .

These limits and m′
∗ = −ρ∗ determine the entire candidate upper tail independently of its

as-yet unknown lower endpoint.

E.3.2 Admissibility, participation, and the equilibrium cases

A mixed candidate.

The density is admissible on a proposed interval only if

0 < h∗(q) < 1, zρ(q) > 0 (qL < q < qH). (56)

The quantity u∗ is already strictly positive below qH . Appendix E.3.3 will show that these

inequalities hold throughout the mixed equilibrium interval under (64). Without those

restrictions, a candidate interval containing negative zρ is inadmissible.

Write B(q) = σ2
d −R(q). If q is the lowest acquired scale, the uninformed residual risk is

the following explicit function:

U∗(q) = σ2
d −

[ℓ∗(q)B(q) + u∗(q)]
2

1 + ℓ∗(q)2B(q)
. (57)

The endpoint must solve

m∗(qL) ≤ 1, U∗(qL) ≥ R, [1−m∗(qL)] [U∗(qL)−R] = 0. (58)

If uninformed investors remain, solve U∗(qL) = R subject tom∗(qL) < 1. If everyone acquires,

solve m∗(qL) = 1 and check U∗(qL) ≥ R. Both functions are strictly monotone on an

admissible interval: m∗ decreases and U∗ increases with q.

For general primitives, a candidate must also pass a global lower-scale deviation check.

For every 0 < q < qL, let y(q) = R(q)−R(qL) and require

R(q)− [u∗(qL) + ℓ∗(qL)y(q)]
2

1 + ℓ∗(qL)2y(q)
≥ R∗(q). (59)

This rules out buying a smaller model and using its information together with the price.
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Deviations above qH are already ruled out by the global definition of qH . Under (64), Ap-

pendix E.3.3 proves that the lower-scale inequality follows automatically from admissibility.

A connected equilibrium with a continuous, strictly positive density on (qL, qH) exists if

and only if some 0 < qL < qH satisfies (56), (58), and (59). Its population distribution is

λ dF (q) = ρ∗(q)1(qL,qH) dq + ΛHδqH (dq), λ = m∗(qL). (60)

In particular ΛH < 1 and m∗(q) = ΛH +
∫ qH
q

ρ∗(s) ds. The inclusive population tail m(q) =

λ[1− F (q−)] equals m∗(q) and is continuous on [qL, qH ]. The CDF is

F (q) =


0, q < qL,

1−m∗(q)/λ, qL ≤ q < qH ,

1, q ≥ qH .

(61)

The conditional density is ρ∗/λ and the jump in F at qH is ΛH/λ. The formula for m∗ avoids

a second integral when evaluating the CDF.

Below qL there are no additional informed investors, so k is constant. Continuing the price

moments through the unobserved forecast variance gives (59); continuing through all forecast

variance, including the strong block, gives (57). For monotonicity, write CX = kB +H and

SX = k2B+ v at a proposed endpoint. The identities B′ = j, H ′ = −kj, and v′ = −k2j give
C ′

X = k′B and S ′
X = 2kk′B, and hence

U ′
∗ = −2k′BCX

SX

(
1− kCX

SX

)
> 0, 1− kCX

SX
=
vh

SX
> 0.

Here k′ < 0 because the density is positive. Together with m′
∗ < 0, this shows that at most

one admissible endpoint satisfies the participation and population conditions.

Finally, these conditions are sufficient as well as necessary. Given such an endpoint, take

k = ℓ∗
√
v∗ on (qL, qH), extend it constantly below qL, set k0 = k(qL), and set k = 0 above qH .

The identities just proved recover the precision tails and Gaussian posteriors for the popula-

tion in (60). Equations (67) and (68) then give the price and optimal demands and clear the

market. Indifference on the occupied interval, the endpoint conditions, and all lower-scale

deviation inequalities give (51) at every feasible scale. Thus every candidate satisfying these

checks is an overall equilibrium. General uniqueness is established in Appendix E.3.6.

No acquisition. With no acquisition, RU = σ2
d and a deviator faces RP (q) = R(q). Such an
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equilibrium exists exactly when R ≥ σ2
d. Substituting R = RHe

2γ[χ0+χ1(qH)] gives the entry

threshold (24). Every positive informed population makes the price informative about the

payoff, so RU < σ2
d. Since positive-entry equilibrium requires RU ≥ R, it is impossible when

R ≥ σ2
d.

A single acquired scale. Suppose R < σ2
d. Any equilibrium with all informed investors at one

scale must use qH . Its price revealsM(qH)−νoneη, where νone = KRH/λone, and uninformed

risk is RH + ν2oneBH/(ν
2
one +BH). Solving RU = R, subject to the cap λ ≤ 1, gives

λone = min

K
√

RH

e2γχ(qH) − 1
− R2

H

BH

, 1

 . (62)

The denominator in (62) is positive because χ1(qH) > 0. The radicand is positive precisely

because R < σ2
d. This candidate is an equilibrium if and only if

RH +
ν2one[R(q)−RH ]

ν2one +R(q)−RH

≥ R∗(q) for every 0 < q < qH . (63)

The left side is the candidate’s residual risk at a lower scale. All higher-scale deviations are

already ruled out by the definition of qH , and participation is built into λone. For q < qH ,

strict increase of χ1 gives R∗(q) > RH , and minimality of the benchmark maximizer gives

R(q) > R∗(q). Rearranging (63) therefore gives

ν2one ≥
[R(q)−RH ][R∗(q)−RH ]

R(q)−R∗(q)
.

Thus, without the additional connected-support restrictions, the exact single-scale test is

ν2one ≥ ΓH , ΓH := sup
0≤q<qH

[R(q)−RH ][R∗(q)−RH ]

R(q)−R∗(q)
.

Including q = 0 in that supremum is equivalent by continuity to testing all strictly positive

scales. The supremum may be infinite at a degenerate top. Under (64), the curvature

argument in Appendix E.3.3 reduces this global test to λone ≤ ΛH . If it holds, the equilibrium

has a single acquired scale. If it fails, general existence and uniqueness together with the

support restrictions proved below imply that the equilibrium is the mixed candidate above,

with a unique admissible lower endpoint. Without the additional primitive restrictions, the

exact test remains (63), and a mixed equilibrium may have gaps.
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E.3.3 Why the candidate forms are exhaustive

We now drop the candidate support assumption and consider an arbitrary positive-entry

equilibrium. The indifference and pricing identities used above apply to it as well.

No interior atoms or singular continuous component.

Suppose there is an atom of mass a > 0 at q < qH . At this point RP and g are continuous,

g > 0, and the tails on the two sides satisfy

Π− = Π+ +
a

RP

, L− = L+ +
ag

RP

, h− = h+
L+

L+ + ag/RP

< h+.

Equation (50) then gives J ′
+ > J ′

−. A local maximum would require J ′
− ≥ 0 ≥ J ′

+, which is

impossible. At qH , however, g = 0, so this argument permits an atom there.

There is no singular continuous component below qH either. Once atoms have been

excluded, k and h are continuous on (0, qH) and RP is C1 there. At every point of the

support, the first-order condition is

h(q) =

√
2γχ′(q)RP (q)

j(q)
.

The right side is C1 on each compact subinterval of (0, qH). On complementary gaps, the tails

Π, L, and thus k, are constant, and h′ = hk2j/v is uniformly bounded locally. These bounds

and agreement with the displayed C1 function on the support make h locally Lipschitz:

decompose an interval at its first and last support points, bounding the two exterior gap

pieces and the difference between those support points. But, in the sense of measures,

dh =
gh

RPL
µ(dq) +

hk2j

v
dq.

The coefficient on µ is strictly positive and bounded away from zero on compact subintervals

below qH . Local absolute continuity of h therefore implies local absolute continuity of µ.

The limiting acquisition action q = 0 cannot be optimal, even in the enlarged action

space used for compactness. Its right marginal value is j(0)h(0+)2/(2γRP (0)) > 0, since

χ′
1(0) = 0 by Assumption 2. By continuity, each equilibrium has a neighborhood of zero

containing no occupied scales. Consequently µ(dq) = ρ(q)dq+ λHδqH (dq) with an integrable

density on (0, qH).

The top mass.
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Suppose qH < 1 and J ′′
0 (qH) < 0. The expansion defining CH above applies whether

or not the support is connected. Without a top mass, k(q) → 0 and H(q) = o(qH − q) as

q ↑ qH . Then H(q)2/v(q) = o((qH − q)2) cannot equal R(q) − R∗(q) along occupied scales

approaching qH . Since qH is the supremum of the support, this contradiction proves λH > 0.

If occupied lower scales accumulate at qH , coefficient matching gives exactly (55). If there is

a gap below the top, the no-deviation inequality RP ≥ R∗ instead gives the bound λH ≤ ΛH .

Primitive restrictions that rule out gaps.

For reference, the additional restrictions in Theorem 5 are χ1 ∈ C3([0, 1]) and

σ2
ε ≤ σ2

βV0, χ′′
1(q) > 0, χ′′′

1 (q) < 2
√

2γ [χ′′
1(q)]

3/2 (0 < q < 1),

χ′
1(1) >

j(1)

2γR(1)
.

(64)

The two curvature inequalities hold for every χ1(q) = χ̄q2 with χ̄ > 0; the endpoint inequality

then requires χ̄ > j(1)/(4γR(1)). We first reduce the required information curvature to the

residual-risk quadratic. Use aR, tR, Aw, υ from Appendix D.1, and write b1 = bR(1) and

∆1 = ∆R(1). Solving that quadratic for υ gives

υ =
aR
Aw

R +
b1 − aRtR

Aw
+
cκ(1 + κ)tR
R + tR

, q =
κ(1− υ)

κ+ υ
.

Differentiating this inverse relation yields the curvature identity

SR(q) :=
R′′′(q)

R′(q)
− 3

2

[
R′′(q)

R′(q)

]2
=

6aRcκ
3(1 + κ)3A3

wtR
(κ+ q)4∆R(q)4

≥ 0. (65)

The sign follows from tR = σ2
βV0 − σ2

ε ≥ 0; all other factors are positive. Thus the needed

curvature is a consequence of an inequality on the original information parameters. The

endpoint restriction in (64) is also entirely primitive:

χ′
1(1) >

κAw[R(1) + tR]

2γ(κ+ 1)∆1R(1)
,

b1 = κAw(1− c)− σ2
ε(2 + cκ),

∆1 =
√
b21 + 4aRσ2

εtR.

Indeed, the right side equals j(1)/(2γR(1)) by (38) and the quadratic at one.

Consider an interval with no acquired scales. The price loading k is constant there.
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Starting from price moments Hb, vb at its upper endpoint b, the residual risk is

rf (q) = R(q)− [Hb + ky(q)]2

vb + k2y(q)
, y(q) = R(q)−R(b).

Cancellation of the quadratic terms makes rf a fractional-linear function of R, with rf > 0

and r′f < 0 on its feasible domain. The differential expression on the left of (65) is invariant

under such a transformation, so Srf = SR. Writing marginal information benefit and net

marginal value as

Bf = − 1

2γ
(log rf )

′ > 0, gf = Bf − χ′
1,

and differentiating gives

B′′
f = SRBf +

3(B′
f )

2

2Bf
+ 2γ2B3

f .

At a stationary point of gf , we have B′
f = χ′′

1 > 0. Using (65) and minimizing over Bf > 0

therefore gives

g′′f ≥
3(χ′′

1)
2

2Bf
+ 2γ2B3

f − χ′′′
1

≥ 2
√

2γ (χ′′
1)

3/2 − χ′′′
1 > 0.

(66)

The second inequality is sharp, with equality in its minimization at Bf =
√
χ′′
1/(2γ). Thus

net marginal value on any constant-loading interval has no interior local maximum.

This argument also applies to rf = R, corresponding to zero loading. The derivative J ′
0

is positive at zero and negative at one by the endpoint restriction. Since every stationary

point of J ′
0 is a strict local minimum, it crosses zero exactly once, with strictly negative

derivative there. Consequently qH ∈ (0, 1) is the unique maximizer and J ′′
0 (qH) < 0.

Suppose an equilibrium has a gap (a, b) between two occupied scales, allowing b = qH .

The acquisition index takes its common maximum at both endpoints, and its derivative

vanishes there because both endpoints are interior feasible scales. This also holds at qH :

H(qH) = 0 makes h(qH−) = 1, even in the presence of a top mass, so the left derivative

equals J ′
0(qH) = 0. On the gap, J ′ = gf , hence gf (a) = gf (b) = 0 and

∫ b
a
gf (q) dq = 0. An

identically zero gf contradicts (66); otherwise the zero integral requires a positive interior

maximum, which contradicts the same inequality. There can therefore be no gap, including
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immediately below the top mass. When more than one scale is acquired, the support is a

single interval [qL, qH ] with qL > 0.

The density is strictly positive throughout the interior of this interval. To verify this

stronger claim, indifference gives RP = R∗ and h =
√

2γχ′
1R∗/j. Thus h is C2, u = H/

√
v =

√
R−R∗ > 0 is C3, and k/

√
v = (1 − h)/u is C2 locally. Using v′ = −k2j shows that k is

C2, and k′ = −ρh/(RPL) then gives a C1, nonnegative version of the density. If ρ(q0) = 0

at an interior point, nonnegativity implies ρ′(q0) = 0, and hence k′(q0) = k′′(q0) = 0. Freeze

k at its value at q0 and start the constant-loading posterior from the same H, v there. The

equations for H, v show that its posterior-risk derivatives through order three agree with

those of RP at q0. Its marginal benefit therefore satisfies Bf = χ′
1, B′

f = χ′′
1, and B′′

f = χ′′′
1 at

that point, contradicting (66). This proves strict positivity. The general top-mass argument

in Appendix E.3.3 now gives λH = ΛH > 0.

It remains to simplify the single-scale test. For the candidate with mass λone, the left

derivative of net marginal value at the top is

g′f (qH−) = J ′′(qH−) =
CH
γRH

[(
λone
ΛH

)2

− 1

]
.

If λone > ΛH , slightly smaller scales strictly improve acquisition value, so the candidate

cannot be an equilibrium. If λone ≤ ΛH , then gf (qH) = 0 and g′f (qH−) ≤ 0. The function

gf is strictly positive immediately below qH : this follows from the negative derivative when

the inequality is strict, and from (66) when that derivative is zero. If gf were nonpositive

at any smaller scale, it would have a positive interior maximum before returning to zero

at qH , which is impossible. Hence acquisition value is strictly increasing on (0, qH) for this

candidate, ruling out every lower-scale deviation. Higher-scale deviations are excluded by the

definition of qH , and the uninformed participation condition is built into λone. The candidate

is therefore an equilibrium exactly when λone ≤ ΛH . If this test fails, the existence and

uniqueness results in Appendices E.3.5–E.3.6 imply that the equilibrium has the connected,

strictly positive density and top mass just established.

