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Abstract

We study how wealth inequality affects market quality—specifically, liquidity and in-
formation efficiency. To this end, we introduce CHILE, an asset-pricing framework with
asymmetric information, general utility functions, and arbitrary payoffs. It features a
large economy (LE) with continuous-and-heterogeneous information (CHI). Making the
rich richer and the poor poorer reduces information efficiency but improves liquidity.
Making the rich more informed and the poor less informed has the same effect. With
endogenous information, richer agents acquire more information, reinforcing the above
outcomes. Overall, widening wealth inequality is a double-edged sword for market qual-

ity, increasing liquidity but harming information efficiency.
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1 Introduction

Market participants come in different sizes. Financial institutions differ in terms of the total
value of assets they manage, while households and individuals differ in terms of wealth they
invest in financial markets. As a growing literature establishes, these differences—hereinafter,
“wealth inequality” —affect asset prices crucially, thereby also returns, risk premia, and risk-
free rates (see Panageas, 2020, for a recent survey). Given that prices are but one outcome
of financial trade, this literature suggests that wealth inequality may also matter for other
outcomes, such as liquidity and informational efficiency. Collectively known as “market quality,”
these outcomes are vital for many economic decisions, including not only those faced by investors
but also by policymakers gauging how well markets function. This raises the following question:

How does wealth inequality affect market quality?

This question becomes especially relevant in light of research suggesting that many market
participants are granular, meaning that idiosyncratic shocks to them, rather than averaging
out, affect aggregate outcomes (Gabaix, 2011). In this view, granularity is linked to investor
size—shocks to larger investors have a bigger effect on aggregate quantities. As a result, the
distribution of investor sizes—i.e., wealth inequality—may play an important role in shaping

how individual shocks aggregate and, in turn, how they influence market quality.’

To study how wealth inequality affects the aggregation of individual shocks and market
quality, we need an asset-pricing framework where (i) wealth influences how investors trade,
and (ii) individual shocks do not wash out in aggregation. Such models are hard to come
by—especially under asymmetric information, which is essential for analyzing market quality.
Most theories in this domain assume Constant Absolute Risk Aversion (CARA) preferences and
thus exclude wealth effects, failing to meet the first requirement. Models that do incorporate
wealth effects—notably Peress (2004)—rely on a continuum of investors for tractability, where

individual shocks cancel out by the law of large numbers, as in Hellwig (1980). Consequently,

!Granularity is not merely a theoretical notion—it plays an active role in empirical asset pricing. Shocks to
large (i.e., granular) investors are used to identify key asset pricing parameters. For instance, Gabaix and Koijen
(2021) use sector-level demand shocks to estimate the elasticity of market demand. These types of idiosyncratic
shocks form the basis of granular instrumental variables; see Gabaix and Koijen (2024) for the methodology
and references therein for recent empirical applications.



these models fail to satisfy the second requirement and are not well suited to studying how

wealth inequality shapes the aggregation of individual shocks.

To address these issues, we develop a tractable asset-pricing framework with asymmetric
information and general, heterogeneous preferences that accommodate wealth effects, thereby
fulfilling the first requirement. In our model, idiosyncratic shocks to investors’” demands arise
from noise in their private signals. Using an information structure described below, we construct
a large economy in which this signal noise aggregates to a finite, non-zero random variable rather

than washing out, thus satisfying the second requirement.

Beyond meeting these primary requirements, our framework has two additional advantages.
First, the aggregated signal noise is the sole source of noise in the model, ensuring that prices
remain partially revealing without the need for exogenous noise. The absence of exogenous noise
is beneficial for our research question, as we avoid taking a stand on how such noise responds
to changes in the wealth distribution. Second, our framework allows for general asset payoff
distributions, sidestepping the well-known limited empirical appeal of models with Normal

returns, which permit negative wealth—a valuable benefit given our focus on wealth inequality.

Our analysis begins by extending the notion of competitive equilibrium from Hellwig (1980)
to our setting. The equilibrium objects in our economy are limits of quantities in economies
with a finite number of traders (referred to as “discrete” economies). In any discrete economy,
traders take prices as given, disregarding both their influence on the price level and on the
informational content of prices—thereby sidestepping the “schizophrenia” issue highlighted in
Hellwig (1980). We refer to the limit of this process as the price-taking equilibrium.> We prove
that a unique price-taking equilibrium exists, even in the absence of external noise in prices.
Despite the generality of our primitives, our end-product is tractable, with all equilibrium

objects in closed form.?

2 An alternative resolution, pursued by Kovalenkov and Vives (2014), is to start from the finite-agent Bayesian
Nash equilibrium—where agents fully internalize both dimensions of their price impact—and take the large
economy limit. We adopt this approach in Appendices G and H, where we derive the limiting BNE and confirm
that our main results are not artifacts of the price-taking assumption.

3In Avdis, Glebkin, and Peress (2025), we contrast the price-taking equilibrium with the competitive Rational
Expectations Equilibrium (REE), where traders ignore their impact on price levels but not informational content,
and the Bayesian Nash Equilibrium (BNE), where they account for both. These equilibria differ under our
information structure. Here, we focus on wealth inequality and market quality, using the price-taking equilibrium
as a natural competitive benchmark that abstracts from market power. Our ongoing work explores market



Turning to our question of how wealth inequality affects market quality, we use our model to
study the effect of reducing inequality, changing the population of traders a la “Robin Hood”.
More specifically, a Robin-Hood variation changes the distribution of wealth across traders,
making the rich less rich and the poor less poor, without necessarily affecting aggregate wealth
(for institutional investors, the changes are over fund size). Focusing on decreasing-absolute-
risk-aversion (DARA) preferences, a plausibly realistic assumption, we show that reducing

inequality makes prices more informative. Widening inequality has the opposite effect.

To see why narrowing inequality improves information efficiency, it helps to first develop a
baseline for our intuition. We begin by pointing out that prices reveal the weighted average of
all private signals, with weights proportional to agents’ trading intensities.* We then ask the
following: is there an “informationally ideal” signal-weighting scheme, however hypothetical,
such that the corresponding price reveals maximum information? If so, we intuitively expect
that signals of better quality get larger weights. As we show, a weighting scheme confirming

this intuition does exist, weighing signals in proportion to their precision alone.

In contrast, the equilibrium weighting scheme is more involved. Accounting for wealth
effects, the equilibrium scheme scales signals by risk tolerance on top of precision, placing more
weight on the signals of more risk-tolerant traders. As risk tolerance increases in wealth under
DARA, the signals of richer traders receive excessive weight, implying that the information
content of prices is distorted due to wealth inequality. By transferring wealth from the rich
to the poor, a Robin-Hood variation corrects this distortion, moving the equilibrium weighting

scheme towards the ideal, making prices more informative.

The mechanism outlined above is empirically relevant at different economic timescales. For
long timescales, our result can help interpret the long-term trend towards higher institutional-
ization, widening wealth inequality, and growing concentration of the asset management indus-

try.® At shorter timescales, our model provides novel insights into recent evidence connecting

power by analyzing the limiting BNE. For completeness, key results from Avdis et al. (2025) are summarized
in Appendix G for the CARA-normal case. In Appendix H, we extend the analysis to general preferences and
payoff structures.

4As we discuss below, the trading intensity of an agent is defined as the sensitivity of his demand to changes
in private information.

5The empirical literature offers recent evidence on these trends. See Ben-David, Franzoni, Moussawi, and
Sedunov (2021) on the increasing concentration of the asset-management industry and institutionalization, and



changes in fund size distribution to variations in informational efficiency, as shown by Xiong,

Yang, and Zheng (2024).°

We have, so far, assumed that our agents are endowed with signals and precisions. Given
that, as Grossman and Stiglitz (1980) point out, our understanding of price efficiency rests
critically on what we assume about the cost of information, one may wonder if our argument
continues to hold if information is costly and endogenous. In fact, since people with different
wealth may acquire different amounts of information, wealth variations turn on a new channel

by changing signal precisions, one that requires more finessed comparative statics.

We isolate this new channel by studying what happens if we change precisions without
changing wealth. A Robin Hood variation on precision—decreasing the precision of larger
(as in “richer”) agents and increasing that of smaller (as in “poorer”) ones—again improves
information efficiency. When we reduce the precision of larger agents, they end up trading
less aggressively, their signals receive smaller weights, thereby pushing the price towards the
informational ideal. The opposite happens on the other end of the population, but with the

same end effect.

This result has a surprising corollary: prices can become less informative even if everyone
receives weakly more information. More concretely, increasing the precision of sufficiently large
traders without changing that of others exacerbates the distortion discussed above, because it
pushes the signal-weighting scheme further away from the informational ideal. Coming off as an
information-aggregation paradox, this property is, in fact, a hallmark of imperfect aggregation
with heterogeneous wealth effects. In short, more can be less, because more badly-aggregated

information is less information.

Returning to whether wealth effects change if information is endogenous, we revisit our
comparative statics in an extension where traders acquire information in the spirit of Verrecchia
(1982), with information costs convex in precision (see Appendix D). We show that large traders
acquire more information than smaller ones. This is an intuitive result: due to trading more

aggressively than others, large traders have stronger incentives to acquire more information

Saez and Zucman (2016) on widening wealth inequality.
SThese shifts in fund size distribution may result, for example, from fund flows moving from smaller to larger
funds or from mergers between funds.



because they make more use of it. Consequently, the overall response to a Robin Hood variation
in wealth combines two effects. One coming from wealth changes alone, improving efficiency
directly; and another, coming from how precision changes in response to how wealth changes,

improving efficiency indirectly by amplifying the direct effect.

A central mechanism in our analysis concerns how idiosyncratic shocks—arising from noise
in traders’ private signals—are aggregated into prices, and how this aggregation depends on
wealth inequality. Earlier studies on the link between wealth and information efficiency adopt
the standard large-economy framework introduced by Hellwig (1980), in which noise from in-
dividual signals washes out in the aggregate.” As a result, these models do not capture the
effects we highlight. Their predictions also contrast with ours. Under Hellwig’s information
structure, redistributing wealth from rich to poor reduces the trading intensity of wealthy in-
vestors more than it increases that of poorer ones, ultimately lowering information efficiency.®
Recent empirical evidence from Xiong et al. (2024) supports our predictions rather than those

of prior models.

Turning to other aspects of market quality, we ask how wealth inequality affects liquidity.
We show that narrowing wealth inequality induces two conflicting effects on the willingness of
agents to provide liquidity, both of which are knock-on effects of prices becoming more efficient
as discussed above. On the one hand, as efficiency improves, each trader puts more weight
on commonly-observed price information, aligning his expectations closer to those of others.
This effect decreases the agents’ willingness to trade, reducing liquidity. On the other hand, as
efficiency improves, prices deviate less from fundamentals and are thus de facto less volatile,
reducing the risk that traders must absorb when they trade. This effect increases liquidity.
As both effects are active in our model, wealth inequality affects liquidity non-monotonically.

Nevertheless, we can separate out the risk component if we scale liquidity by return volatility,

"In addition to Peress (2004), see Makarov and Schornick (2010), Kurlat and Veldkamp (2015) and Mihet
(2022).

8Because signal noise cancels out in these models, they require the introduction of exogenous noise to prevent
prices from becoming fully revealing. Consequently, information efficiency depends on the relative trading
intensity of informed traders—which decreases after wealth redistribution—versus that of noise traders, which
remains unchanged. Incorporating noise traders into our model would capture this additional effect, but it would
not alter our main results, as the mechanism we highlight in the baseline model would remain the dominant force
(see Appendix F for a detailed analysis incorporating noise). We exclude noise in the main model for parsimony,
focusing on the novel mechanism in its simplest form while ensuring consistency with empirical findings.



obtaining a globally monotone comparative static: as wealth inequality decreases, so does risk-

adjusted liquidity.

Our framework has tractability rarely seen beyond the case with homogeneous agents and
CARA preferences.” What enables it in our case is the way we model information. In contrast
to the traditional methodology for large markets (Hellwig, 1980; Admati, 1985, and consequent
literature), we do not assume that traders have signals of finite precision, because that would
imply that as the number of traders becomes large, so does the total amount of information.'”
What is more, with signals of finite precision, traders would make finite speculative trades,

with the unfortunate consequence that aggregate demand would explode for large numbers of

traders.

We instead use an assumption similar to that in Section 9 of Kyle (1989), whereby a finite
amount of information is distributed among all traders. By definition, then, the total amount
of information remains finite regardless of the number of traders. Moreover, as individual de-
mands are based on signals with precision inversely related to the size of the economy, aggregate
demand is finite, even for infinitely many traders. As we show, we can formally treat infor-
mation structures with the aforementioned properties as diffusion processes running through a
heterogeneous continuum, giving us structures we call continuous-and-heterogeneous informa-
tion (CHI). Recognizing that our model also requires a large economy (LE), we adopt the name

CHILE for the class of models described in this paper.

Working with CHILE yields several advantages. First, it unlocks the full arsenal of stochastic
calculus, improving tractability similarly to when one switches from discrete-time to continuous-
time formulations. Second, the noise in traders’ signals aggregates into an Ito integral—a

finite, non-zero random variable—rather than vanishing via the Law of Large Numbers, as in

9Within asymmetric-information asset pricing, papers that go beyond the CARA-Normal framework (im-
posing, however, other assumptions for tractability) include Peress (2004), Peress (2014), Breon-Drish (2015),
Malamud (2015) and Chabakauri, Yuan, and Zachariadis (2022). Allowing for non-Normal distributions, Breon-
Drish (2015) and Chabakauri et al. (2022) require CARA, and thus do not incorporate wealth effects. Malamud
(2015) requires complete markets. Peress (2004) and Peress (2014) achieve tractability by requiring the risk of
assets to be small. See Section 9 for details.

10Ag the total amount of information is the precision of the sufficient statistic of private signals, it equals
the sum of signal precisions held by all traders. Thus, in economies where the precision of each signal is finite
(as in “neither infinite nor infinitesimal,” i.e., neither infinitely large nor infinitely small), the total amount of
information becomes infinite with an infinite number of traders.



standard large-economy models. This type of aggregation yields prices that are noisy, ensuring
that our price-taking equilibrium is well-defined even without external noise. Third, unlike
with a discrete economy, working with a continuous economy implies that our main primitives
are functions. Consequently, we can carry out comparative statics through the calculus of
variations, opening up questions that are otherwise hard to address. Finally, we note that the
traditional approach to modeling large economies, which relies on aggregation via the Law of
Large Numbers, falls short in fully capturing the effects of heterogeneity. As demonstrated
in Appendix E, in such economies, it is possible to derive an aggregation result whereby an
economy with investors differing in wealth, precision, and preferences appears observationally

equivalent to one with homogeneous investors.!!

2 Discrete economies

We introduce a sequence of economies indexed by the number of agents n, or equivalently by
i = 1/n, the mass of each agent. All equilibrium objects—demands, posterior beliefs, and
prices—depend on g, which identifies the economy within the sequence. Our primary interest
is the continuous economy obtained in the limit p — 0 (n — o0), which we characterize in

Section 3.

We now describe a generic economy in this sequence; that is, we fix u (and hence n = 1/p).
The economy is defined on a fixed probability space (2, F,P), with trading at ¢ = 1 and
consumption at t = 2.!2 There are two assets, one risky and one risk-free. As we use the
risk-free asset as a numeraire, we normalize its gross return to 1. The risky asset pays off V' (v)
in the second period, where v ~ N (0,7, ') is the fundamental, and V (v), a weakly increasing

function of v, is the payoff function.'3

The risky asset trades at price P, determined in the first period. Allowing for both price-

1 Consequently, in economies with Law of Large Numbers aggregation, Robin Hood variations in wealth that
leave aggregate trading intensity unchanged have no effect on market quality, unlike in CHILE.

12In Appendix D, we study information acquisition, for which we add a period at ¢ = 0.

13The normalization E[v] = 0 is made without loss of generality, as any mean can be incorporated into the
general form of V(+).



inelastic and price-elastic supply components, we write the total supply of the risky asset as

where 6 is a constant and §(P) is a continuous function.

The economy is populated by n agents. Agent i, ¢ = 1,...,n, is associated with point
a; = (i — 1)p on the unit interval [0, 1); informally, agent i lives on the interval [a;, a; + p). The
population of traders is characterized by three profiles: initial wealth Wy(a), preferences over
terminal wealth u(W, a), and signal precisions ¢(a) (signals are characterized below). Agent i’s
primitives are Wy(a;), u(W, a;), and t(a;); thus, discrete primitives are obtained by “sampling”

the profiles at the leftmost points of agent subintervals.

The signal of agent i, who lives in segment [a;, a; + 1), is

1
As; =v- Aa; + ——=AB(q;). (1)
t(a;)
Here, B(a) is a standard Brownian motion on [0, 1), independent of v, Aa; = a;4+1 —a; = p, and
AB(a;) = B(a; + ) — B(a;) ~ N(0, p). The scaled signal As;/u has a standard “fundamental

plus noise” structure with precision t(a;)u.'* We refer to t(a) as the precision of agent a.

Agent i’s optimal demand in the economy with size parameter u, given a signal realization

s, solves

x*(s, P,a;, u) = arg maX/Ru(Wo(ai) +xz(V(v)—P) ,ai) f(v]s, P,u)dv, (2)

T

where f(v | s, P, u) denotes the posterior density of v given the signal realization As; = s and
the price P. The explicit dependence on p reflects the fact that beliefs—and hence demands—

vary across economies in the sequence.

1Dividing both sides of (1) by u gives As;/p = v + AB(a;)/(u+/t(a;)). Since AB(a;) ~ N (0, i), the noise
term has variance u/(u?t(a;)) = 1/(t(a;)p), i.e., precision t(a;)p.



2.1 Price taking and optimal demands

Our goal is to study a price-taking equilibrium—a natural benchmark that abstracts from
market power. In such an equilibrium, traders take the price as given, disregarding their

influence on both the price level and the informational content of prices.

These two dimensions of price taking have distinct implications for the optimization prob-
lem (2). Disregarding one’s influence on the price level means that the agent treats the densities
in (2) as unaffected by his choice of x—the standard price-taking assumption in competitive
markets. Disregarding one’s influence on the informational content of the price means that the
agent assumes that, conditional on v, the price and his signal are independent—that is, he does

not perceive his own noise reflected in the price, a concern originally raised by Hellwig (1980).1°

Under the conditional independence assumption, the posterior density factors as

F(w L Py ox exp (tan) (50— 50°) ) gl Pog) (3)

g density of (v,P)

~
o density of As;|v

where g(v, P, ) is the joint density of v and P as conjectured by the agent, which we call the
price belief. In equilibrium, the price belief is required to be consistent with the actual joint

distribution of v and P in the limiting economy (@ — 0).

Substituting (3) into (2) and dropping terms unaffected by the maximization over x, the

optimal demand solves

x*(s, P,a;, u) = arg max/ u<W0(ai) +xz(V(v)—P) ,ai> exp (t(ai) (sv — gv2>) g(v, P, ) dv.
- (@)

To summarize, our agents are heterogeneous along three dimensions: initial wealth Wy(a),
preferences u(W, a), and precisions t(a). The profiles Wy(a), u) (Wy(a),a),l = 0,1,2,3, and
t(a) are arbitrary functions of a, continuous on [0,1). We assume that u(W,a) is increasing,

strictly concave, and thrice continuously differentiable in W on an open neighborhood of Wy(a).

15The price and the signal cannot be independent unconditionally, as they both reflect the fundamental v.
Conditioning on v isolates the noise in each, and independence amounts to saying that the agent’s idiosyncratic
noise is unrelated to the noise in the price.



In addition, we assume that the technical conditions introduced and discussed in Section C.1

hold.

Remark 1. Our agents can be interpreted either as individual traders or as fund managers. In
the latter case, W (a) represents the value of the assets managed by fund a, with a portion
of W(a) serving as the fund manager’s compensation. To lighten notation, we absorb all

proportionality coefficients into the parameter a of the utility profile.

Remark 2 (Price-taking assumption). In a large economy, each trader’s influence on the price
is vanishingly small, so one might expect price-taking behavior to be innocuous. We show
that this is not the case: by disregarding their price impact, traders make errors that, while
individually small, aggregate to a non-trivial effect. As a result, the price-taking equilibrium
differs from both the competitive Rational Expectations Equilibrium (REE) and the Bayesian
Nash Equilibrium (BNE); see Appendices G and H. On the other hand, it is precisely these
“errors”—concerning traders’ influence on the informational content of the price—that sustain
a well-defined equilibrium without exogenous noise under price-taking (see Remark 5). Impor-
tantly, our key results are not artifacts of the equilibrium concept: they obtain under both

competitive REE and BNE.

3 CHILE

We now pass to the limit 4 — 0 (n — oo). In this limit, the population of agents becomes a
continuum indexed by a € [0,1)—a large economy (LE). The discrete signal (1) converges to

the continuous stochastic process

ds(a) =vda+ ;dB(a). (5)

Vi@

We call the increment ds(a) the signal of agent a. Because signals vary across agents, the limit-
ing information structure features continuous-and-heterogeneous information (CHI). Combined

with the large economy, this defines the class of models we call CHILE.

To represent the CHI structure formally, we define the information available to agents in

10



segment [b,c) as the o-algebra Fy,. = 0({s(z) — s(b) }p<z<c), and assume that F, . is precisely
the information set obtained by combining the information of all agents within [b,¢). The

information available in the entire economy is Fy 1, denoted hereafter by F;.

There are two equilibrium objects of primary interest, from which all others are derived:
a cumulative demand function, X,(a, P), and a market-clearing price function, P,. We de-
note their out-of-equilibrium counterparts by dropping the asterisk. We discuss the former in

Section 3.1 and the latter in Section 3.2; the equilibrium concept is introduced in Section 3.3.

3.1 Cumulative demand

We define cumulative demand in the continuous economy as the limit of its discrete counter-
part. In the economy with size parameter u, the optimal cumulative demand up to agent a
18 D iia.ca T (Asy, Praj, i), where z* solves (4). The optimal cumulative demand in CHILE is
then

X.(a, P) = plim Z " (As;, P ag, ). (6)
p—0 ira;<a

We first establish when this limit exists.

Lemma 1 (Efficiency condition). The limit in (6) exists if, and only if
/(V(v) — P)g(v, P,0)dv = 0. (7)
R

3.1.1 Efficiency condition

The condition (7) can be rewritten as
E[V(v) - P[P] =0, (8)

where the expectation is taken under the conditional distribution of v | P implied by the limiting
price belief, i.e., the density proportional to g(v, P,0). Therefore, the optimal cumulative
demand is well-defined only if the market is weak-form efficient in the sense of (8). The intuition

is that a large market with finite asset supply cannot accommodate non-infinitesimal trades

11



from infinitely many agents: if, for example, E[V (v)|P] > P, every agent would buy a finite
amount, and the cumulative demand would explode. Consequently, price functions that violate
(8) are not viable candidates for equilibrium.'® Hereafter, we restrict attention to price beliefs

g(v, P, i) for which the efficiency condition holds in the limit.

3.1.2 It representation

A key source of tractability in CHILE is that cumulative demands admit the following repre-

sentation.

Lemma 2 (Representation lemma). There ezist deterministic functions 5(a, P) : [0,1) xR — R

and §(a, P) : [0,1) x R — R such that
X.(a, P) = /aﬂ(b, P)ds(b) + /a d(b, P)db, (9)

Two properties of (9) merit emphasis. First, camulative demand is an It6 integral, mirroring
the structure of the cumulative signal (5). The noise in individual demands does not wash out
in aggregation; instead, it accumulates into a finite random variable. Second, the demand of
each agent is linear in his signal: the increment dX (a, P) = (a, P) ds(a) + d(a, P) da depends
on ds(a) only through the linear term ((a, P)ds(a). This linearity, which makes learning
from prices and market clearing tractable, holds for general preferences and payoff functions.
Prior literature obtains linearity in signals only under specific preference—payoff combinations,
typically CARA-Normal.!” See Section B.2 for an intuitive discussion of why this property

emerges in our framework.

161 the noisy supply grows proportionally to the number of agents, as in Hellwig (1980), supply and demand
grow at the same rate, so their ratio remains finite and an equilibrium that is not weak-form efficient can be
sustained.

"The class of equilibria with linear demand functions has been enlarged by extending Normal payoffs to the
exponential family. See Breon-Drish (2015) for the single-asset case and Chabakauri et al. (2022) for the case
of many assets.

12



3.2 Market clearing and price inference

Turning to market clearing, we require that the equilibrium price P, be Fj-measurable, as the
price cannot reflect more information than what is available in the entire economy. Given (9),

when agents observe the price realization P, = P, they infer a sufficient statistic:

fo B(a, P)ds(a)
Jo Bla, P)da -

Sp =

This statistic is derived from the market-clearing condition as follows:

/OdX(aP /ﬁans /5aP —o(P) =

5y = f_fzpda @ ). (10a)

Moreover, s, can be written as

_ [ _ ' dB(a)
sp/o w(a, P)ds(a) v—i—/o w(a, P) o) (10b)
where
w(a, P) = —1B<G’P>
Jy B(a, P)da

That is, the price reveals a weighted-average signal, formed by weighting the signal of each

agent a by w(a, P), which is proportional to a’s trading intensity, 3(a, P).*®

We impose the following restriction on A(P) in equilibrium.

Assumption 1. The function h(P) defined in (10a) is strictly monotone.

We maintain Assumption 1 hereafter. Under this assumption, the equilibrium price P,
and the sufficient statistic s, are informationally equivalent. The sufficient statistic s, in (10b)
has the familiar “truth plus noise” form, and both components—the truth, v, and the noise,

represented by the It6 integral in (10b)—are normally distributed. Standard Bayesian updating

18Thus, our economy features generalized linear equilibria, as in Breon-Drish (2015), Glebkin, Gondhi, and
Kuong (2021), and others.

13



with normal random variables then yields the following characterization.'®

Lemma 3 (Price Inference). The conditional distribution of v given P, = P is

The sufficient statistic s, can be computed as s, = h(P), with h(P) as in (10a). Here 7 =

Var[v|P]™! = 7, + 7, and 7, is the precision of s,, given as

7, = Var[v|s,] ' — Var[v] ' = (/01 w(ta(’—&];)Qda) h : (11)

Remark 3. Our model does not require noise traders. Traditional large economies require noise
traders to prevent prices from being fully revealing: the noise in private signals washes out
in aggregation due to the exact Law of Large Numbers, so without noise traders the price
would be fully informative. In our economy, however, the aggregate signal does not reveal
the fundamental, despite aggregating a large number of private signals. As in Avdis (2018),
the aggregate noise entering prices takes the form of an It6 integral—a random variable with

positive and finite variance.?’
3.3 Notion of price-taking equilibrium

We now formalize the equilibrium concept for our economy.

Definition 1. A price-taking equilibrium is a cumulative demand function X,(a, P) and

an JFi-measurable price function P, such that

(i) P, clears the market, i.e. X.(1,P,) = O(P,), and

(ii) X.(a, P) is optimal given P, = P.

19Gee Section B.3 for a heuristic derivation and an intuitive discussion of Lemma, 3.

200ur price noise also ensures there is trade in our large economy in a way that, unlike Avdis (2018), is
consistent with the notion of perfect competition in Hellwig (1980). See Remark 5 and our literature review for
details.

14



Definition 1 combines market clearing with demand optimality, following standard conven-
tions. The optimality condition in (ii) requires that the limiting price belief g(v, P,0) coincide

with the density of the joint distribution of v and P,.

Remark 4 (Aggregates vs. averages in large economies). For any quantity Y defined at the
agent level, one can consider both the aggregate, > . | Yi, and the average, %2?215/;- In
a finite economy, both are well-defined and generically nonzero. In a large-economy limit,
however, the two cannot both be finite and nonzero: if the average has a finite, nonzero limit
as n — oo, the aggregate diverges; conversely, if the aggregate has a finite, nonzero limit, the
average vanishes. Any large-economy model will therefore fail to match real-world behavior for
at least one of these two versions of each quantity. This is not a deficiency of the modeling

approach—it simply determines which version is the appropriate one to compare with data.

To see this concretely, consider the comparison between CHILE and the economies in Hellwig

(1980) and Admati (1985) (hereinafter, “traditional large economies”):

CHILE Traditional

Average Aggregate Average Aggregate

Wealth finite 00 finite 00
Trade 0 finite finite 00
Risk premium 0 finite finite o0

In both frameworks, individual wealth does not scale with the number of agents, so average
wealth is finite and nonzero while aggregate wealth diverges. The two approaches differ in trade
and the risk premium. In traditional large economies, each agent’s trade and the risk premium
E[V | P]— P are finite and nonzero, so the corresponding economy-wide totals—aggregate trade
>, @ and aggregate risk compensation n (E[V | P]— P)—diverge.?! In CHILE, individual trade
and the per-agent risk premium vanish in the limit, reflecting the fact that each agent’s risk
exposure is infinitesimal. In contrast, the aggregate trade and the aggregate risk premium
are finite and are the economically meaningful objects in our framework, as we discuss below.

Appendix J provides a self-contained illustration of this phenomenon in the simplest possible

21See Hellwig (1980), Section 5, eq. (B.2).
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setting: a standard competitive economy with identical uninformed agents.

4 Price-taking equilibrium in CHILE

We present the main theorem of the paper. Section B provides a heuristic derivation of its key

statements, while a rigorous proof is given in the Appendix.

Theorem 1. There exists a unique equilibrium. The equilibrium price function has the repre-

sentation P, = P(s,), where

sp:/olw( —v—i—/ \/_ (12)

is the equilibrium sufficient statistic and w(a) is a weighting function given by

w(a) = ;(—Z)) (/01 %db) o (13)

The function P(x) is given by

P(x):/V(Terﬁ)d(b() (14)

Here ®(z) denotes the standard normal cumulative distribution function (cdf). Consequently,
the price function is completely determined by V() and two other quantities, the precision of
Sp, gien by

(s teta)

P fl ta) g

0 p(a)?

(15)

and the posterior precision of v, given by T = Var(v|P)™' = 1, + 7.

The equilibrium cumulative demand function has the representation dX (a) = (a, P)ds(a)+

d(a, P)da, where
t(a) T E[V'(v)]s)]

Pla, P) = p(a) Var[V(v)|s,] ’ nd
o B@PP SVl ERVE) = PPl ()
oa, P) 2t(a) ( >Var[V(v)|sp] Bla, P) Var[V (v)|s,) * p(a)Var[V (v)|s,] (16)
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Here, p(a) denotes the absolute risk aversion and 7(a) denotes the absolute prudence coefficient,

defined as
pla) = =20 gy - Rl a7

The sufficient statistic s, is related to the price P as follows:
Sp = P_1<P)a

where P~1(+) is the inverse of the function P(-) defined in (14). The conditional moments of

V(v) and the function 1(P) are given in the closed form in Appendiz C.5.

The theorem above highlights the notable tractability of CHILE. All equilibrium objects are
available in closed form despite rich heterogeneity and the generality of preferences. We will
make use of this tractability in Section 7, where we examine the effects of changes in wealth

distribution on market quality. We now discuss the main features of our equilibrium.

Trading intensity 5(a, P). The trading intensity has an intuitive structure. First, (a, P)
is proportional to t(a)/p(a): More informed traders (those with higher #(a)) and more risk-
tolerant ones (those with higher 1/p(a)) trade more aggressively. Second, f(a, P) is inversely
proportional to Var(V (v)|P): Higher uncertainty makes all traders scale down their trading
intensities. Third, fB(a, P) is proportional to E[V’(v)|P]: Trading intensities are higher for

assets with payoffs that are more sensitive to changes in fundamentals.??

The key results of our paper operate through wealth effects. With non-CARA utility, the risk
tolerance 1/p(a) depends on the initial wealth Wy(a). In a plausible case of decreasing absolute
risk aversion, risk tolerance increases with wealth. In this scenario, Theorem 1 suggests that

wealthier investors trade more aggressively, and their signals receive greater weight in the price.

Price function. The price reflects the weighted average of traders’ signals ds(a). Moreover,
the weights are proportional to t(a)/p(a): the signals of more informed and more risk-tolerant

traders have greater weights. This is intuitive as such traders trade more aggressively.

22The last property is intuitive because higher E[V’(v)|P] implies that news about fundamentals is more
payoff-relevant: signals about fundamental v tell more about payoffs V(+).
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We also note that the closed-form expression (14) for the price function is a restatement
of the efficiency condition (31). Indeed, Lemma 3 implies that conditional distribution of v
given P is Normal with a mean of 7,/7 - s, and a variance of 1/7. Thus, a random variable z =
VT(v—"1,/7T-s,) has standard normal distribution. Therefore, one can write v = 7,/7-s,+2//T.
Substituting this into the efficiency condition yields E[V (v) | P] = E[V(7,/7 - sp + 2/V/T)] =
[ V(ry/7 - sp+ 2/\/T)d®(z). The same change of variable is used below to obtain closed-form

expressions for other conditional moments of V'(v).

The coefficients d(a, P). The first two terms in (16) indicate that our equilibrium is influ-
enced by the higher moments of the payoff (third central moment (“skewness”), Sk(V (v)|P)),
as well as by the higher derivatives of the utility function (prudence, 7(a)). This contrasts with
the approach of Peress (2004), where these effects do not play a role. Peress (2004) employs
a “small risk” approximation (assuming the variance of the fundamental is small), rendering
higher-order risk negligible in his model. In contrast, we use a “small information” approxima-

tion, where the risk faced by each trader remains substantial even in the limit.?3

The last term in (16) represents the demand of a trader with no private signal, referred
to as “uninformed demand” hereafter. To see this, note that if we set t(a) = 0, the term
»(P)/(p(a)Var[V (v)|P]) becomes the only non-zero component in the coefficients §(a, P) and

d(a, P). To better understand this term, let us first discuss the risk premium in our economy.

Risk premium. At first glance, the efficiency condition (31) appears to imply the absence
of a risk premium in our economy. However, a more accurate characterization is that the risk

premium in CHILE is infinitesimal rather than exactly zero:

E[V(v) — P| P| = ¢(P) da,

230ther papers that use a local second-order approximation to the utility function, such as Samuelson (1970),
Campbell and Viceira (2002), Farboodi, Singal, Veldkamp, and Venkateswaran (2022b), and Mihet (2022), also
do not account for higher-order effects. However, our results demonstrate that a second-order approximation
is not always sufficient. Under small information asymptotics employed here, a third-order approximation to
utility is necessary. Even under small-risk asymptotics, the second-order approximation may not be valid. For
example, in the setting of Peress (2004), it is valid when traders learn about the mean of the fundamental, but
it fails when they learn about the payoff itself (see Peress (2011)).
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where f
. 1 R(‘/(U)_P)Q(U?Pvlu’)dv
vip) = ;ltlgtl) L Sz 9(v, P, i) dv

That is, ¢(P) is the rate at which the conditional risk premium vanishes as the economy grows
large. This mirrors how individual demands in our model are infinitesimal rather than strictly

Zero.

The expression above indicates that the risk premium in a discrete economy with trader
mass p = da is given by ¢(P) da. The quantity ¢ (P) can be interpreted as the aggregate risk
premium in the economy—that is, the total dollar excess return earned when all traders invest
one dollar each in the risky asset. This contrasts with the traditional notion of a risk premium,

which refers to the excess return earned by a single trader investing one dollar.

In CHILE, the risk premium is infinitesimal because a finite amount of aggregate risk is
distributed across an infinite number of traders. While each trader earns an infinitesimal

premium, these accumulate to a finite aggregate risk premium.

With this understanding, the demand of an uninformed trader (i.e., one with ¢(a) = 0) takes

the form:
.o WP EV@)-P|P)
X = VeV [ 71 = pla)VarlV(o) | P

This expression coincides with the standard mean-variance demand function.

Remark 5 (Well-defined equilibrium without noise). Our equilibrium exists and features trade
despite lacking external noise—a property that may seem surprising given well-known results
(Milgrom and Stokey, 1982; Tirole, 1982). By conjecturing that the noise in their signals is
independent of that in the price, our agents treat their signals as incrementally informative rel-
ative to the price, in contrast to Grossman (1976)’s agents who treat their signals as dominated
by the price. As a result, our agents employ their signals to formulate their demands, and
trade ensues. It is this belief structure—the conditional independence conjecture—rather than
the continuous heterogeneous information technology per se that sustains trade and prevents
full revelation. Indeed, Appendices G and H show that under the REE and BNE equilibrium
concepts, where agents correctly account for the informational content of prices, trade breaks

down without exogenous noise.
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Nevertheless, we stress that our agents make the right price conjectures in the large limit.
Although it may thus appear that trade would disappear in the limit, within the logic of our
model the no-trade intuition works differently. As the economy grows, the size of individual
demands shrinks to zero, but the number of agents grows, with cumulative demand counterbal-
ancing their shrinking size by summing up more demand functions. This balance is maintained
all the way to the large limit, guaranteeing that aggregate demand converges to a well-defined
and non-trivial quantity. Restated colloquially, and perhaps paradoxically, our model features a
no-trade theorem at the individual level—since each individual’s demand converges to zero—but

not at the aggregate level, as cumulative demands remain nonzero.

Remark 6 (Price-taking equilibrium vs competitive REE). As highlighted in Hellwig (1980),
another concern with traditional models of competition under asymmetric information lies
within their version of noiseless equilibrium: the information conveyed by prices is unaffected
by preferences (see also Grossman, 1976). As Hellwig points out, this is somewhat counter-
intuitive: “One would expect that the weight with which agent ¢ ’s information I; affects the
equilibrium price should depend on the strength of agent 7 ’s reaction to this information, which
in turn should depend on his preferences. Presumably, it should make a difference whether the
news of an increase in a firm’s profits is passed to somebody who is almost risk-neutral and
responds by buying a large number of shares or whether this piece of news is passed to a risk
averter who hardly responds at all.” As we discuss below, the informational content of prices
does depend on preferences in our equilibrium, and in a way that aligns with the intuition in

the quote.

5 Market quality

Our measure of information efficiency is based on how much prices reduce uncertainty about

the fundamental and is defined as

B Var(v\P).

1= Var(v)
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This measure is common in both theoretical (e.g., Rostek and Weretka, 2012) and empirical
work (e.g., Dessaint, Foucault, and Fresard, 2024; Dévila and Parlatore, 2023). In practice,
T corresponds to the R? of predicting fundamentals by prices, where the fundamental v is

typically proxied by earnings in empirical work.

Our measure of liquidity is based on how much supply shocks can move prices

o (ap(sp,e)

] -1
00 79:PVar(V|P)> ' (18)

The first term in (18) captures price sensitivity to unexpected price-inelastic supply shocks, a
standard measure of liquidity in the theoretical literature (e.g. Vayanos and Wang, 2013).%!
As our equilibrium is generally non-linear, this term depends on the realized price signal s,
a stochastic quantity with few (if any) empirical counterparts. As we show next, scaling by

Var(V|P) in (18) allows us to obtain the risk-adjusted liquidity measure that does not depend

on the aggregate signal, and we thus adopt it as our primary notion of liquidity.?

Proposition 1. The equilibrium expressions for information efficiency Z and liquidity £ are

-1

1 t(a) d 1 t(a) da
I={1+tm 01 P 2 ; = ‘01[;((2))2 '
( 0 %da) 0 pa) @0

As we see above, information efficiency and liquidity are in closed form. What is more,
they are parsimoniously characterized by just three primitives of the economy, two profiles and
one parameter: risk tolerances 1/p(a), precisions t(a), and prior uncertainty 1/7,. This enables

tractable comparative statics that we turn to next.

4By “unexpected” we mean that agents do not adjust their demand coefficients 5 and 6 in response to a
change in 6.

250ur liquidity measure is the inverse of price impact per unit of risk. Price impact is proportional to
variance, as shown in Kyle (1985) and Kyle (1989) for the single-asset case, and in Rostek and Weretka (2015)
and Malamud and Rostek (2017) for the multi-asset case. Without normality, the price impact is proportional
to risk-neutral variance, as demonstrated in Glebkin, Malamud, and Teguia (2023a). Therefore, scaling by
variance, as in (18), allows for better cross-sectional comparisons consistent with empirical practice.
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6 A CRRA-log-normal example

To build intuition for the general comparative statics that follow, we specialize the equilibrium
of Theorem 1 to a tractable parametric case. We assume (i) CRRA preferences with common
relative risk aversion 7, so that p(a) = n/Wy(a); (ii) common signal precision t(a) = t; and

(iii) log-normal payoffs V (v) = e".