Lower-scale deviations from the mixed candidate.

Under (64), no separate search over lower-scale deviations is needed. For any admissible

branch truncated at qL, let gf be its net marginal value after extending k constantly below
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qL. At the endpoint gf (qL) = 0 and

g′f (qL−) = −2Bf (qL)ρ∗(qL)g(qL)
R∗(qL)L(qL)

≤ 0.

This follows by comparing h′/h = ρg/(RPL)+k
2j/v on the indifferent branch with the same

identity without the density term below qL. If this derivative is negative, gf is positive just

below qL; if it is zero, (66) gives the same conclusion. That inequality then prevents gf from

becoming nonpositive at a smaller scale, as in the single-scale argument. Thus acquisition

value increases strictly toward qL from below, proving (59). General existence and the

connected-support proof ensure that the mixed regime has an admissible endpoint; strict

monotonicity of m∗, U∗ makes it unique. This proves the claimed classification, conditional

on the general existence and uniqueness results established next.

E.3.4 The linear CREE at any population distribution

We verify the pricing identities used in the construction and prove that every population

measure µ has a unique linear CREE. This result also supplies the continuity needed to

establish general existence.

Fix any population measure µ. A linear equilibrium price must have a nonzero coefficient

on η: otherwise all demands would be measurable with respect to the acquired information

and could not clear an independent, nondegenerate supply shock. Its intercept is zero, since

taking expectations in market clearing gives zero expected aggregate demand, whereas a

nonzero intercept makes every type’s expected demand have the opposite sign.

Use the normalized price (46) and its Gaussian posterior (47). The noise coefficient

implies that the coefficient multiplying X in aggregate demand, after multiplication by γ,

is −K. The coefficient on dM(q) is then Π(q) − k(q)L(q). The same calculation for the

vector s∞ gives k0 = Π(0)/L(0) and excludes any additional strong-signal loading, up to

null directions. For the last identity in (48), differentiate Lv−ΠH in the sense of measures,

using H ′ = −kj, v′ = −k2j, dΠ = −µ/RP , and dL = −gµ/RP . Every term cancels, and

the terminal value is K. Positivity follows by continuation from H(1) = 0, v(1) = 1, and

L(1) = K; a possible atom at one changes Π(1) but not L(1).
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The uninformed posterior and the price level are

gU =
k0As +H(0)

k20As + v(0)
, RU = σ2

d −
[k0As +H(0)]2

k20As + v(0)
,

aP =
L(0) + (1− λ)gU/RU

Π(0) + (1− λ)/RU

> 0.

(67)

Consequently, the demand schedules, including those at unoccupied scales, are

xq(p) =
M(q) + g(q){p/aP − E∞[X | F∞

q ]} − p

γRP (q)
,

xU(p) =
gUp/aP − p

γRU

.

(68)

These formulas match all coefficients in market clearing.

For existence and uniqueness, use the tail system (49). The identity m = RPΠ − Kg

follows by differentiation and the terminal condition, including its jumps; eliminating Π, L

gives the stated expression for k. The resulting ODE is a terminal-value system with a

bounded measurable coefficient m and a locally Lipschitz vector field in (H, v) wherever its

denominator is positive. In the descending variance coordinate t = R(q) − R(1), its local

solution satisfies

dRP

dt
= (1− kg)2, RP ≥ R(1) > 0, h =

KRP

KR +mH
> 0.

Reconstructing Π = (m + Kg)/RP and L = K/(hv) recovers dΠ = −µ/RP and dL =

−gµ/RP , including their jumps. Thus Π ≤ 1/R(1), L ≥ K, and

0 ≤ k ≤ 1

KR(1)
. (69)

These bounds keep the solution finite on [0, 1], prove global existence and uniqueness, and

recover the original tails in (48). Bound (69) also applies to k0. All residual risks are bounded

below by R(1), so the demands in (68) are jointly measurable and have an almost-surely finite

population integral. For example, M(q) and E∞[X | F∞
q ] have continuous paths, and their

suprema on [0, 1] are finite almost surely. Above the largest acquired scale m = H = k = 0,

so the price uses only collectively acquired information and η. When λ = 0, these formulas

give P = −Kσ2
dη.

We also need continuity in the population distribution. Temporarily allow the limiting

88



acquisition action q = 0, distinct from remaining uninformed; it reveals the strong signals

and costs χ0. Let µn → µ weakly on [0, 1], with tails mn and m and solutions (Hn, vn) and

(H, v) of (49). Weak convergence implies almost-everywhere and L1 convergence of the tails

and convergence of the total masses. Write k(m,H, v) = (mv +KH)/(KR +mH) for the

loading in (49). By (69), every solution stays in the region

0 ≤ H ≤ H̄ :=
R(0)−R(1)

KR(1)
, 1 ≤ v ≤ v̄ := 1 +

R(0)−R(1)

[KR(1)]2
.

On this region and for 0 ≤ m ≤ 1, the denominator satisfies KR +mH ≥ KR(1). Hence k

and k2 are Lipschitz in (H, v) with a constant independent of m and q, and

∂k

∂m
=

K(vR−H2)

(KR +mH)2
, |k(mn, H, v)−k(m,H, v)| ≤ Cm|mn−m|, Cm =

v̄R(0)

KR(1)2
.

The integral form of (49) and Gronwall’s inequality then bound supq(|Hn−H|+ |vn− v|) by
a constant multiple of

∫ 1

0
|mn −m| dq, which tends to zero. This gives uniform convergence

of H, v, and RP = R − H2/v. The formula for k0 uses the total mass m(0), so it remains

continuous even if an atom appears at zero. Equation (67) therefore also gives continuity of

RU and aP .

E.3.5 General existence

First restrict the acquisition menu to a finite grid of positive scales. Let qH be the smallest

grid maximizer of J0, and define R from it as at the start of Appendix E and R∗ as in

Appendix E.3.1; in this subsection these are the grid quantities. IfR ≥ σ2
d, the all-uninformed

allocation is an equilibrium. Otherwise start at s = qH with no population, H = Π = 0,

v = 1, and L = K. At each stage H, v,Π, L record the price moments and precision tails

generated by previously assigned, higher-scale investors. The current scale s is indifferent

to the top, with Rs := R(s) −H2/v = R∗(s). Adding mass z ≥ 0 at s changes the loading

below it to

k(z) =
Π + z/Rs

L+ zH/(vRs)
.
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It changes neither the residual risk at s nor any risk at a higher scale. Before assigning

investors below s, a lower grid scale q faces

RP (q; z) = R(q)− [H + k(z)y]2

v + k(z)2y
, y = R(q)−R(s).

The uninformed risk has the same expression with R(q) replaced by σ2
d and y = σ2

d − R(s).

The loading increases with z, and

∂

∂k

(H + ky)2

v + k2y
=

2y(H + ky)(v − kH)

(v + k2y)2
> 0

for y > 0 and positive loadings, since v − kH > 0. At the initial zero loading the derivative

is zero, but the information gain increases strictly with every positive addition. Thus lower-

scale and uninformed values rise monotonically with z.

Add mass until the first of three events: total informed mass reaches one; uninformed

risk reaches R; or a lower grid scale reaches RP (q; z) = R∗(q). In the first case stop with

everyone informed; in the second stop with the remaining population uninformed. In the

third case stop adding mass at s and move to the smallest lower scale attaining equality. A

stopping event takes precedence over a simultaneous activation. Selecting the smallest tied

scale ensures that subsequent additions leave the other tied scales’ values unchanged. If z

was added before moving to q, update

Πnew = Π+ z/Rs, Lnew = L+ zH/(vRs),

Hnew = H + k(z)[R(q)−R(s)], vnew = v + k(z)2[R(q)−R(s)].

There are at most as many activation steps as grid scales. At the smallest scale the

procedure must stop through uninformed participation or the unit-population constraint.

Every occupied scale remains indifferent to the top, and every unused grid scale is weakly

worse because the next binding constraint was always the first event. The uninformed option

is optimal if it has positive mass and weakly worse otherwise. The price and demand formulas

(67) and (68) therefore complete a linear equilibrium on every finite grid.

Now take grids whose mesh, including the distances to zero and one, tends to zero.

Adjoin the limiting acquisition action zero and keep the uninformed action as a separate

isolated point. This enlarged action space is compact, so the grid population distributions

have weakly convergent subsequences. Index the grids by n, and let Gn, µn, λn, J n, and J n
U

be the nth grid and its equilibrium population measure, informed mass, and indices (45).
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Along such a subsequence, with limit µ of mass λ and indices J and JU , the continuity

established in Appendix E.3.4 gives J n → J uniformly on [0, 1] and J n
U → JU . The grid

top and the grid thresholds R and R∗ vary with n, so we pass to the limit with the common

index

J̄n = max
{
max
q∈Gn

J n(q), J n
U

}
.

Grid optimality is∫
[0,1]

[
J̄n − J n(q)

]
µn(dq) + (1− λn)

[
J̄n − J n

U

]
= 0,

with a nonnegative integrand and a nonnegative second term. Because J is continuous and

the mesh tends to zero, J̄n → J̄ := max{max[0,1] J ,JU}. Uniform convergence of the indices

and weak convergence of µn preserve the equality. The limiting distribution therefore assigns

mass only to maximizers of J over all scales, including the uninformed option whenever its

mass is positive. If λn → 0, then µ = 0 and the equality reduces to J (q) ≤ JU for

every q, which is the no-acquisition equilibrium. The argument at zero in Appendix E.3.3

excludes mass on the added acquisition action. The limit is consequently an equilibrium

of the original economy. This proves existence for the general costs of Assumption 2. The

uniqueness argument below then implies that every subsequence has the same limit, so the

entire sequence of grid equilibria converges weakly to it. No step requires a quadratic variable

cost.

E.3.6 General uniqueness

Every positive-entry equilibrium has the same qH , common informed index J0(qH), and

target risk R∗. Run from qH toward zero using the descending coordinate

t = R(q)−RH , u =
H√
v
, ℓ =

k√
v
, u∗(t) =

√
R(q(t))−R∗(q(t)).

The no-deviation condition is u ≤ u∗; population can be added only at contact points u = u∗.

The dynamics, with dots denoting differentiation in t, are

u̇ = ℓ− 1
2
ℓ2u, ℓ̇ = a− 1

2
ℓ3, a :=

k̇√
v
≥ 0. (70)
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The controls are locally integrable, and a = 0 off the occupied set. The top mass is encoded

in u(0) = 0, v(0) = 1, and ℓ(0) = λH/(KRH). Throughout, 1− ℓu = h > 0.

Compare two candidate equilibria and write w = u1 − u2. On any interval where w > 0,

feasibility gives u2 < u1 ≤ u∗, so the second distribution adds no population and a2 = 0.

At the left endpoint of a positive component, w = 0 and its right derivative is nonnegative.

Because ℓ 7→ ℓ−ℓ2u/2 is strictly increasing on ℓu < 1, this implies ℓ1 ≥ ℓ2 there. The second

equation in (70), with a1 ≥ 0 and a2 = 0, preserves this order. Moreover,

ẇ + 1
2
ℓ21w = (ℓ1 − ℓ2)

[
1− 1

2
u2(ℓ1 + ℓ2)

]
≥ 0,

where the bracket is positive because u2 ≤ u1 and ℓiui < 1. Thus a positive component of w

cannot end at a finite later time. Interchanging the indices proves the analogous assertion for

a negative component. The paths therefore either coincide everywhere or coincide initially

and are strictly ordered at every smaller scale after they separate.

Let t0 ≥ 0 be the separation time and T = R(0)−RH , and suppose w > 0 on (t0, T ]. Write

mi for the tail of µi. Since a2 = 0 on (t0, T ], µ2 has no mass below q(t0), so λ2 = m2(q(t0)).

At t0, u1 = u2 and ℓ1 ≥ ℓ2. If ℓ1(t0) = ℓ2(t0) and a1 = 0 almost everywhere on (t0, T ],

both paths solve (70) with a = 0 from the same data at t0. They then coincide on (t0, T ],

which contradicts separation. Hence either ℓ1(t0) > ℓ2(t0), or a1 > 0 on a set of positive

measure in (t0, T ]. In the second case µ1 has positive mass below q(t0), because a = k̇/
√
v

and k′ = −ρh/(RPL).

Suppose first that t0 > 0. On [0, t0] the paths u1 = u2 determine equal ℓ from the first

equation in (70), because ℓ 7→ ℓ− ℓ2u/2 is strictly increasing on ℓu < 1 and ℓ is continuous

below the top. They then determine equal v from v̇ = ℓ2v, and hence equal H, k,m from

(49). Thus ℓ1(t0) = ℓ2(t0) and m1(q(t0)) = m2(q(t0)), and µ1 has positive mass below q(t0).

Suppose next that t0 = 0, where ℓi(0) = λH,i/(KRH) and mi(qH) = λH,i for the top masses

λH,i. Then either λH,1 > λH,2, or λH,1 = λH,2 and µ1 has positive mass below qH . In both

cases,

λ1 = m1(q(t0)) + µ1

(
(0, q(t0))

)
> m2(q(t0)) = λ2.

Continue the free dynamics, with no further population, through the strong-block vari-

ance As. In this extension k = k0 is constant, and the terminal residual risk is exactly RU

in (67). The same comparison preserves strict ordering of u and gives RU,1 < RU,2. Since

λ2 < λ1 ≤ 1, equilibrium 2 has uninformed investors and hence RU,2 = R. Equilibrium 1
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requires RU,1 ≥ R, a contradiction. Thus both distributions coincide; if the information paths

coincide everywhere, the reconstruction above already gives this conclusion. The price and

demands are then unique by Appendix E.3.4. The entry argument also excludes coexistence

with an all-uninformed equilibrium.

General existence and uniqueness, the entry threshold, and the support classification

together prove Theorem 5. In the mixed regime under (64), the unique equilibrium supplies

an admissible endpoint for the construction, and the recovered density and top mass give

(61). All population shares are absolute until normalization by λ; F remains the conditional

scale distribution among informed investors. □

F Acquisition-cost comparative statics

We prove Propositions 6 and 7 using the distribution and pricing formulas in Appendix E.

Throughout, χ(q) = χ0 + χ̄q2, K = γση, and R is fixed by the information primitives.

F.1 Proof of Proposition 6

Proof of Proposition 6. Quadratic costs satisfy the curvature restrictions in Theorem 5,

and χ̄ > −R′(1)/(4γR(1)) is its interior-endpoint condition because χ′
1(1) = 2χ̄. Together

with σ2
ε ≤ σ2

βV0, these assumptions give the connected-support characterization used below.

The maximization defining qH is unchanged by adding the constant −χ0 to J0. The support

indifference curve

R∗(q) = R(qH)e
2γχ̄(q2H−q2)

is also independent of χ0. Consequently the functions in (52), the density and tail in (53),

and the top mass ΛH in (54) do not depend on the fixed cost. Only the entry target

R = R(qH)e
2γ(χ0+χ̄q2H)

changes.

On a mixed branch with uninformed investors, the lower endpoint solves U∗(qL) = R and

λ = m∗(qL) < 1. Let χa0 < χb0 be two costs on this branch, with endpoints qaL, q
b
L and targets

R
a
< R

b
, and put qm = min{qaL, qbL}. By Theorem 5, the equilibrium with endpoint qm has

density ρ∗ > 0 on (qm, qH). The monotonicity argument following (61) then gives U ′
∗ > 0 and

m′
∗ = −ρ∗ < 0 on (qm, qH). Since U∗(q

a
L) = R

a
< R

b
= U∗(q

b
L), it follows that q

a
L < qbL < qH
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and

λa − λb =

∫ qbL

qaL

ρ∗(q) dq > 0.

Thus a fall in the fixed cost extends the same population distribution toward smaller scales;

its density at retained scales and its absolute top mass remain unchanged. Where ρ∗(qL) > 0,

also U ′
∗(qL) > 0, and implicit differentiation gives

dqL
dχ0

=
2γR

U ′
∗(qL)

> 0,
dλ

dχ0

= −ρ∗(qL)
2γR

U ′
∗(qL)

< 0. (71)

On the common support of the two equilibria,

F a(q) = 1− m∗(q)

λa
≥ 1− m∗(q)

λb
= F b(q).

Between the two lower endpoints, F b = 0 ≤ F a; at and above qH , both CDFs are one.

This also shows that the conditional distribution shifts toward smaller scales in first-order

stochastic dominance, and ΛH/λ decreases as entry expands.

For completeness, the signs extend across changes of regime. Above the entry threshold

(24), λ = 0. When a single scale is acquired, the interior mass is

λone = K

√
RH

e2γ(χ0+χ̄q2H) − 1
− R2

H

σ2
d −RH

, RH = R(qH),

capped at one; it is strictly decreasing in χ0 before the cap binds. Under the additional

restrictions of Theorem 5, the single-scale equilibrium remains valid precisely while λone ≤
ΛH .

This threshold also explains the marginal-benefit mechanism in the main text. For a

single-scale population of mass λ at qH , put ν = KRH/λ. At a smaller scale, Gaussian

conditioning gives

RP (q) = RH +
ν2[R(q)−RH ]

ν2 +R(q)−RH

, q < qH .

Differentiating at the top from the left and using (54) yields

MB′(qH−)−MC′(qH) =
j(qH)

2

γK2R3
H

(
λ2 − Λ2

H

)
.
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Because MB(qH) = MC(qH), the net marginal benefit is positive just below qH when λ < ΛH ,

is tangent to zero there when λ = ΛH , and is negative just below it when λ > ΛH . In the

last case a downward scale deviation is profitable. Above qH , the price is redundant and

marginal benefit remains below marginal cost; the failure concerns the smaller-scale side of

the candidate optimum. On the mixed support, differentiating R∗ gives MB(q) = MC(q)

throughout [qL, qH ].

If ΛH < 1 and the fixed cost falls enough to reach this threshold, the continuous

component starts with qL = qH and λ = ΛH , so the two branches join continuously. If

the population cap is reached first, the distribution remains a unit atom at qH . On an

all-informed mixed branch, m∗(qL) = 1 fixes the lower endpoint independently of χ0. More

generally, once all investors acquire, lowering the common fixed cost preserves their ranking of

all positive scales and makes nonacquisition less attractive, so the same distribution remains

an equilibrium. Uniqueness then makes it the equilibrium distribution. Together these cases

prove weak monotonicity of participation over the entire fixed-cost range. □

F.2 Proof of Proposition 7

Proof of Proposition 7. Write J(q, b) = − logR(q)/(2γ)−bq2, where b = χ̄. The top-scale

argument in Appendix E.3.1 applies without the interior-endpoint restriction and identifies

the largest acquired scale as the smallest maximizer of J . For b1 < b2, let qi maximize J(·, bi).
Adding their two optimality inequalities gives

(b2 − b1)(q
2
1 − q22) ≥ 0.

Hence q1 ≥ q2. At a differentiable interior strict maximum, implicit differentiation of

Jq(qH , b) = 0 gives

dqH
db

=
2qH

Jqq(qH , b)
< 0.

To establish full-scale acquisition at a positive cost coefficient, define

χ̄full := inf
0≤q<1

log[R(q)/R(1)]

2γ(1− q2)
. (72)

95



For q < 1, full-scale acquisition beats scale q in the standalone problem exactly when

J(1, b)− J(q, b) =
log[R(q)/R(1)]

2γ
− b(1− q2) > 0.

The ratio in (72) extends continuously to q = 1, with value −R′(1)/(4γR(1)) > 0. It is

strictly positive on the whole compact interval [0, 1], because R > 0 and R′ < 0. Its infimum

is therefore positive, and 0 < b < χ̄full makes q = 1 the unique standalone maximizer. The

definition at q = 0 is only a continuous extension for computing the threshold; nonacquisition

is a separate option.

It remains to show that, for sufficiently small b, every informed investor chooses the

full scale. Put R1 = R(1), B1 = σ2
d − R1 > 0, and suppose χ0 < log(σ2

d/R1)/(2γ). For

all sufficiently small b > 0, R1e
2γ(χ0+b) < σ2

d, so the candidate single-scale equilibrium has

positive mass

λb = min

1, K

√
R1

e2γ(χ0+b) − 1
− R2

1

B1

 .

With the acquisition menu restricted to q = 1, the economy is the binary one of Section 4.6,

and λb is the informed fraction in Theorem 2 at cost χ0 + b. That theorem gives optimal

participation and a linear CREE for this candidate. Its normalized price signal isM(1)−νbη,
with νb = KR1/λb ≥ KR1. For a deviating investor at q < 1, put y(q) = R(q) − R1 > 0.

Gaussian conditioning gives

RP,b(q) = R1 +
ν2b y(q)

ν2b + y(q)
.

Writing v0 = (KR1)
2 > 0, monotonicity in ν2b implies

log[RP,b(q)/R1]

2γ(1− q2)
≥ 1

2γ(1− q2)
log

(
1 +

v0y(q)

R1[v0 + y(q)]

)
.

The right side is strictly positive and continuous on [0, 1), with positive limit −R′(1)/(4γR1)

at one. It therefore has a strictly positive minimum, say b0. For 0 < b < b0, the loss of trading

value from every smaller scale exceeds its variable-cost saving b(1 − q2). No smaller-scale

deviation is profitable. Together with participation, this verifies the single-scale candidate

as an overall equilibrium; uniqueness identifies it as the equilibrium. Finally, the formula for
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λb gives λb = 1 whenever

χ0 + b <
1

2γ
log

(
1 +

K2R1B1

B1 +K2R2
1

)
.

The right side is strictly positive. For sufficiently small χ0 and b, this participation condition

and the bound b < b0 both hold, so every investor acquires the full model. □

F.3 Participation under changes in variable cost

On a smooth mixed branch with an interior top and 0 < λ < 1, write U∗(q, b) and m∗(q, b)

for the functions in (57) and (53). The envelope theorem at qH(b) gives

∂ logR

∂b
= 2γq2H ,

∂ logR∗(q, b)

∂b
= 2γ(q2H − q2).

Differentiating the entry condition and population accounting yields

dqL
db

=
2γq2HR− ∂bU∗(qL, b)

∂qU∗(qL, b)
,

dλ

db
= ∂bm∗(qL, b)− ρ∗(qL, b)

dqL
db

.

The denominator in the first expression is positive. Its numerator compares the change in

the entry target with the change in the uninformed residual risk at a fixed lower endpoint.

The second expression combines the change in the population tail with the movement of

that endpoint. The fixed-cost argument does not sign these effects, because R∗, the price

loadings, and the population tail all change with b. Figure 3 evaluates the equilibrium at

the reported coefficients and illustrates nonmonotone participation. The figure’s last panel

is verified with the single-scale posterior and deviation comparison in the preceding proof,

rather than by extrapolating the interior-top density formula to a binding upper constraint.

G Random-matrix toolkit

Lemma G.1 (Concentration of Gaussian quadratic forms) For each N , let S ∈ RN

satisfy

S ∼ N (0,Ψ),

where Ψ = ΨN is a deterministic nonnegative definite matrix. Let AN be a random N ×N

matrix such that:
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1. AN is independent of S;

2. AN is symmetric almost surely;

3. there exists a deterministic constant C <∞, independent of N , such that

∥AN∥ ≤ C a.s.

4.

1

N2
tr(Ψ2) → 0 as N → ∞.

Then

1

N
S ′ANS − 1

N
tr(ANΨ)

p−→ 0.

More precisely,

E

[(
1

N
S ′ANS − 1

N
tr(ANΨ)

)2
]
≤ 2C2

N2
tr(Ψ2),

and therefore the left-hand side converges to zero in L2, hence in probability.

Condition (4) is mild: if ∥Ψ∥ ≤ CΨ <∞ uniformly in N , then tr(Ψ2) ≤ CΨ tr(Ψ), so

1

N2
tr(Ψ2) ≤ CΨ

N

tr(Ψ)

N
= O(N−1)

whenever tr(Ψ)/N = O(1), which is therefore a sufficient condition. In particular, if ∥Ψ∥ is

uniformly bounded, then

1

N
S ′ANS − 1

N
tr(ANΨ)

p−→ 0.

Proof of Lemma G.1. Conditional on AN , Gaussian quadratic-form identities give

E[S ′ANS | AN ] = tr(ANΨ), Var[S ′ANS | AN ] = 2 tr(ANΨANΨ).

Diagonalize Ψ with eigenvalues ℓi ≥ 0 and express the symmetric AN in this basis as (aij).
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Since 2ℓiℓj ≤ ℓ2i + ℓ2j ,

tr(ANΨANΨ) =
∑
i,j

a2ijℓiℓj ≤
∑
i

ℓ2i
∑
j

a2ij ≤ C2 tr(Ψ2).

Divide the conditional variance by N2 and take expectations to obtain the stated L2 bound.

If ∥Ψ∥ is uniformly bounded, then tr(Ψ2) ≤ N∥Ψ∥2 = O(N), proving the final claim. □

For the following deterministic equivalents, condition on a covariance sequence ΨN whose

operator norms are bounded and whose empirical spectral distributions converge weakly to

a deterministic law H. The history consists of T independent N (0,ΨN) observations, with

N/T → c > 0. Write aN ≈ bN when their difference converges to zero in probability, and let

mΨ(w) =

∫
dH(x)

x− w
, w < 0,

be the Stieltjes transform of the population law H. Lemma G.5 verifies these hypotheses

almost surely under the common prior; conditional bounds can then be localized to events

on which ∥ΨN∥ is bounded.

Theorem G.2 (Silverstein–Bai deterministic equivalent) (Silverstein and Bai, 1995;

Bai and Zhou, 2008; Bai and Silverstein, 2010) Let z > 0 and

m̂(z) = N−1 tr((zI + Ψ̂)−1) .

Then,

m̂(z) ≈ m(−z; c),

where, for w < 0 and with mΨ the Stieltjes transform of the limiting spectral law H of ΨN ,

m(w; c) is the unique solution with m(w; c) > 0 and 1− c− cwm(w; c) > 0 of the nonlinear

master equation

m(w; c) =
1

1 − c − cwm(w; c)
mΨ

(
w

1 − c − cwm(w; c)

)
. (73)

The positivity condition is needed when c > 1: positivity of m(w; c) alone does not

select one solution of (73). With k := 1 − c − cwm(w; c), equation (73) is equivalent to
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k + c
∫

xk
xk−w dH(x) = 1. The left-hand side is strictly increasing in k > 0 and vanishes at

k = 0, so there is exactly one solution with k > 0.

We will also need

Proposition G.3 For z > 0,

T−1 tr((zI + Ψ̂)−1Ψ) ≈ ξ(z; c) =
1− zm(−z; c)

c−1 − 1 + zm(−z; c)
. (74)

Define the effective ridge

Z∗(z; c) = z (1 + ξ(z; c)) .

Proof of Proposition G.3. Write Q = (zI+Ψ̂)−1 and ξN = T−1 tr(ΨQ). The proposition

follows from evaluating the same trace N−1 tr(Ψ̂Q) in two ways.

First evaluation: the resolvent identity. Exactly, Ψ̂Q = I − zQ, so by Theorem G.2

N−1 tr(Ψ̂Q) = 1− z m̂(z) ≈ 1− z m(−z; c) =: M . (75)

Second evaluation: leave one observation out. Since Ψ̂ = T−1
∑

τ SτS
′
τ ,

N−1 tr(Ψ̂Q) =
1

NT

T∑
τ=1

S ′
τQSτ .

Let Q(τ) = (zI+Ψ̂−T−1SτS
′
τ )

−1, which is independent of Sτ . The rank-one update identity

gives

S ′
τQSτ =

S ′
τQ(τ)Sτ

1 + T−1S ′
τQ(τ)Sτ

,

and, Sτ ∼ N (0,Ψ) being independent of Q(τ) with ∥Q(τ)∥ ≤ z−1 and ∥Ψ∥ uniformly bounded

(the covariance bound above), Lemma G.1 gives T−1[S ′
τQ(τ)Sτ − tr(ΨQ(τ))] → 0 in L2,

uniformly in τ . Replacing Q(τ) by Q costs O(1): the update is rank one, so

∣∣tr(Ψ(Q−Q(τ))
)∣∣ =

T−1
∣∣S ′

τQ(τ)ΨQ(τ)Sτ
∣∣

1 + T−1S ′
τQ(τ)Sτ

≤ T−1∥Ψ∥z−2∥Sτ∥2 = O(1) ,

negligible against tr(ΨQ) = T ξN = O(T ). After division by T , each summand differs from
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ξN/(1+ ξN) by a term tending to zero in L2, and since the per-τ L2 bound does not depend

on τ , the triangle inequality in L2 carries the approximation through the average, whence

N−1 tr(Ψ̂Q) ≈ T

N

ξN
1 + ξN

=
1

c

ξN
1 + ξN

. (76)

Solving. Equating (75) and (76) gives ξN ≈ cM(1+ξN). The division by 1−cM is legitimate,

and delivers ξ > 0: the positivity condition of Theorem G.2, read at w = −z, states exactly
1 − cM = 1 − c + c z m(−z; c) > 0. Hence ξN ≈ cM/(1 − cM). Dividing numerator and

denominator by c and substituting M = 1− z m(−z; c),

ξN ≈ M

c−1 −M
=

1− z m(−z; c)
c−1 − 1 + z m(−z; c)

,

which is (74). Equivalently 1+ ξ = (1− cM)−1, so the effective ridge is Z∗(z; c) = z(1+ ξ) =

z/
(
1 − c + c z m(−z; c)

)
. At w = −z, the argument of mΨ in the master equation (73) is

therefore −Z∗(z; c). □

Theorem G.4 (Rubio and Mestre (2011)) Let AN be N × N matrices with uniformly

bounded operator norm, independent of the history conditional on ΨN . Then, for z > 0,

1

N
tr
[
AN(zI + Ψ̂)−1

]
≈ 1 + ξ(z; c)

N
tr
[
AN(Z∗(z; c)I +Ψ)−1

]
.