Equilibrium in log prices. Under these assumptions, the price function (14) becomes log-
linear in the sufficient statistic:
1

-
InpP=-2 —
. Tsp+27'

The weighting function (13) reduces to w(a) = Wy(a)/W, where W = fol Wo(a)da is average

wealth: each trader’s weight in the price equals her wealth share.

The dollar trading intensity, P ((a, P)—the trading intensity converted from shares to

dollars—is price-independent:

t W()(CL)

Pﬁ(a,P):m,

(19)

so aggregate dollar demand is linear in the log price, with slope proportional to aggregate risk

tolerance W /n.

A convenient feature of the CRRA-log-normal case is that market quality can be expressed
in terms of a single, empirically observable statistic: the Herfindahl-Hirschman Index (HHI) of
the wealth distribution, which is widely used to measure AUM concentration (see, e.g., Xiong

et al., 2024).

Price informativeness and liquidity via the HHI. Define the Herfindahl-Hirschman
Index (HHI) of the wealth distribution as

1 2 T3
HHI = / Wola) Y g, = 72
s W e
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where W2 = fol Wo(a)? da. By Jensen’s inequality HHI > 1, with equality if and only if all
agents have the same wealth. Substituting p(a) = 1n/Wy(a) and t(a) = t into the expressions in

Proposition 1:

t w
= — = — HHI. 2
S FT (20)
Information efficiency becomes
t
e 21
t + 7, HHI (21)

Equations (20)—(21) deliver a sharp message. Greater wealth concentration (higher HHI)
reduces price informativeness and information efficiency, because it tilts the price weights toward
a smaller effective number of signals. At the same time, greater concentration increases liquidity,
because a few wealthy, risk-tolerant traders absorb supply shocks more aggressively. Note
that for a fixed wealth distribution, a higher average wealth W raises liquidity but leaves

informativeness unchanged.

In the next two sections we show that these findings—the opposing effects of inequality on

informativeness and liquidity—hold under much more general conditions.

The aggregate risk premium (P) also depends on HHI through the posterior precision
T = 7, + t/HHI. Because the dependence of 1) on HHI is mediated by nonlinear conditional
moments of the log-normal payoff, the comparative statics of ¥ are richer than those of Z and

L; we explore this in Appendix I.

7 Comparative statics

We now explore how market quality is affected by inequality, starting with inequality in wealth,
followed by inequality in precision. In more concrete terms, we consider an equilibrium object
O—our placeholder notation for either information efficiency Z or liquidity £L—and we change
the primitives Wy(a) and ¢(a) around those associated with the original equilibrium. That is,
the task at hand for this section is to carry out comparative statics with respect to functions.

The right tool for this job is the Gateaux derivative.

Definition 2. The Gateaux derivative an equilibrium object O with respect to a parameter

23



h(a) in the direction h™(a) is

O’ (h(a)) [h(a)] = lim O (h(a) + ch®(a)) — O (h(a)).

e—0 g

To facilitate exposition, we use the following conventions and types of notation in our
definition above. The parameter (namely, a function) with respect to which we differentiate
appears inside round brackets, while the direction (another function) along which we perturb
the parameter appears inside square brackets. Our notation also distinguishes the parameter

from the direction by indicating the direction with a A superscript.

Of particular interest are directions that correspond to reduced inequality. To this end, we
refer to a variation of model parameters that makes poor agents better off (either richer or more
informed) and rich agents worse off (either poorer or less informed) as a Robin Hood variation.
We then index our agents in the same order as their wealth, implying that Wy(a) increases in
a, an assumption maintained hereafter without loss of generality. The poor and rich are defined

with respect to thresholds a and a, with the poor lying below a and the rich above a.

Definition 3. A Robin-Hood variation of parameter h(a) is a direction h*(a), bounded

over a € [0,1), and two associated thresholds a < a such that

(i) h*(a) >0 for a < a,
(i) h®(a) <0 for a > a,
(iii) h®(a) =0 for a € [a,a], and

(iv) h®(a) is not zero for some set of indices a with positive Lebesque measure.

Returning to our questions on wealth inequality, we can arrive at answers by considering
how Robin-Hood variations in wealth affect market quality. As, however, wealth effects may
also enter through information acquisition, we must do so with care, isolating different possible

effects. We thus first take Robin-Hood variations with respect to wealth keeping precisions

260nce we fix a direction, computing a Gateaux derivative can be done with standard calculus. One differen-
tiates O (h(a) + eh®(a)) with respect to the scalar e, evaluating the result at & = 0.
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fixed, then with respect to precisions keeping wealth fixed, then allowing for both effects by

letting precisions depend on wealth.

As we see below, this sequence of comparative statics not only uncovers useful intuition but
also reveals some surprising results. Before we proceed, however, we establish an important

benchmark for the discussion of later subsections.

7.1 Ideal information aggregation in CHILE

We begin by pointing out that prices reveal the weighted average of all private signals—see
equation (12). Revisiting how information is aggregated in our economy, we ask: is there an
“informationally ideal” version of the weighting function w(a), in the sense that the correspond-

ing price would reveal maximum information to the agents?

We answer this question for a hypothetical weighting function w’’(a), using it to define the

notion of an aggregate signal as

s [w(a)] = /0 wH (b)ds(b), w(a) >0, /0 w(a)da = 1.

Writing s, = s[w(a)] then shows that the equilibrium-price weights w(a) are but one possibility

for w (a), with the more general w” (a) yielding an aggregate signal with precision
Var (vl s [wH(a)D_l — Var(v) ™.

The informationally-ideal weighting function maximizes this precision, and is characterized in

the following result.

Lemma 4 (Ideal information aggregation). No aggregate signal can exceed the cumulative pre-

cision of the entire economy, that is,
Var(v|s [w"(a)]) " — Var(v)™ §/ t(a)da (22)
0
for any weighting function w(a). The weighting function that mazimizes signal precision
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satisfies (22) as an equality, and is given by

wl(a) = 1—) (23)

As we can see in (23), if we were to design an aggregate signal with maximizing informa-
tiveness as our only goal, we should be weighing each signal in proportion to its precision.
Comparing (23) with (13) now highlights the key to understanding information inefficiency:
the informationally-ideal weights are proportional to precisions, w! o t(a), whereas the price
weights w are distorted by risk tolerances, w o t(a)/p(a). With DARA, it is the wealthier
agents that can tolerate more risk. Consequently, DARA preferences yield equilibria where

prices overweigh the signals of the rich, underweighing those of the poor.

7.2 Wealth inequality

Using the result above as an illuminating benchmark, we examine the effects of transferring
wealth from the rich to the poor on market quality holding precisions fixed. To proceed, we

need the following technical conditions.

Assumption 2. The following hold for the profiles of wealth, Wy(a), absolute risk tolerances,
1/p(a), and relative risk aversions, p(a)/Wy(a).

1. The cross-sectional cdf of wealth is continuous, strictly increasing, and has support [0, 00);

2. The cross-sectional cdf of absolute risk tolerances 1/p(a) is continuous and strictly in-

creasing;

8. There exists constants n and 7] such that 0 < n < p(a) Wy(a) < 7 < 00.*"

We also assume t(a) > 0, which means that in our comparative statics exercises, we only
consider wealth transfers among informed traders. Changing wealth of uninformed (i.e., those

with t(a) = 0) has no effect on market quality as is clear from Proposition 1. As in earlier parts

2TThe cross-sectional cdf of wealth (resp., absolute risk tolerances) is defined as Fyy, (z) = A(a : Woy(a) < x)
(resp., F1,(x) = Ala: 1/p(a) < x). Here A(-) denotes the Lebesgue measure.
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of the paper, we maintain the above assumption, from its statement onwards. We next state

the main result of this section.

Proposition 2. Suppose that agent preferences are DARA. Then, there exist thresholds 0 <

alV < a¥ <1, such that for any Robin Hood variation W& (a) with a < ¥V < a¥ < a we have

T'(Wo(a)) W5 (a)] > 0 and Z'(Wy(a))[- W (a)] < 0; (24)
L' (Wo(a)[Wg*(a)] < 0 and L'(Wy(a))[~W; (a)] > 0. (25)

Reducing inequality by transferring wealth from the sufficiently rich to the sufficiently poor
leads to higher informational efficiency. The intuition behind this is rooted in the distortion
highlighted in the previous section: the price overweights the signals of the rich and under-
weights the signals of the poor. By redistributing wealth from the wealthy to the poor, this

distortion is corrected, thereby improving informational efficiency.

We now turn to the liquidity result (25). There are two channels at play. First, a reduction
in inequality is associated with increased information efficiency. When prices are more infor-
mative, traders become less willing to provide liquidity—for instance, by selling when prices
increase—since higher prices are more likely to reflect stronger fundamentals. Second, there is
the uncertainty reduction channel: higher information efficiency leads to less uncertainty about
fundamentals, potentially decreasing Var[V'(v)|P] and making traders more willing to provide
liquidity. By examining the risk-adjusted measure £, we isolate the first effect. As a result, a

reduction in inequality negatively impacts L.

Beyond providing comparative statics, our results connect with several sets of empirical
observations. First, regarding secular trends, it is known that while stocks have become more
liquid since the beginning of the 20th century (e.g., Chordia, Roll, and Subrahmanyam, 2001),
the informativeness of the average US stock has deteriorated (Farboodi, Matray, Veldkamp,
and Venkateswaran, 2022a). This is puzzling given the improved data availability in modern

markets.?® Our model can explain both trends by appealing to the growing wealth inequality

28There is also evidence that the trend in price informativeness is not uniform: Bai, Philippon, and Savov
(2016) find that the informativeness of S&P 500 firms has increased over time, while Farboodi et al. (2022a)
show that the negative average trend is driven by small firms.
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among individual investors (Saez and Zucman, 2016), or to the unequal distribution of assets

under management for institutional investors (Ben-David et al., 2021).

Second, our results are consistent with recent empirical findings by Xiong et al. (2024),
who document a negative relationship between wealth inequality—measured by the Herfindahl-
Hirschman Index (HHI) of fund assets under management (AUM) or the ownership share of the
top five investors—and information efficiency, as defined in Bai et al. (2016).2° This relationship
holds both at the market level and for individual stocks. Notably, what matters in their
analysis is the concentration among active (i.e., informed) investors—consistent with our model,
where uninformed demand can be absorbed into the supply function ©(P) and plays no role in
determining price informativeness. Importantly, our mechanism does not rely on market power,

which plays a central role in the theoretical framework proposed by Xiong et al. (2024).%°

Third, our model speaks to the recent rise in retail investor participation. If the smallest
market participants are interpreted as retail investors, their private signals are systematically
underweighted in equilibrium—a consequence of wealth effects under DARA preferences. In-
creasing retail participation generates two predictions: price informativeness should increase,
while liquidity should decrease.?! The first prediction is consistent with Boehmer, Jones, Zhang,
and Zhang (2021), who find that retail order imbalances positively predict future stock returns,
with predictive power that persists beyond what order-flow persistence, contrarian trading, or
public news sentiment can explain—indicating that retail orders carry information not yet in-
corporated into prices. The second prediction is consistent with Eaton, Green, Roseman, and
Wu (2022), who exploit brokerage outages as quasi-natural experiments and find that removing
small, inexperienced investors from the market is associated with improved liquidity and lower

volatility for stocks with high retail interest.

29They also examine the effects of an exogenous increase in inequality driven by fund mergers.

30Their framework builds on Kacperczyk, Nosal, and Sundaresan (2024).

31Formally, we model the rise of retail participation as a Robin Hood variation that increases the wealth of the
smallest market participants while leaving the rest of the distribution unchanged. Because these agents lie below
the threshold a}¥ in Proposition 2, this variation improves informational efficiency and reduces risk-adjusted
liquidity.

28



7.2.1 The role and economic interpretation of thresholds a}" and a}’

To build intuition for the thresholds in Proposition 2, consider the special case of homogeneous
preferences. Denoting risk tolerance by y(a) = 1/p(a), precision 7, (monotonically related to

7) and liquidity £ become

) <f01t(a)y(a) da>2 . folt(a)y(a)Q da
’ fol t(a)y(a)?da fol t(a)y(a)da

(26)

Index traders so that y(a) is increasing in a; under DARA with homogeneous preferences,
more risk-tolerant traders are also wealthier. A first-order expansion shows that increasing risk

tolerance by e for traders in [a,a + da) changes precision and liquidity by

iy = ) (1 19),

2eda L
5L = ta) " (y(a) - =),
o) (y( ) 2)

Here £ can be interpreted as a weighted-average level of risk tolerance: it has the same units

as y and lies between its minimum and maximum values.

These expressions pin down the thresholds. Precision 7, increases with risk tolerance for
agents below the average level £ and decreases above it, yielding y(a)') = £. Liquidity £
increases with risk tolerance for agents above £/2 and decreases below it, yielding y(a}") = £/2.
Since a}” < a¥, a Robin Hood transfer that spans both thresholds improves informational

efficiency but reduces liquidity.

Thus, both thresholds are determined by the weighted-average risk tolerance, which in equi-
librium coincides with the liquidity measure £. This connection is natural: markets populated
by more risk-tolerant agents are, ceteris paribus, more liquid, so £ simultaneously captures the

representative level of risk-bearing capacity and the ease of trading.
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7.3 Information inequality

Here, we examine the effects of changing the distribution of information across agents on market

quality holding the wealth profile fixed.

Proposition 3. Suppose that traders have DARA utilities. Then, there exist thresholds 0 <

al < ab < 1, such that for any Robin Hood variation t*(a) with a < a} < a) < a

T'(t@)[t2(a)] > 0 and T'(t(a))[—t*(a)] < O; (27)
L(t(a)[t2(@)] < 0 and L'(t(a))[~t*(a)] > 0.

Making the rich less informed and the poor more informed improves information efficiency
but reduces liquidity. We discuss the intuition for the information result, from which the lig-
uidity result follows. Recall the key distortion highlighted in Section 7.1: the trading intensities
of the rich are too large, while those of the poor are too small. To correct this inefficiency, one
needs to increase the trading intensities of the poor relative to the rich. This can be achieved

by making the poor more informed and the rich less informed.

Note that the definition of a Robin Hood variation allows for weak inequalities. Therefore,
the proposition above applies to a variation that decreases the precisions of the rich while

leaving other precisions unchanged.

Corollary 1 (An information-aggregation paradox). Suppose that traders have DARA utilities.
Then, there exists a threshold ab such that for any t>(a) # 0 such that t*(a) < 0 for a > ab,
and t*(a) = 0 otherwise, T'(t(a))[t*(a)] > 0 and T'(t(a))[—t>(a)] < 0.

Weakly increasing the information of all traders can hurt information efficiency, while weakly
decreasing it can have the opposite effect. Banerjee, Davis, and Gondhi (2018), Dugast and
Foucault (2017), and Glebkin and Kuong (2023) also showed that improving the quality of
private information can reduce information efficiency. In their studies, the mechanism is that
giving more information to some traders invites more noise from another source. In our paper,
we focus on a pure information aggregation channel: the only noise comes from the traders’

signals themselves. Yet, reducing the noise in some traders’ signals can harm information
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efficiency. This occurs because better information is aggregated less effectively: increasing the
precisions of the rich makes them trade more aggressively, causing their signals to be even more

overweighted in price, exacerbating the existing distortion.

The aforementioned papers also do not feature wealth effects, so the effect there is not
specific to large traders (i.e., traders with large wealth). An implication of our result is that
making large investors differentially more informed could harm information efficiency. One of
the changes introduced in the MiFID II regulation was to unbundle investment research from
trading costs. Simplifying, before MiFID, everyone who traded obtained information. After
that, only whoever is willing to pay gets it. Since large traders have a higher value of information
(see Section D), such regulation makes large traders differentially more informed, potentially

negatively affecting price informativeness.

7.3.1 The role and economic interpretation of thresholds d! and df,

To build intuition for the thresholds in Proposition 3, consider again the case of homogeneous
preferences. Using the expressions for 7, and £ in (26), a first-order expansion shows that

increasing precision by e for traders in [a,a 4+ da) changes precision and liquidity by

o cday(a) (2_ M),

P L L
_ eday(a) 2
B folt(x)y(x) dx yla) = L).

These expressions pin down the thresholds. Increasing precision improves 7, (and hence 7)
for agents with risk tolerance below 2£ and worsens it above, yielding y(a%) = 2£. Liquidity
L increases with precision for agents above £ and decreases below it, yielding y(a}) = L.
Since a! < ab, a Robin Hood transfer in information that spans both thresholds improves

informational efficiency but reduces liquidity.

The sign of 07, above the threshold y(a}) = 2L reflects the information-aggregation para-

dox. The expression (26) for 7, can be interpreted as the signal-to-noise ratio of the price signal

fol B(a)ds(a) oc v fol t(a)y(a) da—l—fol (t(a)y(a))/+/t(a) dB(a): the numerator N = <f01 t(a)y(a) da>2
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is proportional to the variance of the signal component, while the denominator D = fol t(a)y(a)*da
captures the variance of the noise. Agent a’s marginal contribution to the signal is proportional
to y(a), whereas the contribution to the noise is proportional to y(a)?. For sufficiently risk-
tolerant agents, the noise contribution dominates, so increasing their precision worsens price

informativeness despite adding information to the economy.

7.4 Wealth inequality redux: the role of information acquisition

Do the results in Proposition 2 hold when the precisions are endogenous (i.e., can depend on
Wo(a))? Consider the information efficiency result. The mechanism there is that the signals of
the rich are overweighted, while the signals of the poor are underweighted. With endogenous
information acquisition, one can expect the rich to acquire higher quality signals: they trade
more aggressively and thus have more use for their information, making them value it more.??

Is overweighting the signals of better quality a bad idea?

The transfer of wealth from rich to poor has two effects, one direct and one indirect. Propo-
sition 2 captures the direct one. Proposition 3 captures the indirect one, by decreasing the
precisions of the rich and increasing that of the poor, via the dependence of precisions on
wealth. Since both effects work in the same direction, the results (24)—(25) (see p.27)are rein-

forced in the presence of information acquisition. We summarize this in the proposition below.

Proposition 4. Suppose that Assumption 2 holds. Suppose that traders have DARA utilities.
Suppose that precisions are a function of wealth t(Wy(a),a) and are increasing in Wy(a). Then,
for any Robin Hood variation W& (a) with a < min{a!,al’} < max{a},ay} < a, results (24)-

(25) hold.

The result of Proposition 4 is perhaps surprising. Since the rich acquire more information
than the poor, a Robin Hood variation could lead to a smaller overall amount of information
being produced in the economy. Why does the information efficiency improve? Similar to our
information aggregation paradox (Corollary 1), the effect of better aggregation of information

dominates: Less information, but aggregated better results in more information efficiency.

32In Section D, we consider the information acquisition problem and show that agent a’s precision t(a) is
indeed an increasing function of his wealth Wp(a).

32



8 A summary of extensions and robustness exercises

This section summarizes additional robustness checks and model extensions, with full analyses

presented in the Appendix.

e Section E shows that our main results are unique to the CHILE framework and do not
extend to traditional large-economy models based on law-of-large-numbers (LLN) aggre-
gation, such as Hellwig (1980), Admati (1985), and Peress (2004). The key insight is
an aggregation result: even when investors differ in wealth, precision, and preferences,
the economy remains observationally equivalent to one with homogeneous agents. As a
result, Robin Hood variations that preserve aggregate trading intensity have no effect on

market quality—unlike in CHILE.

e Section F incorporates noise traders into our main model. The resulting equilibrium cap-
tures both the classical mechanism—where inequality improves information efficiency via
greater aggregate trading intensity—and the novel mechanism introduced in this paper,
where inequality disrupts signal aggregation. The key result is that the latter effect dom-
inates, making our core conclusion—that transferring wealth from rich to poor improves

information efficiency but reduces liquidity—robust to the presence of noise.

e Section G compares three equilibrium concepts in the CARA-normal setting: (i) Bayes-
Nash Equilibrium, where traders internalize both their price impact and their impact on
the informational content of prices; (ii) Rational-Expectations Equilibrium, where they
internalize only the latter; and (iii) the price-taking equilibrium, where both effects are
ignored. We show that our main results—wealth redistribution from rich to poor im-
proves information efficiency but lowers liquidity—hold under both competitive Rational
Expectations and Bayes-Nash, and are not artifacts of the price-taking equilibrium con-
cept. Section H extends the REE and BNE analysis to general preferences and payoff

structures.
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9 Literature review

There are several branches of literature related to our paper. First, there is literature on
REE models that go beyond the CARA-Normal framework.?® Breon-Drish (2015) extends
the CARA-Normal framework beyond normality in a single asset setup. Chabakauri et al.
(2022) further extends Breon-Drish (2015) by allowing for multiple assets. Albagli, Hellwig,
and Tsyvinski (2021) consider a setup with general distribution and risk-neutral traders subject
to position limits. All of these papers assume CARA utility and so abstract away from wealth

effects that are central to our paper.?*

Malamud (2015) considers an REE model with a continuum of assets. Central to the
tractability of his framework is the assumption of market completeness.>® In contrast, we have
one asset and a continuum of states of the world, hence our market is incomplete. One of
the central results in Malamud (2015) is that with non-CARA utility, the equilibrium is fully
revealing.®® In contrast, in our incomplete market setup, there is no full revelation for any

utility function, thanks to the aggregate price noise.

Peress (2004) was the first (to our knowledge) to study wealth effects in noisy REE.3" His
model features log-normally distributed payoffs and non-CARA utilities. The key difference
from our paper is that Peress (2004) relies on a “small risk” approximation, where the riskiness
of the asset is small. In his limit, the variance of risky asset return is zero, making such an
approach not suitable for quantitative work (as it would be hard to match variance). Our
approximation is essentially “small information.” In contrast to Peress (2004), in our model
the asset stays risky even in the limit. Beyond different limit behaviors, our paper differs

from Peress (2004) in several ways. First, in our model, the equilibrium quantities are affected

33CARA-Normal framework is also used to model markets where traders have market power (see Rostek
and Yoon (2020) for a review). Glebkin et al. (2023a) and Glebkin, Malamud, and Teguia (2023b) allow for,
respectively, non-normal payoffs in a setup with CARA traders and non-normal payoffs in a setup that also
allows for non-CARA utilities. These papers abstract from information frictions that are central to this paper.

34Here, we consider risk-neutral preferences as a special case of CARA with risk aversion equal to zero.

35Relatedly, DeMarzo and Skiadas (1998) and DeMarzo and Skiadas (1999) analyze REE models, where the
market is quasi-complete.

36See Theorem 2.1 in Malamud (2015). See also Chabakauri (2024) who shows that the results about full
revelation with non-CARA utility are more nuanced.

3"The wealth effect can arise even in CARA model, because the wealth may affect the tightness of financial
constraints, as in Glebkin et al. (2021).
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by absolute risk aversion and absolute prudence, whereas in Peress (2004) only risk aversion
matters. What is more; the conditional third central moment (“skewness”) plays a role in
our model, but not in Peress (2004). Finally, our model allows for generally-distributed asset

payoffs.

Our paper is also related to asset pricing literature studying the implications of heterogene-
ity in preferences and wealth for asset prices. Examples include Dumas (1989), Garleanu and
Panageas (2015) and Gomez et al. (2016)-see Panageas (2020) for a review. This literature
focuses on the implications of wealth heterogeneity on risk premia and risk-free rates but ab-
stracts away from informational frictions and does not derive implications for market quality

that are central to our paper.

Next, our paper is also related to the literature on mean-field games. See Lasry and Lions
(2007) and Achdou, Han, Lasry, Lions, and Moll (2022) and, for a review, Guéant, Lasry, and
Lions (2011). As Achdou et al. (2022) note: “The name (Mean Field Games) comes from an
analogy to the continuum limit taken in ‘Mean Field theory’ which approximates large systems
of interacting particles by assuming that these interact only with the statistical mean of other
particles.” This analogy holds in our model. The effect of other traders on a trader of interest
in our economy is summarized by several statistics of the cross-sectional distribution of traders’
characteristics. These statistics can be viewed as a “mean field” that influences each trader’s
equilibrium behavior. As in Mean Field theory, other traders do not affect a trader of interest

directly, but only through their (infinitesimal) contribution to the mean field.

On the technical side, our paper is also related to literature that uses stochastic calculus
tools outside the domain of continuous time finance and economics. Examples include Malamud
(2015) who models the noise in a continuum of assets as a cross-sectional stochastic process;
Garleanu, Panageas, and Yu (2015) who use a Brownian bridge to represent the dividends for
firms located on a circle; and Glebkin et al. (2021) who use stochastic calculus techniques to
derive a marginal value of information in a static model.>® Finally, the most closely related
paper is Avdis (2018), which introduces a model with continuous heterogeneous information,

albeit with CARA preferences and, as a result, without wealth effects.

38There is also a related econometric literature on the unit roots. A good example is Phillips (1987).
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10 Conclusion

We introduce a new asymmetric-information asset-pricing framework called “Continuous-and-
Heterogeneous Information in a Large Economy” (CHILE). In this economy, we study perfect
competition with rich agent heterogeneity, arbitrary preferences, and general payoff distribu-
tions. A unique equilibrium features all quantities in closed form. Leveraging the tractability of
our model and its ability to work with wealth effects, we show how changes in the distribution

of wealth affect different aspects of market quality: information efficiency and liquidity.

There are many potentially fruitful extensions. While we focus on a competitive CHILE
equilibrium in this paper, in ongoing and preliminary work we show that the strategic equilib-
rium has a different limit. Moreover, even though we model markets as uniform-price auctions,
our techniques can also find applications in discriminatory-price auctions. Finally, our frame-
work can help study several interesting environments, such as those with dynamic trading,

feedback effects, and endogenous growth.
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Appendices

A Summary of notation

Notation Explanation
General mathematical notation
X =plim, , X, or X, ﬁ X X, converges to X in probability
dB(a) An increment of the Brownian motion
u® () [-th derivative of u(-)
a, b Index of agents in the continuous economy
1, ] Index of agents in the discrete economy
n Number of agents in the discrete economy
m; Mass of an agent in the discrete economy
w=1/n Average mass of an agent in the discrete economy

Sk[Y] = E[(Y — E[Y])’]

o(:)
O’ (h(a)) [1*(a)]

ds(a) = vda + j( )dB(a)

Foe =0 ({5(2) = s(O) }c.c)
Fi1=Fon
dX(a) = f(a, P)ds(a) + 6(a, P)da

Third central moment of r.v. Y (unstandardized skew-
ness)

Standard normal cdf

Gateaux derivative of an equilibrium object O with re-
spect to a parameter h(a) in the direction h*(a)

Model variables

Fundamental, with ex-ante precision 7,

Payoff function

Supply of risky asset

Trader a’s signal, with precision t(a)

Information available to agents living in [b, ¢)
Information in the entire economy

Demand of trader a; 5(a, P) is a’s trading intensity
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Notation Explanation

pla) = —u"(a)/u'(a) Absolute risk aversion of trader a

m(a) = —u"(a)/u"(a) Absolute prudence of trader a

s [wf(a)] = fol wi (b)ds(b) Aggregate signal; wf (a) is a weighting function

sp = sjw(a)] = fol w(a)ds(a) Equilibrium sufficient statistic; w(a) is equilibrium

weighting function
P(sp) Equilibrium price function

h(-) The inverse of P(-)

B Heuristic derivation of equilibrium

In this section, we sketch out the derivation of key equilibrium objects, applying familiar heuris-

tics that have become available in CHILE due to its setup.®

B.1 Key stochastic calculus heuristics

We begin by recalling some properties of Brownian Motion and its increments. For a # b €
[0,1), we have
dB(a) 1L dB(b) dB(a),dB(b) ~ N(0,da),

allowing us to interpret the signals in (5) as a continuum of pointwise mutually-independent
Normal random variables.

In what follows, we employ second-order Taylor expansions ignoring terms of orders higher

than da, following a method commonly referred to as the “box calculus” (Steele, 2001, Chapter

398ee, e.g., Cochrane (2009), Appendix A.3, for an application of these heuristics over time, instead of over
agents.
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8.4):
da-da =0, dB(a)-da=0, dB(a)-dB(a)=da; dB(a)-dB(b)=0. (28)

B.2 Information continuity linearizes demand

As our Representation Lemma demonstrates, the demands must be linear in signals (see (9)).
Suppose, by contradiction, that demands are non-linear in signals—for example, assume that
(9) contained a squared-signal term. Denoting the coefficient of the quadratic signal as ((-) and

denoting the new version of the remaining quantities by adding tildes on top, we have

dX (a) = B(P,a)ds(a)+d(P,a)da + C(P,a)ds?(a) (29)

N C(a’v P)

= B(P, a)ds(a) + |d(a, P) + 1)

da,

where the second equality follows by the box-calculus heuristic. What is more, by comparing
(29) to (9) we can see that the demand function in (9) can subsume the extra term through
its da term without affecting the signal term, giving us a contradiction. To summarize, the

functional form in (9) already accounts for squared signals.”

B.3 Price inference

Equation (10) implies that information in the price is summarized by

. 1wa dB(a)
5y = +/0 P

This signal has a familiar “truth plus normally distributed noise” structure. Once the precision

7, is known, the inference from prices, summarized in Lemma 3, follows from Bayes’s rule for

40Restricting attention to quadratic adjustments is without loss of generality, as any sufficiently differentiable
non-linear function can be expanded into a polynomial of ds(a), with terms of order three and above becoming
zero due to (28).
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normal random variables. Here, we derive expression (11) for 7, heuristically; see Appendix

C.4 for a formal proof.

The “noise” term fol w(a, P)/\/t(a) dB(a) is normally distributed with mean 0 and variance
fol w(a, P)?/t(a) da. This follows from the basic properties of stochastic integrals but can also
be derived heuristically using the heuristics outlined at the beginning of this section. Indeed,
the noise fol w(a, P)/+/t(a) dB(a) accumulates terms w(a, P)/+/t(a) dB(a), each normally dis-
tributed with mean zero and variance w(a, P)?/t(a) da, and independent from each other. As
an accumulation of normal mean-zero independent random variables, the integral is normally

distributed with a mean of zero and a variance that sums the variances of the individual terms,

/0 w(a, P) dBtEZ;

ie.,

Var

_ /Olw(a,P)Q/t(a) da.

This variance is the reciprocal of 7,,.

B.3.1 Price inference for a price-taking agent

Note that equation (10b) can be expressed alternatively as:

w(b, P)
dB(a dB(b).
t(a) (a) + /be[o,1)\[a,a+da) V(D) )

However, a trader viewing the price in this manner would not be acting as a price taker.

Consistent with Hellwig (1980)’s critique, such a trader would “account for the covariance
between the ‘noise’ in their own information and the ‘noise’” embedded in the price.” Indeed,

using the heuristics presented above, one can obtain:

w(a, P)da

cov(dB(a),s,) = o)

A price-taking trader, who believes their signal does not influence the price, must perceive this

covariance as zero.
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We take a page right out of Hellwig (1980)’s critique: our agents assume that the noise in
their private information is independent of the noise in the price. Specifically, trader a perceives

the price as equivalent to a sufficient statistic §,, defined by

where the Brownian motions B and B are independent. Under this assumption, it is straight-
forward to see that

cov(dB(a), s,) = 0.

This represents the minimal deviation in traders’ beliefs consistent with price-taking behavior.
Indeed, our traders correctly perceive their private signals ds(a), the marginal distribution
of s,, and the joint distribution of s, and v. Their only mistake lies in misunderstanding
the correlation between the noise in their own signals and the noise embedded in the price.
Consequently, the conditional distribution of v given 5, coincides with that of v given s,. In
particular, this implies that 5, and s, have identical precision. We also emphasize that the
mistakes agents make are infinitesimal. In the limit as da — 0, their perceived price statistic

5, coincides exactly with the actual statistic s,.

B.4 A market-efficiency result

Consider trader a, who has size da and receives signal ds. Trader a’s optimal demand x satisfies

the first-order condition:

E[u’ (Wy(a) + (V = P)z) (V — P)|ds(a), 5,] = 0, (30)

where we have dropped the dependence of the payoff function on v to lighten notation.

We note that demands must go to zero as the number of agents goes to infinity—if that was
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not the case, aggregate demand would sum up infinitely many terms of finite size, and it would
explode. Consequently, z = 0 must solve (30) in the large economy limit. Further noting that
the information set of (ds(a), §,) collapses to that of just §, in the limit, setting = 0 in (30)
yields

E[u’ (Wo(a)) (V = P)|3p] =0 <= P =E[V]5,].

Since the conditional distribution of v given 3, coincides with that of v given s,, we can replace
5, with s,, yielding:

P =E[V]s,). (31)

This result implies that equilibrium prices in our model are weak-form efficient.

B.5 Deriving trading intensity

As we will show below, market quality is completely determined by the trading-intensity f(a, P),
on which we now focus. We Taylor-expand (30) over x up to the second order, and then we

replace x by dX(a), obtaining

0= (Wo(a) E[(V — P)lds(a), 3,]
+u" (Wo(a) E[(V — P)?|ds(a), 3,] dX (a)

+ %u”' (Wo(a)) E[(V — P)*|ds(a), 5,] dX (a)®. (32)

To solve for trading intensity, we plug (9) into (32) and compare the result with (9). We then

solve for f(a, P) by matching ds(a) coefficients (for d(a, P), we can match da terms).

After some simplifications explained in detail in Appendix C.11, we obtain

0 = o (Wo(a)E[(V — P)|ds(a), 5,] + v’ (Wo(a))E[(V = P)?|s,] B(a, P)ds(a) + -+, (33)
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where we have omitted terms that do not contain the signal, as they do not influence our

2

subsequent calculations. Such “non-ds” terms are denoted by “ -.” in the remainder of the

subsection.

Next, note that by the market efficiency condition (31) we have P = E[V]s,| and so
E[(V — P)?|s,] = Var[V|s,]. Note also that we can replace p(a) = —u"(Wo(a)/u'(Wy(a)),
where p(a) is the risk-aversion coefficient of agent a. This simplifies the above even further,

eventually yielding
E[(V — P)l|ds(a), 5]
pla) Var(V|P)

pla, P)ds(a) = (34)

Juxtaposing (34) with (9) brings forth a striking property: even though we use general
preferences, the demand function depends on the signal as if preferences were mean-variance.
We can think of this property as the converse of linearizing demand—by applying box calculus
on the expanded first-order condition, all higher-order signal terms drop out, and thus the only
way for signals to influence demand is through the first two terms in (32).%!

To pin down [(a, P) we need to separate out the ds(a) term on the right-hand side of (34).
To this end, we compute the ds(a) term in the conditional expectation E[(V — P)|ds(a), §,].
Note that for small ds(a), this conditional expectation is linear in ds(a) and so can be computed
using a familiar linear regression formula*?

_ Cov(V(v),ds(a)|s,)

EI(V = P)lds(@), 3] = = a0 _ Covlv, ds(a)ls,)

dS(CL) teoe= Var(dS(a”gp;?

E[V'(v)5p]ds(a) +- -
(35)

where the second equality follows from Stein’s Lemma.*?

41Tn equilibrium, preferences cannot be substituted by a mean-variance tradeoff locally approximating the
utility. While higher-order moments of returns and higher-order marginal preferences (i.e. prudence) may not
affect B(a, P), they still affect §(a, P).

42More precisely, the linearity of expectation allows to substitute it with the Best Linear Predictor formula
(see, e.g., Goldberger (1991), Chapter 5.4.) that is written following the first equality in (35).

43Gtein’s Lemma states that if X and Y are jointly normally distributed, then for any differentiable function
g such that E|¢'(X)|< oo, Cov(g(X),Y) = Cov(X,Y) - E[¢'(X)].
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Moreover, up to terms of order higher than da, we have

Cov(v,ds(a)|s,) = Cov(v,vda|s,) = da - Var(v|s,) = d_a.
-

The first equality above uses the independence of dB(a) and §,, and the third equality applies

the identity 7 = 1/Var(v|s,).

Similarly, we compute
Var(ds(a)|s,) = Var(dB(a)/+/t(a)|$,) = da/t(a)

Combining everything, (34) becomes

t(a) E[V'(v)]3,)] W P) — t(a) E[V'(v)]sy)
= (@) Var(v]s,) @) oo = Blap)

B(a, P)ds(a) = pla) T Var(V]s,)

In the last step above, we have replaced §, with s, inside the terms E[V’(v)|s,] and Var(V]s,),

relying on the fact that the conditional distributions of v given 5, and v given s, coincide.
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C Derivations and proofs

C.1 Technical conditions

The equilibrium construction requires differentiating the first-order conditions for optimality
and evaluating the resulting expressions in the large-economy limit (u — 0, s — 0). We impose

the following conditions on the primitives.

Assumption 3 (Technical restrictions on the primitives). We impose the following restrictions:

1. There ezist ¢ > 0 and C,, < oo such that for allw € R and a € [0,1), |v'(w,a)|+|u" (w, a)|

+ [u" (w, a)|< Cu(1 4 |wl]?).
2. V(v) satisfies lim, 4o W <0.

3. There exist € > 0 and constants A,k > 0 such that for all v € R,

sup |g(v, P, )| < Ae_kvz,

lul<e

and the same bounds hold for the partial derivatives:

— 'U2 — 'U2
sup |gu(v, P, )| < Ae™ ™, sup |gp(v, P, p)| < Ae*.
|| <e |l <e

4. The price belief g(v, P, ) is continuously differentiable in (u, P) in a neighborhood of
w=0.

5. The agent primitives satisfy the integrability conditions

/Olﬁda<oo, /Ol%da<00, /Olgz(?(j)da<oo, /;%da<oo.

Parts 1-3 provide the growth and integrability bounds needed to invoke the Dominated

Convergence Theorem, allowing us to pass limits as © — 0 and derivatives under the integral
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sign. Part 4 ensures that the price belief is smooth enough for the relevant derivatives to be well
defined. Part 5 ensures that the equilibrium objects—price informativeness 7,, the cumulative
demand integrals, and the market-clearing integrals—are finite. These conditions are easily

satisfied when p(a), 7(a), and ¢(a) are continuous on [0, 1].

C.2 The Aggregation Lemma

Lemma 5. (Aggregation lemma) Consider a sequence of functions z"(P,s,m,a) : R x R x
[0,1] x [0,1] = R with partial derivatives 2 (P, s,m,a), 2.(P,s,m,a), and 21 (P,s, m,a) that
are continuous functions of s and m in the neighbourhood of s = m = 0 for every P € R and
a € (0,1). Suppose that for every P € R and every y € (0,1), the functions a + 1/1"(a),
a — 2%(P,0,0,a), a — 27(P,0,0,a), and a — zI'(P,0,0,a) converge uniformly on (0,y).
Denote the respective limits by 1/t(a), xs(P,a), xss(P,a), and x,,(P,a). Define

B(P,a) = x4(P,a) and 6(P,a)= %xss(]g, a) + xm (P, a).

Assume that for alln and all a € (0,1), t"(a) > & > 0 for some constant €, and that for every

P € R and every y € (0,1) the following conditions hold:

(i) Lipschitz: There exists K > 0 such that for alln, a € [0,y), and sufficiently small s, m,

|25(P,s,m,a) = 2 (P,0,0,a)[< K(|s|+|ml),  for a € {s,ss,m}.

(i1) Integrability: For every P € R and every y € (0,1),

Y ay(Pa)’ Y 2 Y 2 ! 2
/ ————da < o0, / zs(P,a)” da < oo, / zss(P,a)”da < 0o, and / Tm(P,a)® da < o0,
o ta) 0 0 0

(i1i)) Continuity: The functions a — t(a), a — z4(P,a), a — x4 (P, a), and a — x,(P,a)

are continuous on [0,y).
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For a fired y € (0,1), let [0,y) = U,]a;, a; + m;) be a sequence of partitions with mesh size
m = max; m; — 0. Let the increments be defined as As; = vm+[t"(a;)] /(B (a;+m;)—B(as)).