We use this identity with AN = ΨN .

Lemma G.5 (Prior spectrum: inverse Marchenko–Pastur) Assume V0 > 0. Let

MPy denote the Marchenko–Pastur law of ratio y (Marčenko and Pastur, 1967). Let

Ψ ∼ W−1(V0NIN , (1 + κ)N) with κ > 0, and put y := N
(1+κ)N

= 1
1+κ

∈ (0, 1). Then, almost

surely, the empirical spectral distribution HΨN
(x) = 1

N
#{i : ℓi(Ψ) ≤ x} converges weakly to

the deterministic law H0 = HV0,κ
0 obtained as the pushforward of the Marchenko–Pastur law

MPy (ratio y, unit scale) under ℓ 7→ V0
1+κ

ℓ−1; equivalently, H0 is the law of x = V0
1+κ

ℓ−1 with

ℓ ∼ MPy. Consequently H0 scales linearly in V0, is supported on the bounded interval[
V0
1+κ

(1 +
√
y)−2, V0

1+κ
(1−√

y)−2
]
⊂ (0,∞),

and has mean
∫
x dH0(x) =

V0
κ
, matching the inverse-Wishart prior mean E[Ψ] = V0N

κN−1
I →

V0
κ
I. Moreover, almost surely, lim supN ∥ΨN∥ ≤ Λ := V0

1+κ
(1−√

y)−2 <∞ (the upper spectral
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edge); in particular the {ΨN} are almost surely eventually uniformly bounded, with spectra

eventually contained in any fixed neighbourhood of the support interval above.

Proof of Lemma G.5. Wishart representation. Write νN := (1 + κ)N for the degrees of

freedom in Assumption 1. We take νN to be an integer. If (1 + κ)N is not an integer, the

prior uses νN = ⌊(1 + κ)N⌋; then N/νN → y still holds, and the proof is unchanged. Let

(gij)i,j≥1 be one infinite array of i.i.d. N (0, 1) variables, and let GN = (gij)i≤N, j≤νN ∈ RN×νN

be its corner. Then WN := GNG
′
N ∼ WishartN(IN , νN), and ΨN := V0N W−1

N has the

law W−1(V0NIN , νN), because Ψ−1
N ∼ WishartN

(
(V0N)−1IN , νN

)
. All ΨN are now defined

on one probability space, and the almost-sure statements refer to it. The convergence in

probability used in the applications does not depend on this coupling. We write Ψ, W , and

G for ΨN , WN , and GN .

Marchenko–Pastur limit for W . Let SN := 1
νN
W = 1

νN
GG′, the sample covariance of νN

i.i.d. standard Gaussian vectors in RN . Since N/νN → y ∈ (0, 1), the Marchenko–Pastur

theorem (Bai and Silverstein, 2010) gives that the empirical spectral distribution of SN

converges almost surely, weakly, to MPy, with density

√
(ℓ+−ℓ)(ℓ−ℓ−)

2πy ℓ
on [ℓ−, ℓ+], ℓ± = (1 ±

√
y)2. Because y < 1 we have ℓ− > 0: the limiting support is bounded away from the origin.

Moreover the extreme eigenvalues of such corners converge to the support edges, ℓmin(SN) →
ℓ− and ℓmax(SN) → ℓ+ almost surely (Yin et al., 1988; Bai and Yin, 2008), so almost surely,

for all large N , the spectrum of SN lies in a fixed compact subset [ℓ− − ε, ℓ+ + ε] ⊂ (0,∞).

Transfer to Ψ. On that compact set the map ℓ 7→ ℓ−1 is bounded and continuous, so

the empirical spectral distribution of S−1
N converges a.s. weakly to the pushforward of MPy

under ℓ 7→ ℓ−1. Now Ψ = V0N W−1 = V0
N
νN
S−1
N , and the scalar V0

N
νN

→ V0y = V0
1+κ

;

since the eigenvalues V0
N
νN
ℓi(SN)

−1 are (uniformly over the compact spectrum) within o(1)

of V0
1+κ

ℓi(SN)
−1, multiplying by the convergent scalar preserves the weak limit. Hence the

empirical spectral distribution of Ψ converges a.s. weakly to the law H0 of x = V0
1+κ

ℓ−1, ℓ ∼
MPy. The same edge limits bound the whole spectrum of ΨN : a.s. eventually ℓmin(SN) ≥ ℓ−−
ε, so ∥ΨN∥ = V0

N
νN
ℓmin(SN)

−1 → V0
1+κ

ℓ−1
− = Λ, giving lim supN ∥ΨN∥ ≤ Λ = V0

1+κ
(1 −√

y)−2

almost surely.

Support and mean. As ℓ ∈ [ℓ−, ℓ+], x = V0
1+κ

ℓ−1 ∈ [ V0
1+κ

ℓ−1
+ , V0

1+κ
ℓ−1
− ], the stated interval.

For the mean,
∫
x dH0 = V0

1+κ

∫
ℓ−1 dMPy(ℓ) = V0

1+κ
· 1
1−y , using the negative-first moment∫

ℓ−1dMPy =
1

1−y for y < 1. With y = 1
1+κ

, 1
1−y = 1+κ

κ
, so

∫
x dH0 =

V0
1+κ

· 1+κ
κ

= V0
κ
. □
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H Calibration

We calibrate the nested-information economy to annual equity returns, the performance of

forecasting models of different sizes, and survey evidence on information acquisition and

research spending. The baseline jointly fits eight parameters to nine moments, holding the

monetary normalization and the quadratic cost exponent fixed.

H.1 Parameters and units

Write acquired complexity as X = cq = qc (see (34)), the limit of N1/T , where c = N/T

is the complexity of the full signal universe. The forecasting exercises use T = 30 annual

observations, so a model with N1 features is assigned complexity X = N1/30. The horizon

is one year, population mass is one, and each modeled fund has assets under management of

$1 billion. We allocate its entire research budget B to the modeled strategy, so the annual

cost in units of fund capital is B/109. The acquisition cost is

C(X) = χ0 + χ̄XX
2, χ(q) = C(cq) = χ0 + χ̄Xc

2q2.

Thus the coefficient χ̄ in the main text equals c2χ̄X ; Table 2 reports both coefficients.

Nonacquisition has zero cost.

We parameterize the information structure by

As = b′ψb, Aw =
σ2
βV0

κ
, hc = cκ,

where As and Aw are the strong- and weak-signal contributions to payoff variance. The

calibration fixes σ2
ε = 0, giving σ2

d = As + Aw, and fits (As, Aw, hc, c, ση, γ, χ0, χ̄X). It

identifies neither σ2
β nor V0 separately: their product is recovered as κAw, with κ = hc/c.

Unit mean supply gives market clearing right-hand side 1+σηη and an affine price with the

centered pricing equations of Appendix E.3.4. Let δ = E∞[d∞−P ] and SP = Var∞[d∞−P ].
Expected market clearing gives

δ =
γ

λ

∫
(0,1]

RP (q)
−1 dF (q) + (1− λ)R−1

U

, RU = Var∞[d∞ | P ].

103



Table 2: Baseline calibration parameters

Parameter Meaning Baseline

As Strong-signal payoff variance 1.2170× 10−8

Aw Weak-signal payoff variance 0.030466

hc = cκ Covariance-learning shape parameter 3.056659

c Full-universe complexity 1000.996317

ση Standard deviation of the supply shock 0.085253

γ CARA risk aversion 2.142467

χ0 Fixed acquisition cost 0.00003362 (0.3362 bp)

χ̄X Quadratic cost coefficient in X 0.070862

χ̄ = c2χ̄X Implied quadratic cost coefficient in q 7.1003× 104

Costs are annual fractions of the assumed $1 billion fund capital. The fixed cost is in annual basis points

(bp) in parentheses. The coefficients χ̄X and χ̄ multiply X2 and q2 and are not themselves expenditure

rates; χ̄ is implied by c and χ̄X and is not a separate fitted parameter.

Gaussian integration gives

V (q) = −eγχ(q)
√
RP (q)

SP
exp

(
− δ2

2SP

)
.

The last factor is common to all scales and to nonacquisition, so changing mean supply leaves

acquisition incentives unchanged.

H.2 Empirical targets

Table 3 reports the nine targets and their fitted values. The six financial targets use 59

annual observations, from 1967 through 2025. Market excess returns come from the Fama–

French market series, and the forecasting exercises use Goyal–Welch predictors dated before

the return year.22

The simple forecasting model uses the dividend-price ratio, the term spread, and the

Treasury-bill rate. Its out-of-sample R2 compares squared forecast errors with those of a

historical-mean forecast and can be negative. Estimation uses rolling 30-year windows, with

tuning based on forecast errors from the preceding 20 years. The complexity exercise uses

22The sources are the Kenneth R. French Data Library and Amit Goyal’s updated equity-premium
prediction data. The inputs are revised historical data, rather than real-time vintages.
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Table 3: Calibration targets and baseline fit

Moment Target Fit

Market excess-return mean 7.924% 6.485%

Market excess-return volatility 17.747% 17.416%

Simple-model out-of-sample R2 0.619% 0.048%

Sharpe ratio: N1 = 16 0.33968 0.39720

Sharpe gain: 30,000 versus 16 features 0.19431 0.12173

Sharpe gain: 30,000 versus 1,024 features 0.00094 0.00902

Information-acquisition participation 53.000% 52.990%

Median annual research budget $750,000 $747,288
Mean spending/AUM among acquirers 6.545 bp 6.781 bp

Financial moments are annual. The participation and spending targets use alternative-data surveys as

proxies for information acquisition and research expenditure. Budget moments are conditional on acquisition;

the assumed fund AUM is $1 billion.

random Fourier features, five fixed random seeds, and positions proportional to predicted

annual excess returns. Its targets average the individual-seed Sharpe ratios. The feature

counts N1 = 16, 1,024, and 30,000 correspond to X = 0.533, 34.133, and 1,000. These

are candidate forecasting models, rather than observed scales chosen by funds. The three

Sharpe-curve moments contain the same information as three Sharpe levels; the overall

market Sharpe is already determined by the mean and volatility targets.

The participation target is the 53% share of alternative-data users reported by AIMA

and SS&C (2020). The median-budget target is $750,000, the midpoint of the $0.5–1 million

bracket containing the median in Exabel (2026). The mean-spending target is $250 million

divided by $382 billion of AUM, or 6.5445 basis points, among alternative-data users in

AIMA and SS&C (2020). These surveys differ in year, population, and spending coverage,

and the AIMA estimate excludes salaries. They provide expenditure proxies under the

assumed fund size and allocation, without a direct conversion from complexity to GPU-

hours or dollar compute costs.
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H.3 Learning, equilibrium, and the fitting criterion

For each candidate parameter vector, the private-information risk curve is determined before

solving equilibrium. In complexity units, let r(X) = R(X/c) and

n(X) =
hcAw − κAwX

hc +X
.

Specializing the quadratic in Lemma 4 to σ2
ε = 0, r(X) is the larger root of

(1 + hc)r(X)2 +
[
κAw − hcAw − n(X)

]
r(X)− κAwn(X) = 0.

This is a boundary specialization of the positive-noise specification. For the fitted c > 1,

residual risk stays strictly positive even at the full scale:

r(c) =
hcAw(1− 1/c)

1 + hc
> 0.

Omitted and unlearned signals therefore leave payoff risk despite zero primitive noise. The

strong block is acquired with information, so r(0+) = Aw, while nonacquisition remains a

separate action.

Given this risk curve, costs, risk aversion, and supply noise, we solve for the informed mass

λ, the conditional CDF F , and the market-clearing price. A model with complexityX uses its

acquired information and the price, with residual risk rP (X) = RP (X/c); above the largest

occupied complexity, the price adds no information and rP (X) = r(X). Model Sharpe ratios

at the three feature counts are computed from Gaussian profit moments using rP (X), δ, and

SP . The simple forecast is represented by the strong-information block and the price, with

residual variance rP,simple = RP (0). Its theoretical explained-variance share is 1−rP,simple/SP .

The adopted baseline fits this quantity directly to the empirical tuned-ridge out-of-sample R2

target, using the original moment weights. No additional forecasting simulation is applied to

the model counterpart. The mapping treats the finite-sample forecasting statistic as a target

for population predictability; the two need not coincide exactly. In the baseline, the three

feature counts are unoccupied scales above the largest occupied complexity (Appendix H.4).

The price then enters their Sharpe moments only through δ and SP , and its information

matters for the simple-model R2 alone. The mapping to the empirical exercise approximates

the forecasting experiment without replaying the full random-feature estimation procedure.

Let mf denote the vector of six model financial moments, mdata
f their empirical coun-
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terparts, and Σf their paired-bootstrap covariance matrix. Writing LL′ = Σf , the fitting

criterion is

Q =
∥∥L−1(mf −mdata

f )
∥∥2 + z2B + z2λ + z2C ,

where

zB =
log(B50/750,000)

0.30
, zλ =

λ− 0.53

0.08
,

zC =
log(C̄I/0.0006544503)

0.50
.

Here B50 is the median annual dollar budget among acquirers and C̄I is their mean expendi-

ture as a fraction of AUM. The financial weighting accounts for correlations across targets.

The three survey denominators are weighting tolerances, rather than estimated standard

errors. All eight parameters vary jointly in bounded optimization over their logarithms,

using multiple starting points and subsequent equilibrium-grid refinement. The reported fit

has Q = 4.8103. Nine moments for eight parameters yield one nominal excess restriction,

but this count does not establish full identification or justify a formal overidentification test.