Then, letting s, denote the process ds, = vda + [t(a)]"/2dB,, we have:

) Yy
> (@ (P, Asiymi,a;) — 2"(P,0,0,a;)) &/ 5(P,a)dsa+/ §(P,a)da,
0 0

1:0; <y

along any sequence with m — 0 and n — oo.

Proof of Lemma 5.

Fix P € R and write AB; = B(a; + m;) — B(a;), so that
ASZ‘ = um; + [fn(a,l)]_l/QABz

For each i (suppressing (P, a;) in the notation), a Taylor expansion of " (s, m) around (s, m) =

(0,0) (second order in s, first order in m) gives

1
" (As;,m;) — 2"(0,0) = 27(0,0)As; + 5@;;(0, 0)(Asi)2 + 27 (0,0)m; + 1},

where the remainder can be written in mean-value form as

1
ri = (25(0,m;) — 27(0,0))As; + 5(5033(5@%‘) — 272,(0,0))(As;)* + (&1(0,m;) — &2 (0,0))m;

7 m

for some §; between 0 and As; and some m; between 0 and m;. By the Lipschitz assumption
(i),
1< C(mildsilH(Asi+mi) (As)? +m?)

for a constant C independent of n,7.%

44 Brownian paths are almost surely uniformly continuous on [0, y], hence max;|AB;|— 0 almost surely as m —
0, and therefore max;|As/*|— 0 almost surely (uniformly in n). Thus, for m small enough, the neighborhood
required for condition (i) applies almost surely to all increments.
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By assumption, {"(a) > ¢ > 0 for all n and all a € (0,y), so there is a constant C; < oo

(e.g. Cy = 1/e) such that

1
sup sup = < (.
n ac(oy) t"(a)

Moreover, since 1/ — 1/t uniformly on (0,%), we have 1/t(a) < C; on [0,y) and hence
t(a) > 1/C; > 0 there. Since AB; ~ N(0,m;) and ({"(a;))~" < C, there exists C' > 0

(independent of n,4) such that
E(As;)? < C'm; and  E|As*< C”mf/Q,

Therefore,

B[ S| < 30 (md? +m2) < C(yvim + yim) — 0,
1:a; <y :a; <y

and hence by Markov’s inequality, for any n > 0,

P(Z W\>n> <CE[ ] o

i:a; <y 1:a; <y

In particular,

Z i 20, equivalently Z i = 0,(1)

:a; <y 2:a; <y

Define the shorthand coefficients

3
3

(P70707ai)7 ,u:b = 'i'?n(Pa()aO?ai)a Tz‘n Etn(az)

S
=>
®

ﬂnz'%g(PaOa07ai)a Vi =

K3 S

Summing the expansion gives

1
Z (Z"(P, As;,my, a;) — 2"(P,0,0,a;)) = Z BirAs; + 5 Z Y As)? + Z pim; + 0,(1).

i:a; <y 1:a; <y 1:a; <y 1:a; <y
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Step 1 (linear term). Decompose

Y BAsi=v Y Brmi+ Y B VPAB,;.

1:a, <Y 110, <y 1:a; <y

Because [ B(P,a)?/t(a) da < oo, the limiting integrand a — (P, a)t(a)~/? lies in L*([0,y]).
By the uniform convergence of £%(P,0,0,-) to 3(P,-) and the uniform convergence (7)~*/2 —
t=1/2 the step functions a + B7(77)~'/? (constant on [a;, a; + m;)) converge in L2([0,y]) to

a — B(P,a)t(a)"'/? along any refining sequence of partitions. By It isometry this implies

n(. n\—1/2 ) L? yB(P CL)
> BT VPAB; = i dB

1:0; <y
Similarly, using [/|5(P,a)| da < oo and the uniform convergence of Z7(P,0,0,) to B(P,-),
vZB”mlﬁv/ﬁpa
1:a; <Y
Combining yields

y
Z BrAs; L / B(P,a)ds,, ds, = vda+ t(a)"Y?dB,.
0

a; <y

Step 2 (quadratic term). Expand
(As;)? = v*m? + 2vm,; (") "V2AB; + (7)Y (AB;)?.

The v?m? contribution is o(1). Indeed,

3 3 bt = 5 3 (v < S (3 e (30 mt)”

:a; <y 1:a; <y 1:a; <y 1:a; <y

2 = 2

. 3 — _2 . .
Since m; < m®m; we have ). < Diaiey™i = M7y — 0. Moreover, using

za<y
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foy T4(P,a)* da < oo and the uniform convergence of 27, (P, 0,0, ) to z(P,-),
y

> o o [ lPof da,

:a; <y 0

and hence the product above vanishes.

The cross term is a martingale. Using independence of the Brownian increments and

E[(AB;)?] = my,

E (Z vﬁmi(Ti")‘l/QABi) = (W)mi ()T E(AB)) < C Y (v)mé

1:a; <Y 1:a; <y :a; <y

Since mi < m*m; and Y-, (v")*m; — [ x4(P,a)* da < oo, this second moment is O(m?) — 0,

hence, by Chebyshev’s inequality,

For the remaining part, write (AB;)? = m; + ((AB;)? —m;) to obtain

S A BB = 5 Y ) et 5 3 ) (B~ m)

1:a; <y 1:a; <y 110, <y

The last term is again a martingale. Since Var((AB;)? — m;) = 2m?

7

2 (% > v;%n”)l((ABi)?—mi)) = 1 2 G V(AR -m) < 502 S (.

1:a; <y :a; <y 1:a; <y

Using m? < mm; and the boundedness of >_.(77)?m;, this second moment is O(m) — 0, hence
the martingale term converges to 0 in probability by Chebyshev’s inequality. The first term

converges to [/ Wz)xss(P, a)da by the uniform convergence of z7(P,0,0,-) to z(P,-) and
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uniform convergence of (7")~!. Hence

1 v
- "(As)? L —2,(P,a) da.
L3 i [ gl
2:a; <Y
Step 3 (the m term). Since z,,(P,-) € L?(0,y) C L'(0,y) and 2" (P,0,0,-) — 2, (P,-)

uniformly on (0, y),

y
Z ,u?mi—>/ T (P, a) da.
0

1:a; <y

Putting Steps 1-3 together and recalling 6(P, a) = ﬁxss(R a)+ 2, (P, a) yields the desired

convergence in probability. m

C.3 Proof of Lemma 1 and Lemma 2

Recall that in the nth economy (with g = 1/n), the cumulative demand is

X(y) = Y o*(As, Pap)

ira;<y

Define z*(P,a) = 2*(0, P, a,0)—the optimal demand when s = 0 in the limiting economy. We

decompose:

X(y)= Y (a"(As;, Poag,p) — 2*(0, Pa;, 0) + > a*(P,a;).

it a; <y it a; <y

To apply the Aggregation Lemma, we identify z(P, s, m,a) = x*(s, P,a, m), so that s plays the
role of the signal increment and m = pu is the mesh size (which equals the economy parameter,
since the partition is uniform). By Aggregation Lemma,
b y y
Z (x*(Asy, Pyag, p) — x*(0, P, a;,0)) — / B(P,a)ds, +/ I(P,a)da, (36)
0 0

. pn—=0
1 a; <y
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where 3(P,a) = 2*(0, P,a,0) and §(P, a) = 5+7,(0, P,a,0) + (0, P,a,0).

2t(a)*"'ss

*
ss)

The hypotheses of the Aggregation Lemma hold. Continuity of z3, z7,, and 7, in (s,p)
near (0, 0) follows from the Implicit Function Theorem applied to the first-order condition (39).
Uniform convergence of these derivatives over a € [0,y] as p — 0 follows from their joint
continuity in (a, u)—guaranteed by the IFT and the continuity of primitives in a (Assump-

tion 3)—together with the compactness of [0, y]. The integrability conditions in Assumption 3,

part 5 ensure that the limiting integrals are finite.

For X(y) to have a finite limit, the residual sum »_ x*(P, a;) must also be finite. This

ira;<y

leads to the efficiency condition.

C.3.1 Efficiency condition

Setting s = 0 and p = 0 in trader a’s first-order condition (39) gives
/u’(Wo(a) +2*(P,a) (V(v) — P), a) (V(v) — P) g(v, P,0) dv = 0. (37)

The passage to the limit is justified by the Dominated Convergence Theorem: Assumption 3,
parts 1-3 imply that the integrand admits an integrable majorant of the form A exp(—kv?),

and part 4 ensures the smooth convergence g(-, ) — g(-,0).

Lemma 6. For a fized y € (0,1), lim,_,g Zi:aiq x*(P,a;) < oo if, and only if, x*(P,a) =0 for
all a € [0,y] and

/(V(v) — P)g(v,P,0)dv = 0. (38)

Proof. Suppose [(V(v) — P)g(v, P,0)dv > 0 (the opposite case is analogous). Then (37)
implies z*(P,a) > 0 for every a € [0,y]. Since x*(P,-) is continuous in a (by the IFT and
continuity of primitives), there exist ¢ > 0 and an interval (ag — 0, ag + ) C [0,y] on which
x*(P,a) > €. As p — 0, the number of partition points falling in this interval grows without

bound, so >>; ., @ (P,a;) > >, _g<s 2" (P, a;) — oo—a contradiction. Conversely, if (38)
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holds, then z*(P,a) = 0 for all a (the unique solution to (37) when E[V — P | P] = 0, by strict

concavity), and the sum is identically zero. =

Lemma 6 proves Lemma 1. Substituting the efficiency condition into (36) proves Lemma 2,

with 8 and ¢ characterized explicitly in Lemmas 7 and 8.

Note that (38) and the efficiency condition (8) are equivalent.

C.4 Proof of Lemma 3

Proof of Lemma 3. By the properties of the Ito integral, fol w(a)//(t(a))dB(a) is distributed
normally with a mean of zero. By Ito isometry, the variance of the integral is given by fol %Z))zda.
The statements of the lemma then follow from the standard results on Bayes rule with normal

random variables. =

C.5 Proof of Theorem 1

Consider a trader at location a, living on the interval [a,a + p) in the economy with parame-
ter u = 1/n. The price belief in that economy is g(v, P, i), and we denote the trader’s signal
realization by s. Since the partition is uniform, the mesh size equals p, so the optimal demand

x*(s, P,a, u) is determined by the first-order condition

/“/<Wo(a) +a'(s, Pa, 1) (V(v) = P), a) (V(v) = P)

~exp((sv — pv?/2) t(a)) g(v, P, ) dv =0, (39)

where we have dropped the normalizing constant from the conditional density (3), as it does

not affect the optimization. The cumulative demand in the nth economy is

X(y) = Z x*(As;, Py ag, 1).

1ra; <y
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C.5.1 Deriving §(P,a)

By the Aggregation Lemma, the trading intensity equals the signal sensitivity of optimal de-
mand evaluated in the large-economy limit: 5(P,a) = x%(0, P,a,0). Computing this derivative
requires differentiating the first-order condition (39) with respect to s and evaluating at s = 0,

w=0.

Lemma 7. Suppose that Assumption 3 is satisfied. Then

t(a) Cov(V(v)

| P)
p(a) Var(V (0) (40)

S(Pva) =

v| P
| P)

In particular, (P, a) is multiplicatively separable: B(P,a) = B,(a) Bp(P) where

Cov(V(v)

| P)
Var(V (v)

| P
pP)

Bala) = —= and Bp(P) = v|

TIE[V/(v)|P] 45

If v | Py is normally distributed with precision T, then Sp(P) = O

Proof. The optimal demand z* satisfies the first-order condition (FOC):
G(z*,s) = /(V(v) — P)u' (Wy(a) + z*(V(v) — P)) exp(t(a) sv) g(v, P,0) dv = 0.
R

By the Implicit Function Theorem, the sensitivity S(P, a) at the limit (s = 0, * = 0) is

ox* 0G/0s
AP = 5 = = 3G ar

Assumption 3, parts 1-3 imply that the derivatives can be passed under the integral sign and

45This follows via integration by parts:

v — v 27’
Ep(V(v) - P) | P] = /R(v —E[v| P)) (V(v) - P) \/;rﬁ exp <(E[2|PD) o

_ T—l/R ;ﬂ/T exp (—<“ B P])2T> V/(v) dv.
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that G is continuously differentiable at z* = 0, s = 0. Part 3 further ensures that 0G/0z* # 0,
validating the Implicit Function Theorem.

Step 1: The Numerator (0G/0s). Differentiating G with respect to s and evaluating at

*

s =0, 2* = 0 (where z* = 0 follows from Lemma 6):

Be =)t [ (V) = Poglo, Po) o

Using E[V (v) — P | P] =0 (Lemma 6), the integral equals Cov(V (v),v | P):

oG

e = u'(Wy) t(a) Cov(V (v),v | P).

Step 2: The Denominator (0G/0xz*). Differentiating G with respect to z* and evaluating
at #* = 0. Since the price belief g(v, P,0) does not depend on x* (price-taking assumption),

only the utility derivative contributes:

oG
or*

u" (Wo) /R(V(v) — P)? g(v, P,0) dv = u" (W) Var(V (v) | P).

Step 3: Combining Terms. Substituting into the IFT formula and using p(a) =
—u"(Wo)/u' (Wo):

u'(Wy) t(a) Cov(V(v),v | P)  t(a) Cov(V(v)

vl v | P)
u'(Wo) Var(V(v) | P)  pla) Var(V(v)

B(Paa) ==

v| P
| P)
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C.5.2 Deriving §(P,a)

By the Aggregation Lemma, the coefficient 0(P, a) combines the curvature of optimal demand

in the signal and the sensitivity to the economy parameter pu:

1
(P,a)= 21(a) 25,(0, P,a,0) + 2,(0, P, a,0).

Lemma 8. Suppose that Assumption 3 is satisfied. Let ¥y (P) = Var(V(v) | P). Then

B(P,a)?
2t(a)

(@) @) SKV(0) | P) = B(P.a) pl@) B(V(0)- P | P])
(41)

where w(a) = —u" (Wy) /u” (W) is the coefficient of absolute prudence and (P) = a%]E[V(v) —

P | P].

Proof. We follow the same strategy as the computation of S(P,a). The optimal demand
satisfies G(z*, s, 1) = 0, where p appears in both the exponential exp((sv — pv?/2)t(a)) and
the price belief g(v, P, ). Since the first-order condition is homogeneous in the price belief,
we can normalize g(v, P, ) into the corresponding conditional density of v given P and ex-

press all moments below as conditional expectations. From the proof of Lemma 7, G, =
—u'(Wo) pla) Evv (P).

Step 1: Computing z;,. By the Implicit Function Theorem, xj, = -G, /G Differenti-
ating G with respect to p at s = 0, u = 0, 2* = 0, both the exponential and the price belief

contribute:

G, = u' (Wy) —@ E[(V(v) — P)v? | P] + %E[V(v) —P|P]

pu=0

By the efficiency condition, E[V — P | P] = 0, so the first term equals —@ Cov(V—P, v* | P).
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Using the earlier definition ¢(P) = %E[V(v) — P | P], we obtain

. W(P) - Cov(V—P,v?| P)
T = 2@ S (P) ' #2)

The derivatives under the integral are justified by Assumption 3, parts 3-4.

Step 2: Computing z%,. By implicit differentiation, 2%, = —z—[Gys + 28 Gyrs + 2 Gorpe].

Since g is independent of z* (price-taking), the cross-derivatives involve only utility terms:

Gss =/ (Wo) t(a)*E[(V (v) — P)v* | P] =4/ (Wy) t(a)® Cov(V—P, v* | P),
Ges = u"(Wo) t(a) E[(V (v) — P)*v | P],
Goear = 0" (W) E[(V(v) — P)* | P].

Step 3: Combining. In the combination § = g% +17%, the Cov(V—P, v* | P) contribu-

)ss

tion from G,/ (2t G+ ) exactly cancels the corresponding term in (42). Using —u"'(Wy) /u"(Wy) =
m(a), =7 = B(P,a), E[(V(v) = P)* | P] = Sk[V | P], and E[(V/(v) — P)* | P] = Zyy(P), the

surviving terms yield the expression in the lemma. m

C.5.3 Proof of Theorem 1

Proof. The proof proceeds in three steps.

Step 1: Demand coefficients. By Lemma 7, the trading intensity is

t(a) Cov(V(v),v | P)
p(a) Var(V(v) | P)

p(Pa) =

Since A\(P) = 0 in the price-taking case, this is the REE expression (Lemma 13) with A = 0. By
Lemma 8, the drift coefficient §( P, a) is given by (41), which is the REE expression (Lemma 15)

with all A-terms set to zero.
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Step 2: Price function. The multiplicative separability S(P,a) = (,(a) fp(P) implies

that the cumulative demand depends on the price only through the sufficient statistic

_ o Bala)dst) ot wle)
= ) i )

p

where w(a) = B,(a)/ fol Ba(b)db. By Lemma 3, v | s, is normally distributed with precision
T =T, + 7, and mean (7,/7) s,. The efficiency condition E[V (v) — P | P] = 0 (Lemma 6) then

yields the equilibrium price function

P(s,) = /v(% 5p -+ %) d(z) = P, (43)

where ® is the standard normal CDF. The conditional moments of V' (v) can be computed from

this representation:

E[(V(v) — P)*|P] = / (V (— h(P) + —) — P)k dd(z), (44)

where h(P) = P~1(P).

Step 3: Price informativeness and uniqueness. The price informativeness is

2 2
<f01 Ba(a) da) ( 01 % da)
I Ba(a)? =TT ) '
fO t(a) da 0 p(a)? da

Tp =

Unlike in the REE case (Theorem 7), 7, does not involve a fixed-point equation: f,(a) =
t(a)/p(a) depends only on primitives, so 7, is determined in closed form. Given 7,, the
price function P(-) is uniquely determined by (43), and the drift coefficient §(P, a) is deter-
mined by Lemma 8, with ¢(P) pinned down by the market-clearing condition f01 d(a, P)da +
h(P) fol B(a, P)da = ©(P). The equilibrium is therefore unique.
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C.6 Proof of Proposition 1

Proof of Proposition 1. From definition of Z we have Z = 7,,/7. Substituting (15) into the

last equation and rearranging, we obtain the stated expression for Z.

We turn to deriving expression for £. The market clearing price P(s,,f) is P that solves

. 0+0(P)— [d(a, P)da
P [ B(a, P)da

Then define

-1
Liquidity = — (%P(sp, é))
55 ( [ 8la.Pyda) = 2 ([ o, Prda—0(P)
= spap a, a 9P a, a
On the other hand,

i s ) — _IB(CL?P)da
85107)( n?) sps ([ B(a, P)da) + 5 ([ 6(a, P)da — 6(P))

= Liquidity ' - /B(a,P)da.

From (14) we get that

G Pl ) =2 [V (25,4 2 ) dvte) = ZEV (01

T T
Combining the two preceding equations and substituting the expression for S(a, P) we get

t(a) T E[V'(v)|P]
pla) Var[V(v)|P]

%E[V’(v)jp] = Liquidity " - / da =

o 1 t(a) "
Liquidity = Nar[V (0)| P /p(a)d :

Multiplying by Var[V'(v)|P] and substituting (15) we get the stated equation for £. m
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C.7 Proof of Lemma 4

Proof of Lemma 4. First, from Lemma 3 we have 7,4y = Var(v|s [wH(a)])fl — Var(v)™! =

1/ < fol wf(a)?/ t(a)da) . Second, we apply the Cauchy-Bunyakovsky-Schwartz inequality

( / 1 f(a)g(a)da>2 < | ' f(a)?da / g(a)da (45)

with f(a a)/+/t(a) and g(a) = /t(a) to obtain 7,44(b(a)) < fo a)da. The equality in
(45) is attained if, and only if, f(a) and g(a) are linearly dependent, i.e., when w¥ (a)/+/t(a) =

cy\/t(a). The constant ¢ is pinned down by the condition fol w(a)da=1. =

C.8 Proof of Proposition 2

Proof of Proposition 2. Denote absolute risk tolerance y(a) = 1/p(a). Without loss of
generality, index traders such that y(b) increases in b. (This is in contrast to index a, which
is such that Wy(a) is increasing in a.) We first compute the Gateaux derivatives of Z and £
with respect to y(b). We then show that under DARA utilities and the technical conditions
imposed, the signs of the derivatives with respect to y(b) and Wy(a) are the same. We start by

proving the following statement.

Step 1. There exist thresholds 0 < b} < by < 1, such that for for any Robin Hood variation

y2(b) with b < by < by <b

Z'(y(b)[y= (b)] > 0 and Z'(y(b))[~y= (B)] < 0; (46)

(L) (y(®)[y=(b)] < 0 and (£)'(y(0))[~y=(b)] > 0.

From (15) we obtain
2

. ( /0 1 y(b)t(b)db) /( /0 1 y(b)%(b)db) | (47)
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Substituting this expression into Z = 7,/(7, + 7,) and computing the Gateaux derivative (this
entails substituting y(b) + ey (b) instead of y(b), differentiating with respect to €, and evaluating

the resulting expression at € = 0) yields:

T 0)] = Oz / H(b)y> () (I — Ly (b)) db.

Here, C7 > 0 is positive (we have the closed-form expressions for C7 via parameters of the
model, but it is not important here), I, = fol t(b)y(b) db and I, = fol t(b)y(b)? db. Lemma 9 (to
follow) implies that there exists a unique b; such that I, — liy(b) 2 0 iff b < bY. Then, for a
y2(b) that is Robin Hood with b < b¥ < b, y*(b)(Is — I;y(b)) > 0 and the first statement of

this step follows by letting b = b3 = bY.

One can obtain £ = fol t(b)y(b)db/T,. Substituting (47) in this equation and computing the

Gateaux derivative yields

(L) (y () [y (b)) = Cc/o t(0)y™ (0)(2Ly(b) — L) db.

Here, C > 0 is positive, and Lemma 9 (to follow) implies that there exists a unique b¥, < b¥
such that 2I1y(b) — I, = 0 iff b < bY,. Then, for a y*(b) that is Robin Hood with b < bY, < b,
y>(b)(21,y(b) — 1) > 0 and the first three statements of this step follow by letting 0§ = b¥ and
bi =i,

Step 2. There exist thresholds 0 < a}¥ < a¥" < 1, such that for for any Robin Hood variation

W& (a) with a < alV < all < a (46) follows.

Let a}¥ be the largest solution to Wy(a) = 7y (b%). Note that for any a > a, we have y(a) =
Wo(a)/n(a) > Wy(a)/7 > y(b4). Thus, by the previous step of the proposition, decreasing risk
tolerances for traders a > ay leads to improvement in information efficiency and reduction in
liquidity. Note also that decreasing wealth for traders a > a3 induces their risk tolerances to

decrease as well (DARA utilities). Similarly, letting a}” be the smallest solution to Wy(a) = nb8,
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we get that for any a < a}’, y(a) < y(b?) and that increasing wealth for traders a < @)’ induces
their risk tolerances to increase as well (DARA utilities). Then, by the previous step, the

statement of the proposition holds. =

Lemma 9. Assume 0 < n < n(a) <7 < oo. Assume that absolute risk tolerance y(a) is a
continuous and strictly increasing function of a. For any c > 0, there exists a unique solution

a(e) to y(a) = ¢, moreover, a(c) increases in ¢ and 0 < a(c) < 1 for any 0 < ¢ < oo.

Proof of Lemma 9. Since y(a) increases in a, at most one solution to y(a) = c¢ exists.
Monotonicity also implies a(c) increases in ¢. For risk tolerance y(a) we can write y(a) =
Wo(a)/n(a). We have y(a) < Wo(a)/n and so 0 < lim,,oy(a) = infy(a) < inf{Ws(a)}/n =
0. Thus, lim, ,oy(a) = 0. One can show analogously that lim, ,, y(a) = oco. Then, by

Intermediate Value Theorem, a(c) exists and 0 < a(c) < 1. m

C.9 Proof of Proposition 3

Proof of Proposition 3. This proof follows the same steps as the proof of Proposition 2.

Without loss of generality, index traders such that y(b) increases in b.

Step 1. There exist thresholds 0 < b < bl < 1, such that for for any Robin Hood variation

t2(b) with b < b, < bh <b

Z'(#(b))[t*(b)] > 0 and Z'(¢(0))[~>(b)] < 0;

(L)' (t(0))[t*(b)] < 0 and (L)' ((b)[-t2(b)] > 0.

Here, the proof is identical to step 1 of Proposition 2, with the difference of expressions for

the Gateaux derivatives, which we reproduce below:

()t ()] = / y(0)12(b) (21 — Ly(b)) db:
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(L) (o) (0)] :CL/O y(0)t2(b) (Liy(b) — 1) db;

Step 2. There exist thresholds 0 < a' < al < 1, such that for for any Robin Hood variation
W& (a) with a < a} < ab < a (27) holds.

Let a) be the largest solution to Wy(a) = ny(bh). Note that for any a > a¥', we have

y(a) > Wo(a)/7 > y(b5). Similarly, letting af be the smallest solution to Wy(a) = nbh, we get
that for any a < a!, y(a) < y(b%). Then, by the previous step, the statement of the proposition
holds. m

C.10 Proof of Proposition 4

Proof of Proposition 4. With endogenous information acquisition and DARA utilities, the
precision of information is increasing in wealth. The transfer of wealth from rich to poor has
two effects. The indirect one of decreasing the precisions of the rich and increasing that of the
poor (via endogenous information acquisition) is captured by the Proposition 3. Proposition 2
captures the direct one. By taking the thresholds ¢ < min{at,a!"} and @ > max{a},a)} we

make sure that both propositions apply m

C.11 Completing heuristic derivation in Section B

Here, we justify the transition from (32) to (33). Note that by the stochastic calculus heuristics
(28), dX (a)* = B(a, P)?*/t(a)da and so E[(V — P)3|ds(a), §,] dX (a)? does not contain any ds(a)
terms. (Indeed, the terms in E[(V — P)3|ds(a), 5,] that contain ds(a) will be zeroed out after

multiplying by dX (a)? = (a, P)?/t(a)da and applying (28).)

Similarly, the term E[(V — P)?|ds(a), §,] in (32) can be replaced by E[(V — P)?|s,] in (33).
The difference E[(V — P)?|ds(a), 8,] — E[(V — P)?|3,] contains a leading ds(a) term, which will

become a da term after being multiplied by 3(a, P)ds(a) in (33). Finally, E[(V — P)?|5,] can
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be replaced by E[(V — P)?|s,] since conditional distributions v|$, and v|s, are the same.

C.12 Proof of Proposition 5

Proof of Proposition 5.

Fix a trader 7. Given the price P, his realized utility at time ¢ = 2 is
Ui =2 (As;,m;) = uw(Wolai) + 2(As;,my; a;)(V(v) — P)).
The As; is a finite increment of a diffusion process

1
ds(b) = vdb + ——=——=dB(b
(b) T e (b)

between b = a; and b = a; + m,. Similarly, U; ;—o (As;, m;) — Ui =2 (0,0) can be viewed as a
finite increment of a diffusion process driven by ds(b), between b = a; and b = a; +m,;. By Ito’s

lemma, we can write

u’i,t:Z (Asi, mi) - ai,t:Z (O, O) = / Mu(b)db +/ Uu<b>dB’
0 0

where p,, and o, denote the drift (the “db” coefficient) and the diffusion coefficients (the “dB(b)”

coeflicient) of U; 1—o process.

By Lemma 10 (to follow), the optimal precision solves

OE[U; 1]
8mi

}. ()

Thus, t(a;) maximized the expected drift of Z;{Lt:g at m; = 0, E[u,(0)]. The expected drift is

t(a;) € arg max{
t

then computed as in Section D.1, with the first order (necessary and sufficient) condition in

(48) reducing to (55). =
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Lemma 10. Consider a continuously differentiable function f(t,m) such that f(t,0) does not
depend on t. Consider t(m) € argmax, f(t,m). Suppose that t(m) is bounded for small enough

m. Then, t(0) € arg max, f,,,(¢,0).

Proof of Lemma 10. Suppose, on the contrary, that there exists some f such that f,,(f,0) >

fm(t(0),0). Then, by continuity, there exists m such that

fm(E,m) > fr(t(m), m) for m < m. (49)

Integrate (49) with respect to m:1°

f(E;m) = f(£,0) > f(t(m),m) = f(£(0),0).

Since f(t,0) does not depend on t we have f(t(0),0) = f(£,0) and so

f(E,m) > f(t(m), m).

We obtained a contradiction with ¢(m) € argmax, f(t,m). m

46T, integrate the right-hand side we use the Envelope Theorem #E0m.m) _ Fn(t(m), m)

dm
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D Information acquisition

Information acquisition happens at t = 0. The precisions ¢(a) are endogenized by requiring
them to be optimal, given an information acquisition cost. We define the notion of optimality
of the profile of precisions t(a) similarly to how we defined the optimality of demands: precision
profile t(a) is optimal in CHILE if it is a limit of optimal precisions in the discrete economies.
We make this definition precise after we describe the information acquisition in the discrete
economy. We assume that agents are uncertain about the distribution of wealth Wy(a) (but
they know their wealth).*” This distribution becomes known before the start of the trade at

t=1.

The new primitive in CHILE is the information acquisition cost ¢(¢,a). We assume that the
cost of acquiring an infinitesimal signal ds(a) = vda + 1/v/tdB(a) for a trader a is c(t;a)da,
where ¢(+) is continuous, strictly increasing and convex function of ¢. Thus, the cost of acquiring

a finite signal

a;+m; a;+m; 1 a;+m;
As :/ vda—i—/ T )dB(a) is / c(t(a), a;)da.
a a a a

A finite signal can be split into a collection of infinitesimal ones, with associated costs. Using
Jensen’s inequality, one can show that it is not optimal to split a finite signal into infinitesimal
ones of varying precisions. If a trader wants to get information of precision ¢m;, he should

acquire a signal

it 1 B(a; i) — Blai
As = / vda + —tdB(a) =ovm; + (a; + mi) () at a cost c(t; a;)m;. (50)

i Vi Vi

Thus, without loss of generality, we restrict finite signals in the discrete economy to be of the

form (50).

4"TDone this way, the information choice of agent a will only depend on his wealth, but not the wealth of
others, which helps to simplify some of the analysis.
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Denote U;(W{, t;,m;) the maximum utility in (??) for a given precision ¢; and initial wealth
W48 Define c(t;, a;)m; as a (monetary) cost of acquiring signal As;. We require that precisions
t; are optimal, i.e.

t; = arg max {/uz(wg —c(t,a;)m;, t,m;)g(v, P, u)dvdP} ) (51)

t

Here ¢(-) denotes the PDF of the joint distribution of P? and v. We denote ¢"(a) the profile of
optimal precisions in the discrete economy, t"(a) = t;, for all a € [a;, a; + m;), where t; solves

(51).

We introduce some technical restrictions on ¢(t; a).

Assumption 4. The information acquisition cost c(t;a) is such that there exists My such that

for any i, t; > M, is not optimal.

The additional technical restriction allows us to make a choice set in (51) compact. Thus,
without loss of generality, we assume ¢ € [0, M;| everywhere in the sequel. We define the notion

of optimal profile of precisions t(a) by continuity.

Definition 4. A profile t(a) is optimal if, for every a, the optimal precision in discrete econ-

omy t"(a) converges to t(a) as n — oo.

Finally, we define the information acquisition equilibrium at ¢ = 0.

Definition 5. A profile t(a) is an information acquisition equilibrium if for every a, t(a) is

optimal.

With these definitions at hand, we are ready to state this section’s main result in the

subsection below.

48Here we follow the setup of the main paper, where the profile of preferences in the discrete and continuous
economy are the same. This approach can be generalized to allow them to differ for finite n but coincide in the
n — oo limit. Such an alternative approach could allow to lift the technical restrictions from the primitives of
CHILE and “shift” those restrictions to the primitives of discrete economies instead.
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D.1 Information acquisition: heuristic derivation

It is illuminating to start with the heuristic derivation. Consider a change in trader a’s time-2

realized utility due to trade

dU;—2(dX (a); a) = u(Wy(a) — c¢(t(a))da + dX (a)(V(v) — P);a) — u(Wy(a); a)

= u'(Wy(a)) (dX(a)(V(v) — P) —c(t(a))da — %a)dX(af(V(v) — P)Q)
In the second line, we Taylor expanded the u(-), up to terms of order da. Due to the heuristics of
Section B, we have dX (a)?* = (a, P)?/t(a)da. Now substitute P = P(a) (trader a’s conjecture

about the market-clearing price) and take the expectation:

E[dutzz (dX(a)§ CL)]

= a V)— a)|—cC a a—p(a) a CL2 V)— a2a
dWoara) — EAX @V () =P(a)]—c(t(a)d E[8(a, P(a))*(V (v) — P(a))?|da.

2t(a)

(52)
Now simplify
E[dX (a)(V(v) — P(a))] = daE[B(a,P(a))v(V(v) — P(a))]
+1/V/t(a) E[dB(a)B(a, P(a))(V (v) — P(a))]
+ daE[5(a, P(a))(V(v) — P(a))]
= daE[B(a,P(a))v(V(v) — P(a))]. (53)

In the first transition, we substituted dX(a) = B(a, P)ds(a) + 6(a, P)da. To get (53), we
substituted E[dB(a)5(a, P(a))(V(v) — P(a))] = 0 (dB(a) is independent of V' (v) and P(a) as
the traders are price takers and assume the noise in their signals in independent from that in

the price) and E[d(a, P(a))(V(v) — P(a))] = 0 (market efficiency condition).

To proceed further, we divide (52) by da and pass to da — 0 limit. In that limit, P(a) be-
comes the market clearing price P,, which for ease of notation we simply denote P going forward.

We can further simplify (53) by noting that E[v(V (v) — P)|P] = B(a, P)Var[V(v)|P]p(a)/t(a)
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(see (40)). Then, after substituting E[(V (v)—P)?|P] = Var[V (v)|P], and B(a, P) = t(a)/p(a)Bp(P)

we can finally obtain

E[dU;—s(dX (a); a)] _ t(a) E
w' (Wo(a); a)da 2p(a)

[Bp(P)*Var[V (v)|P]] - c(t(a)) (54)
The optimal precision maximizes (54) with respect to t(a). We summarize in the Proposition
below. The rigorous proof is in the Appendix C.12.

Proposition 5. The optimal precision choice for a trader a solves

1

'(t,a) = E[Bp(P)*Var[V (v)|P]]. 55
c(t, a) 2700 [Bp(P)"Var[V (v)| P]] (55)
Here fp(P) = W. When V (v) = exp(v), the optimal precision solves
1 1
d(t,a) = E (56)

2p(a) [T (exp(771) = 1) ]

Provided that the equilibrium exists, the equilibrium precision for trader a is an increasing

function of his wealth Wy(a) under DARA preferences.

Note that the expectations in (55) and (56) are over prices P, distribution of aggregate

signal paths {s(a)},, and potential wealth distributions.
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E A benchmark model with LLN aggregation

This section demonstrates that our main results do not obtain if one adopts the traditional
approach to modeling a large economy based on law of large numbers (LLN) aggregation, as
in Hellwig (1980), Admati (1985), Peress (2004), among others. The key finding here is an
aggregation result: an economy with investors differing in wealth, precision, and preferences
appears observationally equivalent to one with homogeneous investors. Consequently, in such
economies, Robin Hood variations in wealth that leave aggregate trading intensity unchanged

have no effect on market quality, unlike in CHILE.

This section derives our main results using the model of Peress (2011), which is, to the
best of our knowledge, the only model in the literature with micro-founded wealth effects and
heterogeneous information.”” We present the Peress (2011) model using notation similar to
ours and provide brief derivations of the main results. For more details, we refer the reader to

the original paper.

The economy unfolds over two time periods, t = 1 and ¢ = 2. It consists of a continuum of
agents of total mass one. There are two assets: one risk-free and one risky, with the returns
of both assets, realized at t = 2. The risk-free asset has a perfectly elastic supply and gross
return normalized to 1, while the risky asset has a liquidation value of V' that is log-normally

distributed.?®

Agents trade at t = 1, determining the price P of the risky asset. There are rational
traders indexed by a € [0,1) and noise traders. Noise traders submit price-inelastic demand

0 ~ N(0,7, ') (measured in units of stocks). Agent a has initial wealth Wy(a), and he trades a

49Tt is straightforward to derive the results of this section within a mean-variance preference framework that
includes ad-hoc wealth effects, where the ”variance” coefficient depends on wealth, as in Farboodi et al. (2022b)
and Mihet (2022).

50Tt is also straightforward to derive our results for the case of normal distribution of V. However, existing
methods are limited in their ability to accommodate the broad range of payoff functions that CHILE supports.
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total amount of x dollars—i.e. price per share times number of shares. His realized utility is

u(W. a),

where his wealth at time ¢ = 2 is

W = Wo(a) + (R — 1),

and where

R=V/P.

Eaach trader has a private signal s(a) = v+ Z(a)/+/t(a), where Z(a) are i.i.d. standard Normal

random variables.

The analytical tractability is achieved by employing a “small risk” approximation. It is
assumed that

InV =C(-v+ v, (57)

where v ~ N(0,7,7!) is a learnable component of asset payoff, and v, ~ N(0, (T, 1) is a non-

t.51

learnable componen The approach consists of characterizing the equilibrium asymptotics as

¢—0.

Remark 7. Relative to the model in the paper, the model here features two new ingredients.
The first is noise #. The second one is the unlearnable component v, of asset payoff. Both are
essential for the equilibrium here to be well-defined. Without 6, there will be no noise in the
price, and the equilibrium will not exist. Without v,, the asymptotics of equilibrium as ¢ — 0
will not be well-behaved (see Peress (2011)). Our model in the paper is well-defined without
these two elements, so we did not introduce them there. However, we verified that introducing

them does not change our main conclusions. Thus, the comparison to the benchmark here is

5IThis is equivalent to Peress (2011) formulation, saying that agents learn about the mean of log-payoff as
opposed to log-payoff itself. Indeed our assumption can equivalently be formulated as InV ~ N(Cv, CTy, 1), the
mean v ~ N(0,7,1) is not known, and agents learn about mean v as opposed to about log-payoff In V.
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fair.

Remark 8. The aggregation here will be performed by computing [ z(a)da. It should be noted
that [ x(a)da represents the average, not aggregate demand. Indeed, the integral is approxi-
mately >, z(a)=, which is average demand. (Here, n is the number of traders in the economy.)
In the large economy here, each demand is not infinitesimal 1/x(a) < 0o, so their sum is infinite.
Starting from Hellwig (1980), the literature solves this problem by equalizing the average, not
aggregate demand f z(a)da to the noisy supply 0. Consequently, the actual aggregate noisy

supply, @ - n, has infinite variance.

E.1 Equilibrium

Solving for equilibrium involves taking the standard steps. We postulate that for small (,

traders have the following conjecture about the price function

In P = p=p¢, where p = ¢y + c1v — cb. (58)

Given such conjecture, agents form their demands, which then results in an equilibrium price

function p®(¢). Equilibrium requires traders’ conjecture to be consistent in the ¢ — 0 limit:
p*(C) = p¢ + o(C)-

Substituting (57) and conjecture (58) into agent a’s first order condition E,[u/(Wy(a) +
z(exp(InV —p) —1)(exp(InV — p) — 1)] = 0, expanding it up to the terms of order (, we obtain

z(p) = &(p) + o(1), where
E,Jv] —p+ 0.57';’%

pla)T;}

z(p) =

where p(a) = —u"(Wy(a))/U'(Wy(a)) is trader a’s absolute risk aversion and

B = —Y gy P C

0 -1
, and 7, = Var[v — Ty =
T, + 7 + t(a) T+ 1 +ta) P lp)

A
—27'9.
2
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Applying market clearing, we get

1
v Ty n/ Mda + (affine function of p) =0,
m ), T+ T+ t(a)

Cl / — - _da
n+%+t)'

The main result of this section follows.

and hence

Theorem 2. There exists a unique equilibrium. The equilibrium demands can be written as

2(p) = ala) + B(a)s(a) —~(a)p, where

t(a)Ton
pla)(r, + 7 + t(a))

pla) =

The price informativeness 7, can be written as

_ (/Olﬁ(a)da)ZT

and is the unique solution to

/ — 2 (da.
V m+%+t)

The price function and the aggregate demand is the same as in the economy with homogeneous

t
investors with absolute risk aversion p and precision t satisfying fo %da = +/Tp+t.
P vtip

The economy with LLN aggregation allows for a “representative agent” formulation. Ag-
gregate quantities, such as the price function and informativeness, remain consistent between
the original heterogeneous economy and the equivalent homogeneous one. In this case, hetero-
geneity is irrelevant, unlike in CHILE. Consequently, we also get the following result, further

illustrating the distinctions of CHILE and traditional economies in terms of comparative statics
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of information efficiency.