H.4 Baseline equilibrium and numerical checks

The baseline has both informed and uninformed investors. The informed distribution has a

continuous component and an atom at its upper endpoint, as in Theorem 5. Table 4 reports

the resulting distribution and spending outcomes. Complexities are measured in X units;

the corresponding scale endpoints are qL = XL/c and qH = XH/c. The upper occupied

complexity, XH = 0.12448, is below the smallest forecasting probe, X = 0.533, so the three

probe moments describe models that no fund chooses in equilibrium.

For gross trading profit πq = xq(P )(d
∞−P ), the gross Sharpe ratio is E∞[πq]/

√
Var∞[πq].

A deterministic research charge replaces its numerator by E∞[πq]−χ(q), leaving its denom-

inator unchanged. We call this performance after allocated research costs ; management

and performance fees are not modeled. Because F is conditional on acquisition, aggregate

research spending as a fraction of total capital is

λ

∫
(0,1]

C(cq) dF (q) = λχ0 + λχ̄Xc
2

∫
(0,1]

q2 dF (q).
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Table 4: Baseline equilibrium outcomes

Outcome Baseline

Share acquiring information, λ 52.990%

Mean complexity X among acquirers 0.08705

Median complexity X among acquirers 0.1004

Support of acquired complexity, [XL, XH ] [0.02665, 0.12448]

Top mass as a share of acquirers 45.12%

Mean gross Sharpe ratio among acquirers 0.37502

Total research spending/total capital 3.593 bp per year

Distributional moments are conditional on acquisition unless stated otherwise. The top mass is 23.909% of

the whole population. The support endpoints and atom use the continuous construction; other distributional

moments use the refined equilibrium grid. The mean Sharpe is an average of fund-level ratios, rather than

the Sharpe of a pooled portfolio.

Dividing by λ gives C̄I . In cost comparisons, all other baseline primitives are held fixed and

equilibrium is solved again for each cost pair.

With unit mean supply, the gross Sharpe ratio increases with scale when SP ≥ 3δ2, by

the proof of Corollary 4. The baseline has δ = 0.064854 and SP = 0.030332, so δ2/SP =

0.139 < 1/3. The condition also holds for every cost pair. Every posterior variance is at

most σ2
d, so δ ≤ γσ2

d. The price adds no information to the full signal set, so SP ≥ Var∞[d∞ |
F∞

1 , P ] = R(1). Hence δ2/SP ≤ γ2σ4
d/R(1) = 0.186 < 1/3.

Grid refinements and independent Gaussian profit quadrature verify the numerical cal-

culations, and the saved equilibrium satisfies the acquisition optimality checks to numerical

precision. The economic fit is less exact: the simple-model R2 remains below its target, and

the fitted Sharpe gains differ from the empirical gains. The Sharpe target at N1 = 16 also

conflicts with the mean and volatility targets. Put a = SP − rP (X) ≥ 0. By the formula in

the proof of Corollary 4, the squared Sharpe ratio at complexity X exceeds δ2/SP by

a
[
a(SP − δ2) + δ2(SP − 3δ2)

]
SP
[
a2 + a(3δ2 + SP ) + δ2SP

] .
This difference is nonnegative when SP ≥ 3δ2, so every scale then has a Sharpe ratio of

at least δ/
√
SP , the Sharpe ratio of holding the asset. At the mean and volatility targets,

δ2/SP = 0.199 < 1/3 and δ/
√
SP = 0.4465, which is above the target of 0.33968. The
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fit therefore lowers the market Sharpe ratio to 0.3724, with a mean of 6.485% against a

target of 7.924%, and leaves the Sharpe ratio at N1 = 16 at 0.39720. The strong-signal

variance As is near its lower bound and c is near its imposed minimum of 1000.001, which

accommodates the largest forecasting probe. These prior components are weakly determined

by the targets. With T = 30 and XH = 0.12448, the implied upper feature count is about

3.7, so this calibration does not establish a literal large-model interpretation of the acquired

scales. Multiple starts do not establish a global optimum. The selected baseline uses a

soft-weighted fit that retains the tuned-ridge empirical target and uses theoretical simple-

block-plus-price predictability as its model counterpart.

H.5 Why quadratic research costs?

Two training-compute arguments motivate curvature without adding calibration moments.

First, Timmermann and Vulicevic (2026) (August 30 version, Appendix A.1–A.2) use the

epoch schedule

ep(n) = max{⌊0.2n0.8⌋, 1}+ 10,

where n is the number of trainable parameters, and charge approximately 6nnobs ep(n)

floating-point operations for nobs training observations. At fixed observation count, leading

compute grows as n1.8 because both operations per pass and the number of passes increase.

The schedule exhausts validation performance; it does not estimate dollar-cost elasticities,

and its floor and additive epochs prevent an exact power law.

Second, the GPT-3 accounting in Brown et al. (2020), Appendix D, gives approximately

6nntok training operations for n parameters and ntok processed tokens. The Chinchilla results

of Hoffmann et al. (2022) prescribe approximately proportional growth in parameters and

tokens along the compute-optimal frontier. Together these relations give

training operations ∝ nntok, ntok ∝ n =⇒ training operations ∝ n2.

At fixed token count, compute is linear; these tokens are distinct from the annual window

T .

The variable charge represents research and training, including predictive-prior devel-

opment. At fixed T , X = N1/T is proportional to model scale; under this analogy, the

compute arguments motivate a quadratic approximation if dollar prices per operation are
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constant. Survey moments discipline χ0 and χ̄X ; individual budget components need not

scale quadratically.
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I Public disclosures of compute and data scale

Table 5: Public Statements Emphasizing Compute and Data Scale

Firm Public statement (verbatim excerpt)

Renaissance
Technologies

“A research database that grows by more than 40 terabytes a day”; “52,000 computer
cores”; “Redundant computational facilities.”

Hudson River Trading “Researchers have access to massive compute, custom tooling . . . ”; “high
compute-per-researcher ratio”

Two Sigma “Store 300+ petabytes of data”; “Conduct more than 100,000 market data simulations
daily”; “processing power measured in zettaFLOPS.”

Jane Street “We work with petabytes of data, a computing cluster with hundreds of thousands of cores,
and a growing GPU cluster containing thousands of high-end GPUs.”

Citadel Securities “turn cutting-edge ideas and petabyte-scale data into . . . models with direct trading
impact.”; “Leverage large scale compute and data (petabytes; large budgets) to run
ambitious experiments and push the frontier”

Jump Trading “Real-time inference on petabytes of market and alternative data”; “Massive HPC grid with
thousands of GPUs . . . ”; “5M+ Simulations Run Daily”

XTX Markets “serve hundreds of petabytes and more than 100,000 compute nodes”; “650 Petabytes
of usable storage”; “25,000 GPUs in our research cluster”

D. E. Shaw “. . . designs and maintains the firm’s largest compute infrastructure . . .
high-performance computing, networking, and storage for research and trading.”

Notes: The table reports verbatim excerpts from public statements by major quantitative investment firms. Firm names contain hyperlinks
to the underlying public sources. Source: Timmermann and Vulicevic (2026), Table A1.

111
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J CREE as a limit of finite REE

The main text defines CREE directly in the limiting economy. Under the nondegeneracy

conditions stated below, this appendix recovers the positive-mass equilibria of Theorems 1

and 2 as limits of rational expectations equilibria of regularized finite economies. It therefore

provides a microfoundation for the limiting construction of the main text.

Overview. We consider a sequence of finite economies of Section 3, indexed by the number

N of weak signals, with history length TN and N/TN → c > 0. To pass to the limit, we

regularize these economies in two ways.

(i) Covariance cutoff. We condition the prior on Ψ ⪯ L̄IN , as in (77), to control CARA

expected utilities and their derivatives uniformly in N . The cutoff does not change the

posterior of β.

(ii) Price-support conditioning. The uninformed demand we construct is a perturbation

of the limiting linear demand, and it is exactly optimal only on a bounded price

interval [−J, J ]. We therefore condition the joint law of primitives on the event that

the equilibrium price lies in this interval, as in (90). The event is determined by the

price, which the uninformed investor observes. It is also determined by the informed

information and the supply shock, and the supply shock carries no payoff information

beyond the informed information. Conditioning on the event therefore leaves both

investors’ payoff posteriors unchanged, and the candidate becomes an exact equilibrium.

Both conditioning events have prior probability converging to one, the second because JN →
∞. Hence the regularized laws converge to the original prior in total variation,23 and the

regularization disappears in the limit: equilibrium prices, portfolios, optimized utilities, and

informed fractions of the regularized economies converge to those of the CREE in the main

text. The regularization serves only to construct finite equilibria; the limiting economy is

that of the main text.

Table 6 lists the probability laws used in the paper.

23For probability laws P and P′ on the same space, the total-variation distance is ∥P−P′∥TV = supE |P(E)−
P′(E)|, the supremum over measurable events E . It bounds the difference in probability of every event and
controls differences in expectations of bounded functions of the state. If P(E) > 0, then ∥P(· | E)− P∥TV =
P(Ec), so conditioning on an event of probability close to one moves the law only slightly.
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Table 6: Probability laws. The table lists every probability law used in the paper, its
definition, and where it is introduced. The limiting law P∞ is both the objective law and
the common belief of investors in the limiting economy, and Definition 1 and the equilibrium
results of the main text use it. It is constructed on the probability space of Appendix B.2
for the single-scale economy and on that of Appendix D for the economy with scales. The
other laws belong to the finite economies, indexed by the number N of weak signals. The
finite-sample posteriors of Sections 4.1–4.3 are computed under the common-prior law P0

N .

The laws PN , P̃N , and P̃N,λ, for λ in a compact subset of (0, 1], are obtained from P0
N by

conditioning on events whose probability converges to one, so they converge to P0
N in total

variation. The law P̃N,J at a fixed price bound J is an intermediate object and does not
converge to P0

N in total variation.

Law Definition Introduced in

P∞ Law of the limiting economy Section 3.3;
Appendices B.2 and D

P0
N Joint law of all random variables of the finite econ-

omy under the common prior
Appendix J.1

PN P0
N ( · | AN ), with the covariance cutoff AN = {Ψ ⪯
L̄IN}

Equation (77)

P̃N,J PN ( · | EN,J), with the candidate price in [−J, J ] Equation (90)

P̃N P̃N,J at a fixed informed fraction and the price
bound J = JN → ∞ of Theorem J.2

Appendix J.4

P̃N,λ PN ( · | EN,λ), at informed fraction λ and the com-
mon price bound JN of Lemma J.7; Theorem J.6
uses P̃N,λN

Appendix J.6



Roadmap. Appendix J.1 specifies the finite primitives and the limiting Gaussian equi-

librium. Appendices J.2–J.4 define and construct finite REEs and prove their convergence

(Theorem J.2). Appendix J.5 establishes convergence of optimized utilities. Appendix J.6

endogenizes the informed fraction at the unchanged cost χ (Theorem J.6).

J.1 Finite primitives and the limiting equilibrium

Fix an informed fraction λ ∈ (0, 1] until Appendix J.6, where acquisition determines it

endogenously. Let P0
N be the joint law of all random variables of the finite economy in

Section 3, with the unknown parameters distributed according to the common prior. It

covers the weak-signal parameters (β,Ψ), the signal and payoff history, the current signals,

the payoff, and the supply shock. This is the common law of the primitives and the law

under which all investors form their beliefs. Maintain V0, κ, σβ, σε, ση, γ > 0 and the known

strong block (b, ψ). In particular, the finite implementation proved here assumes σ2
ε > 0.

The resulting bound RN ≥ σ2
ε gives the derivative bounds in the proof of Lemma J.3 and the

continuity of the informed demand (MN−PN)/(γRN) in (MN , RN , PN). Lemma J.1 does not

use it. The zero-noise calibration of Appendix H, which sets σ2
ε = 0, is not covered. Under

the prior, β and Ψ are independent, with β ∼ N (0, σ2
βIN/N), Ψ ∼ W−1(V0NIN , (1 + κ)N).

By Lemma G.5, the spectrum of Ψ under the prior has the finite limiting upper edge

V0/(
√
1 + κ− 1)2, and lim supN ∥Ψ∥ is at most this edge almost surely. We can therefore fix

a constant L̄ with

L̄ >
V0

(
√
1 + κ− 1)2

and set

AN = {Ψ ⪯ L̄IN}, PN = P0
N( · | AN). (77)

Since L̄ lies strictly above the edge, P0
N(AN) → 1. The cutoff is public and leaves the

Gaussian prior on β unchanged. It also leaves the conditional posterior of β given the

observed regression data unchanged: conditional on the past signals, the likelihood for β

factors from the likelihood for Ψ. In particular, Lemma 1(i) continues to apply exactly. The

cutoff is used only in this appendix’s finite implementing economies.

Write dN for the payoff d of the N -th economy and IN = σ(S,d, s, S) for the informed
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information. Define

MN = b′s+ β̂′S,

RN = r0 + S ′Σ̂βS, r0 = σ2
ε ,

A =
γ(1− λ)

λ
, K = γση.

Under PN , dN | IN ∼ N (MN , RN), RN ≥ r0, and the standard Gaussian supply shock η is

independent of all other primitives. Thus the informed demand at a price that reveals only

the supply shock in addition to IN is (MN − p)/(γRN).

The cutoff gives the informed statistics exponential moments that are uniform in N .

These bounds justify differentiating the finite CARA integrals on every fixed compact set of

positions.

Lemma J.1 (Uniform exponential moments) For each fixed a1, a2 ≥ 0 there is

N0(a1, a2) such that

sup
N≥N0(a1,a2)

EPN

[
ea1|MN |+a2RN

]
<∞. (78)

The same holds with any fixed polynomial factor in (MN , RN) inside the expectation.

The proof uses a Gaussian mixture representation of (dN ,MN), which later arguments

also use, and chi-square envelopes for its variances. Recall As = b′ψb and put

HN = As + S ′
(
σ2
β

N
IN − Σ̂β

)
S.

Conditional on the past weak signals S, Ψ, and the current weak signal S, integration over

the Gaussian coefficient, historical payoff noise, and current strong signal gives

(dN ,MN) | (HN , RN) ∼ N

(
0,

(
HN +RN HN

HN HN

))
. (79)

Indeed, the posterior-mean coefficient has covariance σ2
βIN/N − Σ̂β conditional on S, and its

covariance with β is the same matrix. Write S = Ψ1/2ZN with ZN ∼ N (0, IN) independent
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of Ψ. Since 0 ⪯ Σ̂β ⪯ σ2
βIN/N and Ψ ⪯ L̄IN under PN ,

0 ≤ RN − r0 ≤
σ2
βL̄

N
∥ZN∥2,

HN +RN = As + r0 +
σ2
β

N
∥S∥2 ≤ As + r0 +

σ2
βL̄

N
∥ZN∥2.

(80)

Proof of Lemma J.1. By (79), MN is centered Gaussian with variance HN given

(HN , RN), so EPN
[ea1|MN | | HN , RN ] ≤ 2ea

2
1HN/2. With u = a21/2 + a2 and HN , RN ≥ 0, this

gives

EPN

[
ea1|MN |+a2RN

]
≤ 2EPN

[
eu(HN+RN )

]
≤ 2eu(As+r0)

(
1−

2uσ2
βL̄

N

)−N/2

,

by (80) and the chi-square moment-generating function EPN
[ev∥ZN∥2/N ] = (1 − 2v/N)−N/2

for N > 2v. The right-hand side is finite for N > 2uσ2
βL̄ and converges to 2eu(As+r0+σ2

βL̄),

which proves (78). A fixed polynomial factor is dominated by a constant times e|MN |+RN , so

it only increases a1 and a2 by one. □

The limiting equilibrium. The finite equilibria converge to the CREE of Theorem 1

at the fixed informed fraction λ ∈ (0, 1]. In the notation of this appendix, this limiting

equilibrium has linear uninformed demand g∞(p) = −ϑp and price

P∞ = a (M∞ − (K/λ)rη), η ∼ N (0, 1) independent of (d∞,M∞),

where (d∞,M∞, r) is the limiting law in (81) and the constants ϑ > 0 and a are given in

(82). We now derive these objects.

Limiting law. Lemma 2 and its proof in Appendix B.1 give the following limit under P0
N .

It carries over to PN because ∥PN − P0
N∥TV = P0

N(Ac
N) → 0:

(dN ,MN , RN) ⇒ (d∞,M∞, r),

(
d∞

M∞

)
∼ N

(
0,

(
B + r B

B B

))
, (81)

Here r = σ2
I (c), B = σ2

d − r, and M∞ is the limiting forecast S̃ of the main text.

Market clearing. Multiplying the clearing condition λ(M −P )/(γR)+(1−λ)g(P ) = σηη
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by γR/λ gives

W = P − ARg(P ), W =M − (K/λ)Rη.

In the limit, R = r and W = M∞ − (K/λ)rη is the price signal sP of the main text, with

noise loading ν = Kr/λ. It is Gaussian with variance B + (K/λ)2r2 and covariance B with

d∞, so

EP∞ [d∞ | W ] = αW, VarP∞ [d∞ | W ] = U,

with α and U as in (82).

Uninformed demand. Suppose the uninformed demand is g∞(p) = −ϑp with ϑ > 0.

Clearing gives W = (1+Aϑr)P , so the price reveals W and P = aW with a = 1/(1 +Aϑr).

The uninformed CARA demand is therefore

αW − P

γU
=
α(1 + Aϑr)− 1

γU
P.

Equating it to −ϑP gives ϑ(γU + αAr) = 1− α. Collecting the constants,

SW = B + (K/λ)2r2, α =
B

SW
, U = r + α(K/λ)2r2,

ς = γU + αAr, ϑ =
1− α

ς
, a =

1

1 + Aϑr
.

(82)

Here α = α(c), U = σ2
U(c), and a is the price loading in (15), evaluated at the fixed λ; ϑ is

the uninformed demand slope in (14). Since α < 1, ϑ > 0, which confirms the conjectured

sign.

Theorem J.2 (Trading implementation at a fixed informed fraction) Under the

preceding assumptions, there are price bounds JN → ∞, common joint laws P̃N , and

continuous nonincreasing demand schedules gN such that, for every sufficiently large N :

(i) The price PN , the informed demand (MN − PN)/(γRN), and the uninformed schedule

gN form a finite REE at λ under P̃N (Definition 5), with |PN | ≤ JN almost surely.

(ii) ∥P̃N − PN∥TV → 0 and ∥P̃N − P0
N∥TV → 0.
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(iii) Under P̃N , the payoff, price, and both portfolios converge jointly in distribution to(
d∞, P∞,

M∞ − P∞

γr
,−ϑP∞

)
.

On every fixed price interval, gN → −ϑp in C1.

Here P̃N = PN( · | |PN | ≤ JN) is a conditioned law. It differs from the common-prior law

P0
N and depends on λ and gN .

The proof occupies Appendices J.2–J.4 and has three steps. Appendix J.2 constructs, for

each bounded price interval, an uninformed demand that is exactly optimal on that interval

under its own price law. Appendix J.3 defines a finite REE and conditions the primitive law

on the event that the price lies in the interval, which turns this candidate into a finite REE.

Appendix J.4 lets the interval expand with N and proves the convergence claims.

J.2 Exact conditional optimality on compact price intervals

This subsection proves the following lemma.

Lemma J.3 (Compact-price continuation) For every fixed J < ∞ and all sufficiently

large N , there is a bounded, continuous, globally nonincreasing schedule ḡN,J with ḡN,J(0) = 0

whose candidate price clears uniquely in every state. On [−J, J ], the schedule is C1 and is

the unrestricted optimal uninformed demand under its own candidate price law. Its deviation

from the limiting demand g∞(p) = −ϑp, δN,J(p) = ḡN,J(p) + ϑp, satisfies

∥δN,J∥C1([−J,J ]) = sup
|p|≤J

|δN,J(p)|+ sup
|p|≤J

|δ′N,J(p)| → 0.

No optimality is asserted outside that interval.

Optimality of the uninformed demand reduces to a first-order differential equation for

the demand schedule, (85) below. We first derive the price law of a candidate schedule and

this equation. The proof then solves the equation near the limiting linear demand.

Price law of a candidate schedule. Let g be a bounded, continuous, nonincreasing

candidate with g(0) = 0. Its clearing price is unique in every state and, where g is
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differentiable, has conditional density

ℓg(p |M,R) =

(
1

R
− Ag′(p)

)
λ

K
φ

(
λ(p−M)

KR
− λAg(p)

K

)
, (83)

where φ denotes the standard normal density. To see this, write market clearing as in the

limiting equilibrium,

F g
R(p) = p− ARg(p), F g

RN
(P ) = WN , WN =MN − (K/λ)RNη. (84)

For each R ≥ r0, F
g
R is strictly increasing and onto R, so the clearing price is unique. The

density (83) is the Gaussian likelihood of the residual supply WN at F g
R(p), multiplied by

the clearing Jacobian. Global monotonicity is essential: there is exactly one root, so no

additional price-selection factor enters this density.

Optimality condition. Under this price law, the uninformed investor’s conditional CARA

loss is strictly convex in the position. Hence g(p) is the unrestricted optimal position at price

p whenever it lies in the interior of the moment domain and satisfies

CN(p, g(p))− ADN(p, g(p))g
′(p) = 0, (85)

with CN and DN defined in (87). For an unrestricted position x, the conditional CARA loss

is

LN,g(x; p) =
EPN

[
e−γx(MN−p)+γ2x2RN/2ℓg(p |MN , RN)

]
EPN

[ℓg(p |MN , RN)]
. (86)

The investor minimizes this expression over x ∈ R, allowing the loss to be +∞ outside its

moment domain. Since e−γx(MN−p)+γ2x2RN/2 = EPN
[e−γx(dN−p) | IN ], the loss is LN,g(x; p) =

EPN
[e−γx(dN−p) | P = p]. Its logarithm is the cumulant generating function of −γ(dN − p)

under the uninformed posterior at price p. It is therefore convex on its domain, and strictly

convex because dN is not almost surely constant given the price. An interior zero of the loss

derivative is therefore the unique unrestricted global minimizer. To compute the derivative,

put

K(p, y;M,R) =
λ

K
φ

(
λ(p−M)

KR
− λAy

K

)
, J (p, y;M,R) = e−γy(M−p)+γ2y2R/2,
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and define

CN(p, y) = EPN

[
p−MN + γRNy

RN

J (p, y;MN , RN)K(p, y;MN , RN)

]
,

DN(p, y) = EPN
[(p−MN + γRNy)J (p, y;MN , RN)K(p, y;MN , RN)] .

(87)

Differentiating (86) in x, holding the price law fixed, and evaluating at x = g(p) gives (85).

The equation must be kept in this undivided form because DN can vanish.

The proof of Lemma J.3 uses one result on the persistence of normally hyperbolic invariant

manifolds. Let Tm denote the m-dimensional torus.

Lemma J.4 (Persistence of a repelling torus of rest points) Fix m ≥ 1 and ε0 > 0.

Let X∞ and XN , N ≥ 1, be C1 vector fields on Tm × R, with coordinates (θ, z), such that

X∞(θ, z) =
(
ω(θ)z,ϖ(θ)z

)
, inf

θ
ϖ(θ) > 0,

XN = X∞ for |z| ≥ ε0, and ∥XN −X∞∥C1 → 0. Then, for all sufficiently large N , there is a

unique continuous function hN : Tm → R whose graph {z = hN(θ)} is invariant under XN .

It is C1, and ∥hN∥C1 → 0.

Proof of Lemma J.4. Existence. The torus T0 = Tm × {0} consists of rest points of X∞.

At (θ, 0), the linearization ofX∞ has eigenvalue zero on the tangent space of T0 and eigenvalue

ϖ(θ) on the transverse direction (ω(θ), ϖ(θ)). Put ϖ0 = infθϖ(θ) > 0. The tangential rate

is zero and the normal expansion rate is at least ϖ0, so the normal rate dominates every

multiple of the tangential rate. Hence T0 is a compact normally repelling invariant manifold

of X∞; see Eldering (2016, Example 4.3). The fields grow at most linearly in z, so their

flows are complete. After time reversal, T0 is normally attracting, which is the case that the

last of the following references treats. A compact normally hyperbolic invariant manifold

persists under C1-small perturbations of the vector field as a C1-close invariant manifold; see

Fenichel (1971), Hirsch et al. (1977, Theorem 4.1), and Eldering (2016, Theorems 4.4 and

5.2). A manifold that is C1-close to T0 is the graph of a C1 function hN with ∥hN∥C1 → 0.

Uniqueness. Let Γ be a compact set that is invariant under XN , and put ϵN = ∥XN −
X∞∥C1 . Take a point of Γ and let ζ = z − hN(θ) along its orbit. Write Xθ

N and Xz
N for the

components of XN . The graph of hN is invariant, so the scalar function z 7→ Xz
N(θ, z) −

DhN(θ)X
θ
N(θ, z) vanishes at z = hN(θ), and the mean value theorem gives

ζ̇ =
(
∂zX

z
N −DhN(θ) ∂zX

θ
N

)
ζ,
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with the bracket evaluated at an intermediate value of z. Since ∂zX
z
∞ = ϖ(θ) ≥ ϖ0 and

∂zX
θ
∞ = ω(θ) is bounded on the torus, ∂zX

z
N ≥ ϖ0 − ϵN and ∂zX

θ
N is bounded uniformly in

N ; also ∥DhN∥ → 0. For large N the coefficient is at least ϖ0/2, so |ζ| grows without bound
along the orbit unless ζ = 0. Since the orbit stays in the compact set Γ, ζ = 0, and Γ lies

in the graph of hN . The graph of a continuous function on Tm is compact, so an invariant

graph is the graph of hN . □

Proof of Lemma J.3. Equation (85) is a first-order differential equation for g, but it

cannot be solved for g′: DN can vanish, and in the limit both C∞ and D∞ vanish on

the target line y = −ϑp. We therefore treat it geometrically. The planar system

ṗ = ADN(p, y), ẏ = CN(p, y) (88)

assigns a direction of motion to each point (p, y). A curve y = g(p) is invariant under this

system, meaning that trajectories starting on it stay on it, exactly when this direction is

tangent to the curve at each of its points, that is, when g solves (85). At N = ∞, every

point of the line y = −ϑp is at rest, and nearby points move away from it at a positive rate.

Such a line survives small perturbations of the system, so for large N there is an invariant

curve C1-close to it, and this curve is the finite demand. We make this precise in five steps.

Convergence of the field. The functions CN , DN and their first derivatives converge

uniformly on compact sets of (p, y) to their Gaussian counterparts. Differentiating the kernels

produces polynomial factors in MN , RN , R
−1
N multiplying bounded Gaussian factors and the

exponential factor J . Since R−1
N ≤ r−1

0 , the moment bounds of Lemma J.1 control these

derivatives. Weak convergence (81), uniform integrability, and equicontinuity then give

compact C1 convergence. The argument applies to every fixed finite number of derivatives.

Limiting field. Write w = p− Ary. Gaussian integration in (87) gives

C∞(p, y) = Λ(p, y)(y + ϑp), D∞(p, y) = rC∞(p, y),

Λ(p, y) =
ς√

2πSW
exp

{
− w2

2SW
− γy(αw − p) +

γ2y2U

2

}
> 0.

Indeed, d∞ | W = w has mean αw and variance U . The first-order factor, price minus

conditional payoff mean plus γy times conditional payoff variance, is therefore p−αw+γUy =

ς(y+ ϑp). In the system (88), divide the field by the strictly positive function Λ and change
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coordinates to z = y + ϑp. The limiting field is

ṗ = Arz, ż = (1 + ϑAr)z. (89)

Thus z = 0 is a line of rest points with tangential eigenvalue zero and a strictly positive

normal eigenvalue 1+ϑAr. The normalization is harmless on compact neighborhoods, where

Λ is bounded away from zero.

Persistence. We apply Lemma J.4 with m = 1. In the coordinates (p, z), the normalized

finite field is YN =
(
ADN , CN + ϑADN

)
/Λ, evaluated at y = z − ϑp, and its limit Y∞ is the

field (89). Fix ε0 > 0. The band |z| < ε0 is not invariant under these fields, and the chart

in p has a boundary. We therefore modify YN away from the region of interest. Place the p

coordinate on a circle that contains the chart |p| ≤ J + 2. Fix smooth cutoffs c1(p), equal

to one on |p| ≤ J + 1 and to zero outside |p| < J + 2, and c2(z), equal to one on |z| ≤ ε0/2

and to zero outside |z| < ε0. Set

X∞ = Y∞, XN = Y∞ + c1(p) c2(z) (YN − Y∞).