Corollary 2. Aggregate trading intensity fol Bla)da is a sufficient statistic of price informa-
tiveness. Changes in wealth distribution that leave the aggregate trading intensity unchanged

leave price informativeness unchanged.

In CHILE, under the assumptions of Proposition 2, any Robin Hood variation of wealth
with thresholds a < a}V < aV < @ results in increased information efficiency. This implies that
the result holds even for redistributions that leave aggregate trading intensity unchanged. This
distinction underscores the difference between CHILE and traditional large economies: changes
in parameters that do not affect the parameters of an equivalent homogeneous economy have

no impact on traditional economies, but they do in CHILE.
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F A model with noise traders

In this section, we introduce noise traders. The resulting equilibrium captures both the mech-
anism emphasized in previous literature—where inequality enhances information efficiency by
increasing the aggregate trading intensity of informed traders—and the new mechanism high-
lighted previously in this paper, which shows that inequality hinders efficiency by disrupting the
optimal aggregation of informed traders’ signals. The main result is that the new mechanism
tends to dominate, ensuring that our findings from the main part of the paper remain robust

to the introduction of noise.

F.1 Setup

The model follows the setup in Section 3, with the addition of noise traders. There is a measure
v of these traders, and we index all traders by a € [0,1+v). Traders in the range a € [0, 1) are

rational, while those in a € [1,1 + v) are noise traders.

To maintain analytical tractability, we model noise traders following Black (1976), who
describes them as traders “trading on noise as if it were information.” Specifically, we assume

that noise traders observe

ds(a) = uda + %dB(a), g el,1+4). (59)

Here, u ~ N(u,7, ') is distributed identically to v but is independent of it. Although their
signals follow (59), noise traders act as if they were receiving signals given by (5). Noise traders
are identical to rational traders in all aspects except for the information they receive and how

they respond to it.
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F.2 Derivation of equilibrium

Derivation identical to that of Theorem 1 yields that the demand of noise traders is given by

dX(a) = p(a, P)ds(a) + 6(a, P)da,

Where
t(a) T E[V'(v)[sy]
pla) Var[V({v)ls,]

Bla, P) =

From market clearing, agents can extract the sufficient statistic

1+V t(a

. t(a)/p(a) dB(a)
+ / fo (60)

a)/p(a)d t(a)’

which has precision

-1

1+v ¢ —)da 1 2 iy t(a)
R () ! a )
’ ( -QM> +@hwmwM>A o o

0 p(a)

As in the main model, prices must be weak-form efficient, which implies

P =E[V(v) | sp]-

The conditional distribution of v given P is normal with mean (7,/7) - s, and variance 1/7.
Defining the standardized variable z = \/7(v — (7,/7) - s,), we note that z follows a standard

normal distribution.

Thus, we can express v as
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Substituting this into the efficiency condition gives

E[V(v)| P] =E {V (%s,, + %)] - /V (%s,, + %) dD(2),

where ®(z) is the standard normal cumulative distribution function.

The rest of the derivation follows the steps of Theorem 1, leading to the final result.

Theorem 3. There exists a unique equilibrium. The equilibrium price function has the repre-
sentation P, = P(s,), where the equilibrium sufficient statistic s, is given by (60). The function

P(z) is given by

Plz) = / % (%x + %) 4 (2). (62)

Here ®(z) denotes the standard normal cumulative distribution function (cdf). Consequently,
the price function is completely determined by V(-) and two other quantities, the precision of

sp, given by (61) and the posterior precision of v, given by 7 = Var(v|P)™' = 7, + 7.

The equilibrium cumulative demand function has the representation dX (a) = (a, P)ds(a)+

d(a, P)da, for all a € [0,1+ v), where

t(a) T E[V'(0)]s,]

M= ey Nar Vil
L P — B(a,P)27T . Sk[V(v)lsy] . E[v(V(v) — P)3?|s,) P(P)
NP =" " Na @] T el sl AavalV @)l

Here p(a) and w(a) denote the absolute risk aversion and prudence coefficients, defined in (17).

The sufficient statistic s, is related to the price P as follows:

Here P~1(-) is the inverse of the function P(-) defined in (62). The conditional moments of

V(v) and the function ¢(P) are given in the closed form in (44).
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F.3 Market quality

Our definitions of liquidity £ and information efficiency Z follow those in the main paper. Using

the derivation steps from Proposition 1, we obtain

A
Ty + T
and
1 [t
L=— (—a>da.
Tp Jo p(a)

Since 7, is given by (61), this leads to the following result.
Proposition 6. The equilibrium information efficiency and liquidity are given by

Tp L= L IMda

Tv‘i‘Tp’ _Tp o pla)

where T, is given by (61).

F.4 Comparative statics

To ensure consistency with previous literature, which assumes exogenous noise remains un-
affected by the parameters of interest, we impose that comparative statics do not influence
noise traders. Formally, our definition of the Robin Hood variation assumes h*(a) = 0 for all

a € [1,1+ v) and coincides with Definition 3 in all other respects.

F.4.1 Wealth inequality

First, we examine changes in the wealth distribution Wy(a) while keeping the precisions ¢(a)

fixed. This leads to the following proposition, which exactly matches Proposition 2.
Proposition 7. Suppose that agent preferences are DARA. Then, there exist thresholds 0 <
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alV < a¥ <1, such that for any Robin Hood variation W& (a) with a < a}V < a¥ < a we have

T'(Wo(a)[W5*(a)] > 0 and I'(Wo(a))[- Wy (a)] < 0; (63)

L' (Wo(a))[W5 (a)] < 0 and L' (Wo(a))[-Wg'(a)] > 0. (64)

The mechanism highlighted in previous literature—where inequality enhances information
efficiency by increasing the aggregate trading intensity of informed traders—does not alter
Proposition 2 in the presence of noise. However, this does not imply that exogenous noise is

irrelevant. Its presence may influence the thresholds a}" and alV.

F.4.2 Information inequality

Here, we examine the effects of changing the distribution of information across agents on market

quality holding the wealth profile fixed.
Proposition 8. Suppose that traders have DARA utilities. Then, there exist thresholds 0 <

al < ab <1, such that for any Robin Hood variation t*(a) with a < a} < ab < a

Z'(t(a)[t*(a)] > 0 and Z'(t(a))[~t>(a)] < 0;

L' (t(a)[t*(a)] <0 and L'(t(a))[—t>(a)] > 0.

The formulation of Proposition 3 remains unchanged. Corollary 1 also holds with noise.

Corollary 3 (An information-aggregation paradox). Suppose that traders have DARA utilities.
Then, there exists a threshold al, such that for any h*™(a) # 0 such that h*(a) > 0 for a > a,

and h®(a) = 0 otherwise, T'(t(a))[t>(a)] > 0 and I'(t(a))[—t>(a)] < 0.
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F.4.3 The role of information acquisition

Combining the results of Propositions 7 and 8, we conclude that the statement of Proposition 4

remains unchanged.

Proposition 9. Suppose that Assumption 2 holds. Suppose that traders have DARA utilities.
Suppose that precisions are a function of wealth t(Wy(a), a) and are increasing in Wy(a). Then,
for any Robin Hood variation W& (a) with a < min{a!,a}’} < max{a},ay} < a, results (63)-

(64) hold.

F.5 Proofs for Section F

F.6 Proof of Proposition 7

Proof of Proposition 7. Following the proof of Proposition 2, we denote absolute risk
tolerance y(a) = 1/p(a). Without loss of generality, index traders such that y(b) increases in b.
(This is in contrast to index a, which is such that Wy(a) is increasing in a.) We first compute

the Gateaux derivatives of Z and £ with respect to y(b).

Substituting (61) into Z = 7,/(7, + 7,) and computing the Gateaux derivative (this entails
substituting y(b) + ey>(b) instead of y(b), differentiating with respect to €, and evaluating the

resulting expression at € = 0) yields:

1

T 0) = Cr [ 10> 0)(E: ~ Kayo) b

0

Here, C7 > 0 is positive (we have the closed-form expressions for C7 via parameters of the
model, but it is not important here), I = fol t(b)y(b)db, I, = OHV t(b)y(b)*db, and I3 =

[t )y(b) db, Ky = I2 + Iy7,,, and Ky = I17,.

Lemma 9 implies the existence of a unique b; such that Ky — Kyy(b) 2 0 if and only if

b= b,. The remainder of the proof follows the same steps as Proposition 2 and is omitted for
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brevity.

We now turn to the liquidity results. Substituting (61) in £ = fo y(b)db/1, and com-

puting the Gateaux derivative yields

(Eﬂwwmﬁ®ﬂ=05£t@wﬂwww@y—@yw

Here, C; > 0 is positive, ky = 27,17 and ko = Io7, + I:,?. Lemma 9 implies that there exists a
unique b, > bY such that kjy(b) — ke = 0 iff b = 0Y,. The remainder of the proof follows the

same steps as Proposition 2 and is omitted for brevity. m

F.7 Proof of Proposition 8

Proof of Proposition 8.

This proof follows the same steps as the proof of Proposition 2. Without loss of generality,
we index traders such that y(b) is increasing in b. The proof remains identical to that of
Proposition 2, except for the expressions for the Gateaux derivatives, which we reproduce

below:

/()] @/y D) (K, — Ky(b)) db:
/()] @/y b)(kyy(b) — k) db.

Here, K2 = 2]% + 2]27’1,, K1 = IITw k?l IlTv, and k2 K2/2 The notation Il, [2, and [3

follows the definitions in the proof of Proposition 7. =
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G Price taking equilibrium, competitive REE and BNE:

CARA-Normal case

In this section, we contrast three equilibrium concepts: (i) the Bayesian Nash Equilibrium
(BNE), in which traders account for both (a) their individual impact on the price level and (b)
the informational content of the price; (ii) the competitive Rational Expectations Equilibrium
(REE), where traders internalize (b) but ignore (a); and (iii) the price-taking equilibrium, where
traders disregard both. A large portion of the material presented here is drawn from Avdis

et al. (2025) and is included for completeness.

A full treatment of BNE and competitive REE under general preferences and payoft struc-
tures is the subject of our ongoing work. In this section, we focus on the CARA-normal
framework, modeling wealth effects in an ad hoc manner by assuming that the absolute risk

aversion coefficient p(a) decreases with initial wealth 1Wy(a).>

G.1 Setup

We consider a sequence of economies with a finite number n of traders and examine the behavior
of equilibrium quantities in the large economy limit as n — oco. The economy features a risky
asset with payoff v ~ N(0,7,7!) and a riskless asset that serves as the numéraire.

Each trader i lives in an interval [a;, a; + m), where a; = % and m = % Traders exhibit

Constant Absolute Risk Aversion (CARA), with individual absolute risk aversion coefficients

denoted by p(a;). Trader i receives a private signal of the form:

1
t(a;)

As; =vm +

AB(CLZ'),

where As; has precision tm.

528ee Makarov and Schornick (2010), Kurlat and Veldkamp (2015), and Mihet (2018), who adopt a similar
ad hoc approach to modeling wealth effects.
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In the large economy limit, we can write the above as

1

ds(a) =vda
(@)= vda+ s

dB(a).

Our objective is to study the limiting behavior of equilibria as n — oco. To support the

existence of BNE and competitive REE, we introduce noisy supply:

u~ N(,7,1).

We begin by analyzing standard equilibrium concepts: (i) the competitive Rational Expecta-
tions Equilibrium (REE), and (ii) the Bayesian Nash Equilibrium (BNE) in demand schedules.

We then turn to the price-taking equilibrium.

G.2 Market quality

Our definitions of liquidity and information efficiency are unchanged from the main text. We

define information efficiency as:
Var[v | P]

=1
Var[v]

which measures the fraction of uncertainty about the fundamental value v that is eliminated

by observing the price P.

Our measure of liquidity is based on the sensitivity of prices to price-inelastic shocks. For-

fo (2P 1\
B Ou Var[v | P] '

In our discrete economies, equilibrium is linear, with individual demands taking the form:

mally, it is defined as:

zl = B"(a;) As; — " (a;) pm.
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Under this structure, the liquidity expression simplifies to:

L = Var[v | P]- Zv(ai) m. (65)

=1
G.3 Competitive REE

We begin by defining the notion of equilibrium in the discrete economy:

Definition 6. In the discrete economy n, a competitive REE consists of a price function P™

and a collection of demand schedules {z}(p, As;)}, such that the following two conditions are

satisfied:

1. Optimality: For each trader 1,
i (p, As;) € argmax E [—exp (—yi(v — p)x) | As;, P* = p];

2. Market clearing:

Zm?(P", As;) —u=0.

We employ a guess-and-verify approach to solve for the equilibrium. We conjecture that the

equilibrium strategies in the discrete economy n take the linear form:
xi = B"(ai) As; — 7" (a;) pm, (66)

where 8"(a;) and v"(a;) are constants specific to each trader.

In the large economy limit, the corresponding strategy becomes:

dX(a) = B(a) ds(a) - v(a) pda.
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From market clearing, traders can compute the sufficient statistic:

) u —PpP. Z?:l 7(ai>m’

5 _“Zﬁ% Sy Blam S Blagm

where we introduce the weights

B"(ai)
E] 1 Blag)m

w"(a;) =

In the large economy limit, these expressions become:

(67)

V)
k<]
|
(o4
+
N
£
&
@
o%
@

dB(a) — —3——— =
t(a) fo 6(a)da fo a)

G.3.1 Heuristic derivation of equilibrium

Following the approach in Section B, it is straightforward to derive that optimal demands take

the form:
Elv — P | ds(a), s,

) = =) Var(elsy)

(68)

To identify (a), we isolate the contribution of ds(a) on the right-hand side of (68), which

requires computing the conditional expectation E[v | ds(a), sp).

To facilitate this calculation, we rewrite the conditional expectation as:

Elv | ds(a), s,| = E[v | ds(a), s, — w(a) ds(a)],
where w(a) = ﬂ(a)/fo1 B(a)da. Since ds(a) and s, — w(a) ds(a) are conditionally independent
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given v, we can apply the standard linear projection formula to obtain:

Elv | ds(a), s, — w(a) ds(a)] = Ha) ds(a) + % (sp —w(a)ds(a))

where 7 = Var(v|s,) ™!, 7, is the precision of s, and “ --” denotes terms that do not depend
on ds(a).

Matching the coefficients of ds(a) in (68), and substituting for w(a), we obtain:

mw:~i7(mw—@-1ﬁ9l—>- (69)

Then equation (78) becomes:

1
Bla) = s (a) —rB@) = o) = St

Thus, once & is determined, S(a) is fully characterized. To solve for k, we compute precision

Tp, by deriving the variance of the noise term in the sufficient statistic s,:

71 = Var " wla) dB(a) — ———
2 (A w ﬁﬁmwm>

[T w(a)? " 1
_/0 t(a) da (folﬁ(a)d(:L)z,

where the second equality follows from It6 isometry and can be derived heuristically as in

Section B.
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Substituting w( (a)/ fo a) da, we obtain:

(fol a) da)2

_1'

Tp =

0 t

Hence,
Jo Bla

16(0 -1
0 Ha da—l—T 1

Substituting 5(a) = t(a)/(p(a) + k) into (72), we obtain an equation for s alone:

1 t(a)
fO pla)+ da

1 t(a) -1
Jo Gaimp da+ 7t

R =

We summarize this heuristic derivation below and provide a rigorous proof in Appendix G.7.

Theorem 4. Let k be the unique positive solution to

1 t(a)
fO pla)+

K= — y —
fom a+7,

There exists a unique competitive REE with

G.3.2 Market quality

The following proposition characterizes liquidity and information efficiency in equilibrium.

Proposition 10. The equilibrium information efficiency and liquidity are given by
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where

= KR 1 —t(a) a
O 74

and K solves (73).

With the above proposition in hand, we are now ready to examine how changes in the wealth

distribution affect market quality.

G.3.3 Comparative statics

We assume that absolute risk aversion is a decreasing function of initial wealth. With a slight
abuse of notation, we write it as p(Wy(a)), where p(-) is a decreasing function. In addition, we
continue to maintain Assumption 2 from the main text and assume that traders are indexed so

that Wy (a) is increasing in a.

Since endogenous information acquisition is not modeled here, we conduct comparative

statics with respect to Wy(a) only, and take t(a) as exogenous.

Proposition 11. Suppose that agent preferences are DARA. Then there exist thresholds 0 <
alV < a¥ < 1 such that for any Robin Hood variation W{*(a) with a < alV < a¥ < a, the

following holds:

L'(Wo(a)We ()] <0 and L' (Wo(a))[-W5(a)] > 0.

Now suppose in addition that fol W& (a)da = 0, and that the function a — t(a) |o'(Wo(a))|/(c+
p(Wo(a)))? is decreasing in a for every c > 0, at least for a sufficiently close to 0 and 1. Then,
there exist thresholds 0 < alV < a¥V < 1 such that for any Robin Hood variation W (a) with

a <alV <a¥ <a, we have:
T Wola)[WE(a)] >0 and T'(Wy(a))[-WE(a)] < 0.
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Our results on liquidity extend directly from the main paper without any modification.
In the case of information efficiency, we impose additional technical assumptions in order to
complete the proof. However, the main economic message remains unchanged: transferring

wealth from the rich to the poor improves information efficiency but reduces liquidity.

The proof is more intricate here due to the interaction between liquidity and information
efficiency—an effect that was absent in the baseline model. As seen in equation (74), the

precision 7, depends on k = 1/L, introducing a feedback loop between the two measures.
To ensure the result goes through analytically, we impose two auxiliary conditions:

1. Budget balance: The requirement fol W& (a)da = 0 guarantees that the Robin Hood

variation is not wasteful-—all wealth taken from the rich is transferred to the poor.

2. Monotonicity: We assume that the function

)l Waa))
W) = ok pWola))

is decreasing in a. This condition is satisfied, for instance, when p(a) = n/Wy(a) (emulating

CRRA preferences with RRA equal to n) and t(a) = 1.°® In that case,

is decreasing in a.

While these assumptions are used for technical tractability, we expect that the underlying

comparative statics continue to hold more broadly.

53This example can be generalized to allow for non-constant signal precisions t(a).
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G.4 BNE

In this section, we consider an equilibrium with strategic traders, as in Kyle (1989). We
follow the approach advocated by Kovalenkov and Vives (2014): we start from the finite-agent
Bayesian Nash equilibrium—where each trader fully internalizes both her impact on the price
level and on the informational content of the price—and characterize the limiting equilibrium

as the number of traders grows large.

Definition 7. A Bayesian Nash Equilibrium (BNE) is a collection of demand schedules {x(p, As;)},

such that for each trader i, the schedule x} solves:

E [—exp (p(a;)(v — p(a}, z™,)) - 2})] > E [—exp (p(as)(v — p(y, 2",)) - y)]

for any alternative demand schedule y.

Here, 2", denotes the vector of equilibrium demand schedules for traders j # i, and p(y, x™;)

15 the market-clearing price when trader i’s schedule is y, and other traders follow x",.

We employ a guess-and-verify approach to solve for the equilibrium. We conjecture that the

equilibrium strategies in the discrete economy with n traders take the linear form:

z; = B"(a;) As; —v"(a;) pm, (75)

where 0"(a;) and 7"(a;) are constants specific to each trader.

In the large economy limit, the corresponding strategy becomes:

dX(a) = f(a)ds(a) = y(a) p da.
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Following the derivation in Kyle (1989), the optimal demand for trader i is given by:

- Ev | Asi,sg] - P
%= pla;) Var[v | As;, sp] + AP

Here, \; denotes the individual price impact, i.e., the slope of the inverse residual supply

curve faced by trader i, given by:

AP = (van(aj)> :

J#
In the large economy limit, we write, heuristically:

Elv — P | ds(a), s,

AX(@) = o Var(o]s,) + 2

where
-1

A= (/Olﬁy(a) da) = Var(uvls,) - £,

In the last equality, we used the limiting form of the liquidity expression from equation (65),

replacing the discrete sum Y | v(a;) m with its continuous counterpart fol v(a) da.