The cutoffs act only on the difference from the limiting field, so XN is a C2 field on the whole

cylinder and equalsX∞ for |z| ≥ ε0. The convergence step, applied with two derivatives, gives

∥YN−Y∞∥C2 → 0 on the compact set {|p| ≤ J+2, |z| ≤ ε0}. Hence supN ∥XN−X∞∥C2 <∞
and ∥XN − X∞∥C1 → 0. The limiting field has the form required by the lemma, with

ω = Ar and ϖ = 1 + ϑAr ≥ 1. Lemma J.4 gives an invariant graph z = hN(p) of XN

with ∥hN∥C1 → 0. For large N , |hN | < ε0/2, so XN = YN on the part of the graph over

|p| ≤ J + 1. Returning to the original chart,

gN,J(p) = −ϑp+ hN(p)

therefore solves (85) exactly on [−J − 1, J +1] and has negative derivative for large N . The

graph can depend on the cutoffs; we fix them once, because the proof uses only the existence

of one such graph. When λ = 1, A = 0 and (85) reads CN(p, g(p)) = 0. The claim then

reduces to the implicit function theorem, because ∂yC∞ = Λ > 0 on z = 0. The auxiliary

circle is only a device for constructing this local graph; the economic price space remains R.
Zero demand at zero price. The graph passes through the origin, gN,J(0) = 0. Given
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(H,R) in (79), set

aH,R =
H

H + (K/λ)2R2
, sH,R = R +

H(K/λ)2R2

H + (K/λ)2R2
.

At p = 0 and y = gN,J(0), the first-order factor of the component with given (H,R) is

y(AaH,RR+γsH,R). Its coefficient is strictly positive, and the likelihood and Jacobian weights

are positive because g′N,J < 0. The mixture first-order condition therefore forces y = 0. The

decreasing graph consequently opposes the sign of price.

Completion outside the interval. Restrict the graph to [−J − 1, J + 1] and extend it by

its endpoint constants. The completed schedule ḡN,J is bounded, continuous, nonincreasing,

and sign opposing. It clears uniquely for every R. On [−J, J ], its exact likelihood is still (83),

using the same local values and derivatives as in (85); changing the tails does not change this

likelihood for a globally monotone schedule. The selected positions on that interval remain

in a fixed compact set, inside the moment domain for large N . Strict convexity of (86) turns

their first-order conditions into unrestricted global optimality. □

J.3 Joint conditioning and finite REE

We first define the finite equilibrium concept. It takes the law of the primitives as given.

Definition 5 (Finite REE) Fix λ ∈ (0, 1] and a probability law P′ on the primitives of the

N-th economy under which dN and η are independent conditional on IN . A finite REE at λ

under P′ is a σ(IN , η)-measurable price P , a σ(IN , P )-measurable informed demand xI , and

a measurable uninformed schedule xU : R → R such that:

(i) xI ∈ argmaxx∈REP′
[
−e−γx(dN−P ) | IN , P

]
, P′-almost surely;

(ii) xU(p) ∈ argmaxx∈REP′
[
−e−γx(dN−p) | P = p

]
for almost every p under the P′-law of P ;

(iii) λxI + (1− λ)xU(P ) = σηη, P′-almost surely.

Under P′ = P0
N , this is a rational expectations equilibrium of the finite economy of

Section 3. We apply the definition under the conditioned law P̃N,J in (90), which differs from

P0
N in three ways. First, η is no longer independent of IN ; only the conditional independence

of dN and η given IN survives. Second, the marginal law of IN is reweighted, so (β,Ψ) no

longer has the prior (2). Third, the law is indexed by the candidate schedule and hence

by equilibrium objects. The paragraph on the conditioned law after Lemma J.5 gives the
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explicit form. Condition (ii) also differs from Definition 1(ii): it restricts the schedule only

at almost every price in the support of P .

Conditioning the primitive law on the event that the candidate price lies in [−J, J ] turns
the candidate of Lemma J.3 into a finite REE. Fix such a candidate, denote its clearing price

by P̄N,J , and set

EN,J = {|P̄N,J | ≤ J}, P̃N,J = PN( · | EN,J). (90)

For J > 0 this event has positive conditional probability at every informed information

realization: the nonempty price interval corresponds to a nonempty interval of the Gaussian

supply shock. Investors know the new common joint law P̃N,J .

Lemma J.5 (Restriction to the region of exact optimality) Under P̃N,J , the price

P̄N,J and demands

xI,N =
MN − P̄N,J

γRN

, xU,N = ḡN,J(P̄N,J)

form a finite REE at λ under P̃N,J (Definition 5).

Proof of Lemma J.5. Conditioning on EN,J leaves both investors’ payoff posteriors un-

changed. Their optimal demands are therefore the same as under PN , and market clearing

holds state by state.

Uninformed investor. For almost every p in the price support and every measurable

payoff set D,

P̃N,J(dN ∈ D | P̄N,J = p) = PN(dN ∈ D | P̄N,J = p). (91)

Indeed, the event EN,J is measurable with respect to the observed price. The joint price-

payoff law and its price marginal acquire the same factor, 1{|p|≤J}/PN(EN,J), which cancels

in Bayes’ rule. The unrestricted conditional optimization problem is unchanged at every

realized price, so Lemma J.3 supplies its unique optimum.

Informed investor. The price carries no payoff information beyond IN :

P̃N,J(dN ∈ D | IN) = PN(dN ∈ D | IN),

dN | (IN , P̄N,J) ∼P̃N,J
N (MN , RN).
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Indeed, the candidate price is a measurable function of (IN , η). Under PN , dN and η are

independent conditional on IN . Since the conditioning indicator depends only on (IN , η),
this conditional independence is preserved under P̃N,J . The unrestricted CARA optimum

therefore remains the stated linear demand. The same argument preserves the posterior of

latent payoff parameters conditional on the full informed information.

Market clearing. Equation (84) holds state by state before conditioning and hence on

EN,J . Rearranging it gives

λ
MN − P̄N,J

γRN

+ (1− λ)ḡN,J(P̄N,J) = σηη.

Thus market clearing is exact, and optimality holds almost surely under the common law.

Beliefs and choices outside the price support do not affect these equilibrium conditions. □

The conditioned law in terms of primitives. The conditioned law P̃N,J is a law on

primitives, fixed before trade. Under it, the supply shock given the informed information is a

truncated standard normal, and the marginal law of the informed information is reweighted.

To see this, note that, once the candidate schedule is constructed, strict monotonicity of its

clearing transformation gives

EN,J =
{
−J − ARN ḡN,J(−J) ≤MN − (K/λ)RNη

≤ J − ARN ḡN,J(J)
}
.

(92)

Its only schedule-dependent terms are deterministic endpoint values. One conditions the

primitive law on (92), fixes that law, and then verifies equilibrium by Lemma J.5. Explicitly,

conditional on informed information, define

aN,J(IN) =
MN − J + ARN ḡN,J(J)

(K/λ)RN

,

bN,J(IN) =
MN + J + ARN ḡN,J(−J)

(K/λ)RN

,

ZN,J(IN) = Φ(bN,J(IN))− Φ(aN,J(IN)),

where Φ is the standard normal distribution function. Under P̃N,J , the supply shock con-

ditional on IN is standard normal truncated to [aN,J , bN,J ]. The marginal law of IN is

simultaneously reweighted by ZN,J(IN)/PN(EN,J). This reweighting is necessary for (91).

Truncating the supply shock conditional on information while keeping the original infor-
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mation marginal would generally change the uninformed posterior. The modified finite

law therefore permits dependence between the supply shock and informed information. It

describes a static trading economy with a finite observed history; the conditioned history

need not remain an independently sampled time series.

J.4 Expanding price support and convergence

Proof of Theorem J.2. We let the price interval expand slowly enough that, on it, the

finite demand stays within 1/JN of the linear demand. Claim (i) is then Lemma J.5.

Claim (ii) holds because the price is dominated by the tight residual supply, so it leaves

the expanding interval with vanishing probability. Claim (iii) holds because the price stays

within a vanishing distance of its value under linear demand.

Diagonal choice of the interval. For each integer j ≥ 1, Lemma J.3 gives a threshold nj

such that for every N ≥ nj the candidate on [−j, j] exists and

∥δN,j∥C1([−j,j]) ≤ min{j−1, ϑ/2}. (93)

Take the thresholds strictly increasing and large enough that all positions used on this

interval lie in the finite conditional moment domain. Choose j(N) → ∞ sufficiently slowly

with N ≥ nj(N) and put

JN = j(N), gN = ḡN,JN , PN = P̄N,JN ,

EN = {|PN | ≤ JN}, P̃N = PN( · | EN).

Lemma J.5 proves (i). No particular growth rate for JN is required.

Total variation. The price is dominated by the residual supply,

|PN | ≤ |WN |, WN =MN − (K/λ)RNη. (94)

Indeed, because gN is nonincreasing and gN(0) = 0, it opposes the sign of price. The clearing

transformation therefore has the sign of price and absolute value at least its absolute value.

The convergence (81) and independence of η make WN tight. Since JN → ∞,

PN(EcN) ≤ PN(|WN | > JN) −→ 0.

For any probability law P and event E of positive probability, ∥P(· | E)− P∥TV = P(Ec): the
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density is 1E/P(E), so half its L1(P) distance from one is P(Ec). Consequently

∥P̃N − PN∥TV = PN(EcN) → 0,

∥P̃N − P0
N∥TV ≤ PN(EcN) + P0

N(Ac
N) → 0.

(95)

These comparisons concern the full joint state laws in each finite dimension. They prove (ii).

Convergence of outcomes. Write δN = δN,JN , so that δN(p) = gN(p) + ϑp. Under PN ,
clearing gives

PN =
MN − (K/λ)RNη

1 + AϑRN

+
ARN

1 + AϑRN

δN(PN). (96)

The first term is the price under linear demand; the second term vanishes in probability.

Indeed, the diagonal construction makes δN and its derivative vanish uniformly on every fixed

interval, and the prices are tight by (94), so δN(PN) → 0 in probability. Since ARN/(1 +

AϑRN) ≤ 1/ϑ, the second term tends to zero in probability. Equation (81) and continuous

mapping now give, jointly,

PN ⇒ P∞, gN(PN) ⇒ −ϑP∞,
MN − PN
γRN

⇒ M∞ − P∞

γr
.

The lower bound RN ≥ r0 ensures continuity of the last expression. The payoff can be

included in the same joint convergence. Total variation decreases under measurable maps,

so (95) transfers this convergence to P̃N and proves (iii). The C1 assertion follows directly

from (93).

Error bound on the realized support. Under the modified law, the price is uniformly close

to its value under linear demand:∣∣∣∣PN − MN − (K/λ)RNη

1 + AϑRN

∣∣∣∣ ≤ 1

ϑJN
P̃N -almost surely.

Indeed, by (93), both the demand-level error |gN(p)+ϑp| and the derivative error |g′N(p)+ϑ|
are at most J−1

N on [−JN , JN ], which contains the realized support. The bound follows from

(96). □

Mode of convergence. Theorem J.2(iii) is convergence in distribution under laws that

vary with N . Convergence in probability holds on the coupled probability space of Ap-

pendix B.2. That space carries (MN , RN) for every N and one supply shock η, with
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(MN , RN) → (S̃, r) P∞-almost surely; there M∞ = S̃. Because gN is a deterministic

schedule, the candidate price PN = (F gN
RN

)−1(MN − (K/λ)RNη) is defined there state by

state. Equation (96) is a clearing identity, so it holds in every state. Its first term converges

almost surely to a(S̃ − (K/λ)rη) = P∞. By (94), |PN | ≤ |WN | in every state, and WN

converges almost surely. The prices are therefore tight, and δN(PN) → 0 in P∞-probability.

Hence PN → P∞ in P∞-probability, and P∞(EN) ≥ P∞(|WN | ≤ JN) → 1. The coupled

space does not carry Ψ; if the coupling also draws Ψ from its conditional law given the

observations of the N -th economy, then P∞(AN) = P0
N(AN) → 1, and so P∞(AN ∩EN) → 1.

The two conditioning events thus have limiting probability one on the coupled space, where

the N -th economy has the law P0
N .

J.5 Optimized trading values and scope

Optimized utilities. The ex-ante optimized utilities of both investors converge to their

Gaussian values. For the uninformed investor, let vU,N(p) denote the optimized conditional

utility under P̃N . At a realized price it equals the baseline value by (91). On each fixed

compact price interval, (86), the moment bounds of Lemma J.1, and compact C1 convergence

of gN imply uniform convergence to

vU,∞(p) = − exp

{
− [α(1 + Aϑr)p− p]2

2U

}
= − exp

{
−γ

2Uϑ2p2

2

}
.

The ratio in (86) converges uniformly because its denominator stays away from zero. The

denominator EPN
[ℓgN (p | MN , RN)] is the density of PN under PN . It converges uniformly

on compact price intervals to the N (0, a2SW ) density of P∞, which is bounded below there.

The zero position is feasible and utility is nonpositive, so −1 ≤ vU,N(p) ≤ 0 on the realized

support. Price tightness therefore upgrades compact convergence to convergence of ex-ante

optimized utility. For the informed investor the exact conditional optimized value is

vI,N = − exp

{
−(MN − PN)

2

2RN

}
∈ [−1, 0],

so its ex-ante value converges directly by joint weak convergence and boundedness. These

ex-ante values are the finite counterparts of the values in (4), with the informed value gross

of the acquisition cost. Indeed, let xI,N = (MN − PN)/(γRN) and xU,N = gN(PN). Since
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−e−γx(dN−PN ) ≤ 0, the tower property gives

EP̃N

[
−e−γxI,N (dN−PN )

]
= EP̃N

[vI,N ], EP̃N

[
−e−γxU,N (dN−PN )

]
= EP̃N

[vU,N(PN)],

with both conditional values in [−1, 0]; no uniform integrability is needed. Convergence of

unbounded price or portfolio moments requires separate uniform-integrability bounds; total

variation alone is insufficient.

Scope. Theorem J.2 establishes a finite-economy foundation for the trading component of

CREE. It does not assert exact equilibrium for every sufficiently large member of the original

finite family with an independent Gaussian supply shock. The joint conditioning changes

that finite law while preserving conditional optimality at all retained prices. It imposes

no position limits, rationing, or outside market maker. An exogenous price cap without a

primitive-law change would not suffice: conditional on informed information, the Gaussian

supply shock has unbounded support, whereas F g
R([−J, J ]) is bounded.

J.6 Endogenous information acquisition

We now endogenize the informed fraction at a fixed cost χ > 0. Acquisition occurs before

investors observe the price or the information IN . An investor either pays χ to observe

IN , or remains uninformed and subsequently trades using only the price. The continuum

of price-taking investors is the same as in the main model; it is the signal dimension and

history length that are finite. A unilateral acquisition deviation changes neither the aggregate

informed fraction nor the price map. Both acquisition choices are evaluated under the same

common joint law, which is held fixed when an investor deviates. The main result is that

the regularized finite economies have finite REEs with optimal acquisition whose informed

fractions converge to the CREE fraction λ(c).

Theorem J.6 (Finite REE with endogenous information acquisition) Maintain

the assumptions of this appendix, let χ > 0, and suppose v = B/r > C̄ = e2γχ − 1, with

r = σ2
I (c) and B = σ2

d − r as in (81). Define

λ∗ = γση

√
r(v − C̄)

vC̄
, λ(c) = min{λ∗, 1}. (97)

Here λ(c) is the informed fraction of Theorem 2. There are informed fractions λN ∈ (0, 1],
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price bounds JN → ∞, prices PN with price-support events EN,λN = {|PN | ≤ JN}, and

common joint laws P̃N,λN = PN( · | EN,λN ), defined for all sufficiently large N , such that:

(i) The price PN and the unrestricted optimal portfolios form a finite REE at λN under

P̃N,λN (Definition 5). At the unchanged acquisition cost χ and under the same law,

both acquisition choices are indifferent if λN < 1, and acquiring information is weakly

preferred if λN = 1.

(ii) λN → λ(c) and ∥P̃N,λN − P0
N∥TV → 0. The conditioned law P̃N,λN differs from

the common-prior law P0
N . The joint outcome limits of Theorem J.2 hold with all

coefficients evaluated at λ(c).

(iii) If λ∗ < 1, then λN < 1 for all sufficiently large N . If λ∗ > 1, one can choose λN = 1

for all sufficiently large N . If λ∗ = 1, each finite equilibrium may be interior or all-

informed, and λN → 1 in either case.

The proof has three steps. First, we construct the fixed-λ equilibria of Theorem J.2 con-

tinuously in λ (Lemma J.7). Second, we show that the net gain from acquiring information

converges uniformly in λ to its Gaussian limit (Lemma J.8). Third, we select λN as a zero

of the finite gain and show that it converges to λ(c).

J.6.1 A continuous family of finite trading equilibria

The fixed-λ construction can be made continuous in λ, uniformly on intervals bounded away

from zero. Restore the dependence on λ in A(λ), K/λ, ϑ(λ), and the other constants of (82).

The baseline primitive law PN and the statistics (dN ,MN , RN) do not depend on λ. Only

the candidate price map and the subsequent joint conditioning do.

Lemma J.7 (Uniform continuation in the informed fraction) Let L = [λ−, λ+] with

0 < λ− < λ+ ≤ 1. For each fixed J <∞, the candidates of Lemma J.3 can be chosen jointly

continuously in (p, λ), with continuous price derivatives on [−J, J ]× L, and

sup
λ∈L

∥δN,J( · ;λ)∥C1([−J,J ]) −→ 0, δN,J(p;λ) = ḡN,J(p;λ) + ϑ(λ)p. (98)

At λ = 1, the schedule specifies the optimal demand of a potential uninformed deviator,

although its aggregate weight is zero. A common diagonal choice JN → ∞ yields finite REEs

with schedule gN( · ;λ) and price PN(λ) under laws P̃N,λ (Definition 5) for every λ ∈ L, with
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sup
λ∈L

∥P̃N,λ − P0
N∥TV −→ 0. (99)

For each N , the candidate price is continuous in λ state by state, and the conditioned law is

continuous in λ in total variation.

Proof of Lemma J.7. The proof repeats that of Lemma J.3 and Theorem J.2 with λ added

as a coordinate that does not move.

Uniform convergence of the field. Because λ is bounded away from zero, A, K/λ, and

their derivatives are bounded on L, and K/λ is bounded away from zero. The envelopes in

(80) therefore give convergence of CN , DN and their derivatives uniformly on compact sets

of (p, y, λ). The constants ϑ(λ) and ς(λ) are positive and have positive minima on L.
Invariant graphs. Add the equation λ̇ = 0 to the normalized vector field in the proof of

Lemma J.3. With z = y + ϑ(λ)p, its limit is

ṗ = A(λ)rz, ż = [1 + ϑ(λ)A(λ)r]z, λ̇ = 0.

The normal expansion rate is at least one throughout L, including λ = 1, where A(1) = 0.

As in the compact-price proof, extend the p chart to a circle. Extend the λ chart to a

second circle, keeping the normal expansion rate strictly positive and retaining λ̇ = 0. This

can be done smoothly on a neighborhood of the physical parameter interval; at its upper

endpoint the mathematical coefficients extend smoothly past λ = 1. Use fixed cutoffs, as in

the compact-price proof, to extend the finite perturbation by zero outside these charts and

outside |z| < ε0. The uniform convergence step, applied with two derivatives in (p, z, λ),

gives C2 convergence of the modified fields, which is stronger than the C1 convergence that

Lemma J.4 requires. No economic interpretation is assigned to the auxiliary parameter

values. The torus z = 0 is then a compact normally repelling invariant manifold, with

two zero tangential eigenvalues and one uniformly positive normal eigenvalue. Lemma J.4

with m = 2 and θ = (p, λ) gives a graph z = hN(p, λ) converging to zero in C1. In

particular, hN and ∂phN are jointly continuous in (p, λ). Since λ̇ = 0, each parameter slice

is invariant. Consequently gN,J(p;λ) = −ϑ(λ)p + hN(p, λ) solves (85) at that λ. For large

N , its price derivative is uniformly negative. The argument at p = 0 in Lemma J.3 gives

gN,J(0;λ) = 0 uniformly, also at λ = 1, where the strictly positive component coefficient is

γsH,R. Completing every slice by its endpoint constants at the same prices ±(J+1) preserves
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joint continuity and unique clearing. This proves (98) and exact local optimality, including

the uninformed deviation when λ = 1.

Common price bound. Choose the thresholds in (93) uniformly over L, using

minλ∈L ϑ(λ) > 0. For the resulting common JN , set

EN,λ = {|PN(λ)| ≤ JN}, P̃N,λ = PN( · | EN,λ).

The conditioning proof is unchanged at λ = 1: clearing is simply PN(1) = MN − KRNη.

The uniform pathwise estimate

sup
λ∈L

|PN(λ)| ≤ |MN |+
(
sup
λ∈L

K

λ

)
RN |η|

implies supλ∈L PN(EcN,λ) → 0 by tightness. Conditioning on an event moves a law by the

probability of the complement, so ∥P̃N,λ−PN∥TV = PN(EcN,λ) and ∥PN −P0
N∥TV = P0

N(Ac
N).

The triangle inequality then proves (99).

Continuity in λ. For fixed N and a fixed state, the clearing functions depend continuously

on λ and are strictly increasing in p, with increments at least those of p itself. Their roots are

therefore continuous in λ. At each fixed λ, the candidate price has a continuous distribution

because the Gaussian supply shock has a density and the clearing map is strictly increasing.

Thus PN(|PN(λ)| = JN) = 0. If λm → λ, the indicators of EN,λm converge almost surely

to that of EN,λ. Dominated convergence gives convergence of the event probabilities and

of their symmetric-difference probabilities. As every conditioning probability is positive,

the densities 1EN,λ
/PN(EN,λ) are continuous in L1(PN). This is the asserted total-variation

continuity. □

The outcome limits of Theorem J.2 also hold along any sequence λN → λ ∈ L, with
all coefficients evaluated at λ. Indeed, (96) now holds with the corresponding parameter-

dependent coefficients, and its error vanishes uniformly over L in probability. Joint con-

vergence of the baseline statistics and continuous mapping then give the limiting price and

portfolios evaluated at λ. Equation (99) transfers these limits to P̃N,λN .

J.6.2 Finite acquisition values and their limit

The net gain from acquiring information is continuous in λ and converges uniformly to its

Gaussian limit. For a member of the family of Lemma J.7, define the optimized ex-ante
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trading values, before paying acquisition costs, by

V gr
I,N(λ) = EP̃N,λ

[
− exp

{
−(MN − PN(λ))

2

2RN

}]
,

VU,N(λ) = EP̃N,λ
[vU,N(PN(λ);λ)].

(100)

Both values lie in [−1, 0]. Under CARA preferences, paying the deterministic cost χ multi-

plies the informed utility by eγχ. The net acquisition gain is therefore

∆N(λ) = eγχV gr
I,N(λ)− VU,N(λ).

An interior informed fraction requires ∆N(λ) = 0; the all-informed corner requires ∆N(1) ≥
0. The latter inequality compares acquiring information with the optimal uninformed devi-

ation under the same equilibrium price law.

Lemma J.8 (Continuous acquisition values and uniform convergence) On every

interval L of Lemma J.7, V gr
I,N and VU,N are continuous, and

sup
λ∈L

|V gr
I,N(λ)− V gr

I,∞(λ)|+ sup
λ∈L

|VU,N(λ)− VU,∞(λ)| −→ 0, (101)

where

SP (λ) = VarP∞ [d∞ − P∞(λ)] = B + r + a(λ)2SW (λ)− 2a(λ)B,

V gr
I,∞(λ) = −

√
r

SP (λ)
, VU,∞(λ) = −

√
U(λ)

SP (λ)
.

(102)

In particular, SP (λ) ≥ U(λ) ≥ r > 0 and

∆N −→ ∆∞ uniformly on L, ∆∞(λ) =

√
U(λ)− eγχ

√
r√

SP (λ)
. (103)

Proof of Lemma J.8. Continuity follows from dominated convergence, uniform conver-

gence from sequential convergence and compactness of L, and the limiting values from a

Gaussian computation.

Continuity. For fixed N , the conditional loss (86) is continuous in (p, λ, x) on the retained

compact price and position sets. Its denominator is positive, and the moment bounds of

Lemma J.1 justify this continuity and differentiation under the integral. The family gN and
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its price derivative are continuous there, so vU,N(p;λ) = −LN,gN (gN(p;λ); p) is continuous

on the retained support. The informed conditional value is continuous in the price as well.

Write the expectations in (100) under PN using the indicator of EN,λ and its probability.

Lemma J.7, the zero-probability boundary of the event, and the bound [−1, 0] on both

conditional optimized values give continuity by dominated convergence. Only values on the

retained support are used in this bound.

Uniform convergence. The compact posterior estimates are uniform in λ, by the same

moment bounds and the uniform C1 convergence in (98). The denominator of (86) converges

uniformly on compact sets of (p, λ) to the N (0, a(λ)2SW (λ)) density of P∞(λ). This density

is bounded below on [−J, J ]×L for every J , because a(λ)2SW (λ) is continuous and positive

on L. The estimates therefore imply uniform convergence of vU,N(p;λ) to its Gaussian

counterpart on every fixed compact set of (p, λ). For any sequence λN → λ ∈ L, the

joint outcome convergence along λN , uniform price tightness, and the bound [−1, 0] imply

convergence of both ex-ante values to their Gaussian values at λ. Compactness of L upgrades

this sequential statement to (101): otherwise a sequence of parameters with an error bounded

away from zero would have a convergent subsequence, contradicting that statement.

Gaussian values. Let mj be the conditional payoff mean and sj the conditional variance,

with sI = r and sU = U(λ). The optimized conditional utility is − exp[−(mj −P∞)2/(2sj)].

The Gaussian variable mj − P∞ is centered and has variance SP (λ)− sj by total variance.

Its Gaussian integral equals −
√
sj/SP (λ), proving (102). Taking the difference gives (103).

□

J.6.3 Existence and convergence of the acquisition fraction

The limiting gain ∆∞ crosses zero strictly, because the limiting uninformed residual is strictly

decreasing in λ when B > 0. Writing ν0 = γσηr,

U(λ) = r +
Bν20

Bλ2 + ν20
, U ′(λ) = − 2B2ν20λ

(Bλ2 + ν20)
2
< 0. (104)

Thus an interior zero of ∆∞ is a strict crossing, not an additional regularity assumption. At

such a zero λ∗,

∆′
∞(λ∗) =

U ′(λ∗)

2
√
U(λ∗)SP (λ∗)

< 0.

Proof of Theorem J.6. We compute the limiting fraction, select finite zeros of the gain
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by the intermediate value theorem, show that they converge, and verify that the selected

economies are equilibria.

Limiting fraction. As λ ↓ 0, U(λ) → B + r = r(1 + v) > e2γχr. Choose λ− > 0 small

enough that ∆∞(λ−) > 0, and construct the continuous family on L = [λ−, 1]. The limiting

indifference equation is

U(λ) = e2γχr.

Substituting (104) and solving gives (97). Because σ2
d = B + r = r(1 + v), this formula

agrees with Theorem 2. Here V gr
I,∞ is gross of the acquisition cost, whereas VI in (4) includes

the factor eγχ, so the indifference condition eγχV gr
I,∞ = VU,∞ is VI = VU .

Selection. By Lemma J.8, ∆N(λ−) > 0 for all sufficiently large N . If ∆N(1) ≥ 0,

set λN = 1. If ∆N(1) < 0, continuity and the intermediate value theorem give a zero

λN ∈ (λ−, 1). This construction enforces the exact finite acquisition condition, without

requiring monotonicity or uniqueness of the finite gap.

Convergence of the fraction. When λ∗ < 1, the limiting gap is positive below λ∗ and

negative above it. Uniform convergence gives ∆N(1) < 0 eventually, and any selected finite

zero must converge to λ∗. When λ∗ > 1, ∆∞(1) > 0, so λN = 1 eventually. At the boundary

λ∗ = 1, ∆∞(λ) > 0 for every λ < 1. For each ε > 0, its minimum on [λ−, 1 − ε] is strictly

positive whenever that interval is nonempty. Uniform convergence excludes finite zeros on

that interval for large N . The selected fractions therefore converge to one, including when

∆N(1) changes sign along the sequence. This proves the fraction assertions.

Equilibrium. Fix the selected economy’s primitive law P̃N,λN and its price and portfolio

maps. Within this economy, a single investor’s decision to acquire information leaves P̃N,λN ,
λN , and the price map unchanged. Its informed and uninformed opportunities are exactly

those whose optimized values appear in (100). For an interior λN , allocate a fraction λN of the

atomless investors to acquisition: all investors are indifferent and neither type has a profitable

deviation. At λN = 1, the acquisition inequality makes acquiring optimal for everyone,

including comparison with the hypothetical uninformed portfolio. By the parameterized

version of Lemma J.5, the price and portfolios form a finite REE at λN under P̃N,λN . Hence
these are equilibria of the complete binary acquisition-and-trading problem.

Outcome limits. Equation (99) applies at λN . The moving-parameter convergence

following Lemma J.7 and λN → λ(c) > 0 give the stated joint outcome limits. □
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Scope. Once an implementing law is selected, it remains fixed before acquisition and when

an investor deviates. Under this appendix’s assumptions, the construction covers every

positive-mass overall equilibrium of Theorem 2, including the weak all-informed boundary.

The zero-informed case is excluded. Endogenous scales require a separate deviation analysis

because conditioning need not preserve payoff posteriors at intermediate information sets.
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