G.4.1 Heuristic derivation of equilibrium

We focus our derivation on the coefficient 5(a). Define the constant x as in Section G.3, via
equation (70). We will show below that the relationship x = 1/L£ continues to hold in the
Bayesian Nash Equilibrium (BNE). This allows us to rewrite the first-order condition (77) as:

_ Elv—P|ds(a),sy)
D) = Farlo Ts,] - (ola) + 1)

(77)
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Proceeding as in Section G.3.1 we obtain:

Elv | ds(a), s, — w(a) ds(a)] = (@ - @w(a)) ds(a) + -+,
T T
where 7 = Var[v | s,]7!, and - - - denotes terms independent of ds(a).
Matching the coefficients of ds(a) in equation (77), and substituting for w( a)/ fo
we obtain:
1 p(a)
Ba) = ——— | ta) — 7, 2. 78
( ) IO(CL>+I€ ( ) p folﬁ(a)da ( )

Substituting the definition of x from (70) into the equation above gives:

_ tla)— 5+ Bla) o
Bla) = " = B

t(a)

pla) + 2k

Moreover, equation (72) continues to hold in BNE. Substituting the above expression for

f(a) into it, we obtain the equation that determines k:

t(a) da/

Op a)+2k

1 _
fo (p(a) +25)2da+7— v

K =

We summarize this heuristic derivation below and provide a rigorous proof in Appendix G.7.

Theorem 5. Let k be the unique positive solution to

1 t(a)
. fO pla)+2k da 79
T W e (79)
fO (p(a)+2k)2 da + Tu

There exists a unique equilibrium with
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G.4.2 Market quality

The characterization of liquidity and information efficiency in equilibrium remains unchanged

from the competitive REE case.”® For completeness, we restate the result below.

Proposition 12. The equilibrium information efficiency and liquidity are given by

where

and K is the unique solution to equation (79).

We now turn to the comparative statics analysis.

G.4.3 Comparative statics

We assume that absolute risk aversion is a decreasing function of initial wealth. With a slight
abuse of notation, we write it as p(Wy(a)), where p(-) is a decreasing function. In addition, we
continue to maintain Assumption 2 from the main text and assume that traders are indexed so

that Wy(a) is increasing in a.

The comparative statics results in the Bayesian Nash Equilibrium closely mirror those in
the competitive REE case. However, the technical conditions that were previously required
only for proving the results on information efficiency Z are now also necessary for establishing
the results on liquidity £. As discussed earlier, the core economic message remains unchanged:
transferring wealth from the rich to the poor increases information efficiency but decreases

liquidity.

54The only difference lies in the expression for 3(a), which is given by 8(a) = t(a)/(p(a) + 2x) in BNE, as
opposed to f(a) = t(a)/(p(a) + k) in REE.
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Proposition 13. Suppose that agent preferences exhibit decreasing absolute risk aversion (DARA).

Assume, in addition, that the function

1)l Wi (@)
(c+ p(Wo(a)

is decreasing in a for every ¢ > 0, at least for a sufficiently close to 0 and 1. Then, there
exist thresholds 0 < alV < a¥ < 1 such that for any Robin Hood variation W& (a), satisfying

fol W&(a)da =0 and a < alV < alV < a, the following comparative statics hold:

T'(Wo(a)[Wg*(a)] > 0 and I'(Wo(a))[- Wy (a)] < 0;

L' (Wo(a)[Wg*(a)] < 0 and L'(Wy(a))[~W;(a)] > 0.

G.5 Price-taking equilibrium

The definition of equilibrium and the derivation are as in the main part of the paper. For

completeness, we state the characterization of the equilibrium in the theorem below.

Theorem 6. There exists a unique price-taking equilibrium with

G.5.1 Market quality

Substituting 5(a) = t(a)/p(a) into equation (71), we obtain the expression for the precision of
the sufficient statistic of the price:
2
1 t(a)
(fo 50 da)

1 t(a)
0 p(a)?

Tp =

da+Tu—1'
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The expression for information efficiency Z then follows from:

Tp

T —

Ty + Tp

Similarly, substituting 3(a) = t(a)/p(a) into equation (72), and using the identity k = 1/L,

we obtain:
1
oo Op d + 7,
1t()d

0 p(a)

We summarize these expressions in the proposition below.

Proposition 14. The equilibrium expressions for information efficiency Z and liquidity L are

given by:
-1

L t(a) -1
7 (1an. Opa da+7 f pa)gch—T

ey ) T kE

We are ready to proceed to comparative statics.

(80)

G.5.2 Comparative statics

We assume that absolute risk aversion is a decreasing function of initial wealth. With a slight
abuse of notation, we write it as p(Wy(a)), where p(-) is a decreasing function. In addition, we
continue to maintain Assumption 2 from the main text and assume that traders are indexed so

that Wy(a) is increasing in a.

The comparative statics results remain unchanged from the main part of the paper. The
proof, however, requires a slight adjustment to account for the presence of noise traders; the

modified argument is presented in Section G.7.

Proposition 15. Suppose that agent preferences are DARA. Then, there exist thresholds 0 <
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alV < a¥ <1, such that for any Robin Hood variation W& (a) with a < a}V < a¥ < a we have

T'(Wo(a)[W5*(a)] > 0 and I'(Wo(a))[- Wy (a)] < 0;

L' (Wo(a))[W5 (a)] < 0 and L' (Wo(a))[-Wg'(a)] > 0.

G.6 Comparing Price-Taking Equilibrium, REE, and BNE

Juxtaposing Theorems 4, 5, and 6, we can summarize the equilibrium trading intensities as

follows:
t(a)

B a) = —~——, B (a)zm,

B (a) = —=

corresponding to the price-taking equilibrium, competitive Rational Expectations Equilibrium

(REE), and Bayesian Nash Equilibrium (BNE), respectively.

Here, k = 1/L represents the inverse of market liquidity and serves as a measure of price
impact. The only difference across the expressions lies in the denominator, which reflects the

extent to which traders internalize their influence on the market.

e Price-Taking Equilibrium: Traders behave competitively and ignore both how they affect
the informational content of the price and their direct price impact. Hence, no adjustment

is made to the denominator.

e Rational Expectations Equilibrium (REE): Traders internalize that they affect the in-
formational content of prices but not their impact on the price level. This introduces a

correction term —+k.

e Bayesian Nash Equilibrium (BNE): Traders account for both how they affect the infor-
mation in the price and their influence on the price level. This leads to a total adjustment

of +2k.

Thus, the denominator can be interpreted as p(a) + (number of effects internalized) - k.
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G.7 Proofs for Section G
G.7.1 Proof of Theorem 4

Proof of Theorem 4.

Given the strategies in (75), the market-clearing price function takes the form:

P =k <Z w"(a;) Asi> + k;, u,
where the constants k7 and k], are given by:

Z?:l B(Cl’l)m kn _ 1

ki = So————

X ylam’ T 3T y(a)m

The optimal demand of trader 7 is:

n Elv | Asi,s;] —p
T = p(a;) Varv | As;, sp]

We decompose the aggregate demand as follows:

1

1
2} = Elv | As;,sp] —E[v| sp] + Efv | s3] —p
zi: Zp(awar[lesi,sz] ’ B R v
Tr1sK premium

To compute the first term, we apply the standard Bayesian updating formulas (see Lemma 11)

and use the Aggregation Lemma. In the limit n — oo, this yields:

. 1
,}E{}OZ p(a;) Var[v | As;, s7]
"t(a) — w(a) T, ola Y s, 1 (—t(a)? + t(a)w(a)(r, + 37,) + Tprw(a)?) .
[ e+ | o(@) ) ( + 72) o

(Ev | Asi,sp] —Efv | sp]) = (81)
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Here, all quantities without superscript n denote the n — oo limit of their discrete counter-

parts.

To compute the risk premium term, we apply E[- | s,] to both sides of the market-clearing

condition:
Elv | sp] — P"
1 =—-E :
nl—>noloz (a;) Varv|AsZ, i ] )

Thus, the risk premium is of order 1/n and can be written as:
Elv|s)] —p= Ew(sp) + higher-order terms,
where the function ¢ (s,) is determined by market clearing:

(ro + 1) (5) = —Elu | 5] / 1/p(a) da

Substituting into (84) leads to (78), and the rest of the proof follows the heuristic derivation.

To establish uniqueness of the positive solution « in (73), note that the equation can be

rewritten as:
1
t
= / —(a)v(aé da. (82)
o (v(a)+K)*k
The right-hand side is a continuous, strictly decreasing function of &, with limits +oo as

k — 0, and 0 as k — oo. Therefore, by the Intermediate Value Theorem, a unique positive

solution exists. m
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Lemma 11. We have

n

Blolsy) = — s
t(a;) —w™(a;)7)/(1 —mw"(a;)) i/ (L —muw™(a;))

AS,’ +

Elvlsy, Asi| =

Ty + T + t(a;)m Ty + T + t(a;)m %p

Var[v]s,, As;] ™" =7, + 7 + t(a;)m

Here we denoted

=S () e = et ()t

JF

Proof of Lemma 11. First, we construct the statistic s, that is conditionally uncorrelated

with As;:

Zj;éi wn(@j)ABj/\/W k/’ﬁ u

(1 — mwn(a;)) k1 — muw™(a;)

spo=(sp —w"(a;)As;) /(1 —mw"(a;)) = v+

p7Z

n . m n 2 .
It has precision, 7, where (7))~ = 3., T _gl(ul_(aj))j( e+ (%) Aomsay-  Using the
) a; mw”(a i

— t(ai)ASi Tp lsp i
AS’] - Tv+7—g7i+t(ai)m To Ty +t(al)

standard formulas, we can write Efv|s), As;] = Elvlsy,,

Substituting the relationship between s, and s;, we obtain the stated result. m

G.7.2 Proof of Proposition 10

Proof of Proposition 10. First, recall from (67) that

a

b

foa
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The price impact A is defined as the reciprocal of the slope of aggregate demand:

A_I::jgly(a)da.

Substituting into the expression for s,, we get:

Sp=+'
)‘fo B(a)da

In the large economy limit, prices are weak-form efficient:

Substituting the expression for s, in terms of P, we find:

-
P

s, — P
Tv—f—Tp

(L g)p
A\t )\folﬁ(a)da .

Since this expression must be zero for equilibrium prices, we conclude:

Elv | s, — P =

Tp 1

T 7 A B(a)da

Rewriting this identity, we obtain:

= _)\(T+T)_—>\ _ !
[ Bayda T Varlo]s] L

The expression for Z follows directly from the definition of information efficiency, while the

expression for £ follows from the above identity and the definition of k£ given in (70). =
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G.7.3 Proof of Proposition 11

Proof of Proposition 11. Note that the equation (85) that pins down x in equilibrium can

be rewritten as:

HTlZ/l t(a)p(Wo(a)) da (83)
u o ( o :

We now differentiate this equation implicitly with respect to the wealth distribution Wy(a).
Specifically, we consider a perturbation of the form Wy(a) + eW£(a), differentiate both sides
of (83) with respect to €, assuming x = k(€), and evaluate the derivative at ¢ = 0, thereby

obtaining the Gateaux derivative x'(Wo(a))[WE (a)].

This yields:

, o U@ W) (o 20(Wo(a)
K (Wla) W (a)] = Cs / ( (1 AT

A a) da
p(Wo(a)) + r)* (Wo(a))—l—/{) Wo'(a) da,

where

o= (rtvn [ AP )

is a positive constant.

By Lemma 9, there exists a unique threshold a* such that

2p(Wy(a))

Y (@) +#

20 ifand only if a<a”.

Therefore, for any Robin Hood variation W& (a) with a < a. < @, we have
2p(W
F(a) W Go) (1 2D,

and hence x'(Wy(a))[WE(a)] > 0.
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We now turn to the comparative statics of Z. It suffices to show that
7,(Wo(a))[Wg*(a)] > 0

for a Robin Hood variation with sufficiently low a and sufficiently high a.

Applying the chain rule, we obtain:

7, (Wo(@)[Wg* (a)] = 7,(Wo(a); R)[Wg (a)] + % - (Wo () [ (a)],

where the bar in 7/ (Wy(a); &) denotes the derivative of 7, with respect to Wy(a) while keeping

Kk fixed.

t(a)

)i da, we compute:

Differentiating 7, = fol

o (Wola): )W (a)] = —& /

By Lemma 12, if the integrand

t(a) p'(Wo(a))
(R + p(Wo(a)))*

yla) = —

is decreasing in a, then

7 (Wo(a); B) W5 (a)] > 0.

Since %Llf > 0 and &' (Wo(a))[Wg* (a)] > 0 by earlier results, the full derivative 7/ (W (a))[W* (a)]

is also positive. This completes the proof of the proposition. =

Lemma 12. Let h®(a) be a Robin Hood variation of a parameter h(a), with thresholds 0 < a <

a < 1, and suppose that fol h2(a)da = 0. Let y(a) be a decreasing function on [0,1]. Then:

/0 y(a) h™(a) da > 0.
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Proof of Lemma 12. Let a* € (a,a). Since y(a) is decreasing, the function y(a) — y(a*)
is positive for a < a* and negative for a > a*. The same sign pattern holds for h*(a), by the
definition of a Robin Hood variation. Hence, the product (y(a) — y(a*))h®(a) is non-negative

everywhere and strictly positive on a set of positive measure. It follows that:
1
| @) = sta (@) da >0
0
Using linearity of the integral, we rewrite the left-hand side:
1 1 1
| @ - s @ydo = [ y@) i@y da— @) [ 43 da
0 0 0
Since fol h?(a)da = 0 by assumption, the second term vanishes, and we conclude:

/0 y(a) h®(a)da > 0,

as claimed. =

G.7.4 Proof of Theorem 5

Proof of Theorem 5.
The proof follows closely that of Theorem 4.

Given the strategies in (75), the market-clearing price function takes the form:

where the constants k] and k| are given by:

k" Z:’Lzl B(GZ)m - 1

ToXma)m’ T (a)m
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The optimal demand of trader ¢ is:

E[U | Asiu SZ] —p
pla;) Varfv | As;, s?] + AP

n o __
T =

We decompose the aggregate demand as follows:

1 n n n _
Zx B Z (a;) Var[v | As;, sp] + A} Elv | Asi, 5] —E[v | sp] + E[v | 57]

risk premium

To compute the first term, we apply the standard Bayesian updating formulas (see Lemma 11)

and use the Aggregation Lemma. In the limit n — oo, this yields:

. 1
nh—>n<}ozl: p(a;) Var[v | As;, sn] + A} (
/1 t(a) —w(a) 7 ds(a) + /1 sp T (=t(a)? + t(a)w(a)(7, + 37,) + Tprw(a)?) .

pla) + K (p(a) + w) t(a) (1 + 70)

Elv | As;,s;] — E[v | sg]) = (84)

Here, all quantities without superscript n denote the n — oo limit of their discrete counter-

parts.

To compute the risk premium term, we apply E[- | s,] to both sides of the market-clearing

condition:
Elv | sp] — P"
| =—-FE )
nl—>noloz (a;) Var[v | As;, sp] + A} s

Thus, the risk premium is of order 1/n and can be written as:
n 1 :
Efv|s)]—p= Ew(sp) + higher-order terms,
where the function ¢ (s,) is determined by market clearing:

(ry + ) (5,) = ~Elu | 5,) / 1/p(a) da
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Substituting into (84) leads to (78), and the rest of the proof follows the heuristic derivation.

To establish uniqueness of the positive solution x in (73), note that the equation can be

s / <p<a§(i)%>z | (pf) i 1) e )

The right-hand side is a continuous, strictly decreasing function of s, with limits +oo as

rewritten as:

k — 0, and 0 as kK — oo. Therefore, by the Intermediate Value Theorem, a unique positive

solution exists. m

G.7.5 Proof of Proposition 13

Proof of Proposition 13. Note that the equation (85), which determines x in equilibrium,

can be rewritten as:

1 b t(a) p(Wo(a)) p(Wo(a)) 4
o= <p<wo<a>>+2n>2< . “)d' (86)

We now differentiate this equation implicitly with respect to the wealth distribution Wy(a).
Specifically, we consider a perturbation of the form Wy(a) + eW£(a), differentiate both sides
of (86) with respect to €, assume x = r(¢€), and evaluate the derivative at e = 0. This yields
the Gateaux derivative x'(Wy(a))[W&(a)]. We assume that W (a) is a Robin Hood variation

satisfying [} W (a) da = 0.

Let the right-hand side of equation (86) be denoted by f(x; Wy(a)). Then the result of the

differentiation can be written as:

0= % 1 (Wo(a)) W5 (a)] + f'(Wo(a), &)W ()], (87)

where the bar notation indicates that « is held fixed while differentiating with respect to Wy(a).
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Computing the second term yields:

Lt(a) W (a) p(Wo(a)) pf (Wo(a
f/(W()(CL),l{)[WOA(CL)]:—/ ( ) 0 ( )p( 0( ))p<3 0( )) da.
0 k(26 + p(Wo(a)))
Note that the monotonicity condition
t /
o s @2 Wola)
(2¢+ p(Wo(a)))
being decreasing in «a is sufficient to ensure that the integrand
_t(a) p(Wo(a)) p'(Wo(a))
a +— 3
(2¢+ p(Wo(a)))
is also decreasing in a. Then, by Lemma 12, we have
f'(Wo(a), &) [Wg(a)] > 0.
Since 0f/0k < 0, it follows from equation (87) that
K (Wo(a)[Wg ()] > 0.
We now turn to the comparative statics of Z. It suffices to show that
7,(Wo(a))[Wg*(a)] > 0
for a Robin Hood variation with sufficiently low a and sufficiently high a.
Applying the chain rule, we obtain:
ar,
7 (Wo(@) W ()] = 7 (Wo(a); )G (@)] + 52 - &/ (Wo (@) W5 (a)],
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where the bar in 7, (Wy(a); k) denotes the derivative of 7, with respect to Wy(a) while keeping

K fixed.

t(a)
pla)+2x

Differentiating 7, = x fol da, we compute:

Ht(a) p'(Wo(a)) Wi (a)

Tp(Wo(a); R)[Wy (a)] = —f_i/o (27 + p(WO(a)))2 da.
By Lemma 12, if the integrand
a) = — t(a) p'(Wo(a))
M= "k pWola))

is decreasing in a, then the integral is strictly positive for any Robin Hood variation W& (a)

with thresholds a sufficiently small and a sufficiently large. Therefore,

7 (Wo(a); B) W5 (a)] > 0.

Since %L: > 0 and &' (Wo(a))[Ws*(a)] > 0 by ecarlier results, the full derivative 7/ (Wo(a))[Ws*(a)]

is also positive. This completes the proof of the proposition. m

G.7.6 Proof of Proposition 15

Proof of Proposition 15. Differentiating the expressions for information efficiency and

liquidity in equation (80), we obtain:

p(Wo(a)) K

where



Similarly, the derivative of liquidity with respect to a variation in initial wealth is:

L' (Wo(a) Wi (a)] = Kil/o %p’(ﬂfo(a)) Wy (a) <% B p(VVi(a))) da.

The remainder of the proof proceeds analogously to that of Proposition 2, invoking Lemma 9

to sign the expressions.
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H Competitive REE and BNE: General Case

In this section, we show how the CHILE framework accommodates alternative equilibrium
concepts—specifically, competitive rational expectations equilibrium (REE) and Bayesian Nash
equilibrium (BNE)—under general preferences and payoff structures. The goals are threefold:
(i) to demonstrate that the modeling approach extends naturally to these equilibrium concepts;
(ii) to show that REE and BNE do not exist without noise, reinforcing the intuition that the
small belief perturbations inherent in price-taking equilibrium are what enable existence in the
noiseless limit; and (iii) to establish that the information aggregation paradox can arise under

alternative equilibrium concepts and is not an artifact of price-taking equilibrium.

The setup is the same as in the main text, except that supply now includes a noise compo-

nent:

Here supply consists of a price-inelastic component 6, a price-elastic component #(P), and a
noisy component ué(P), where u ~ N (@, 02). The mean supply shock @ is a fixed parameter
that is unknown to traders; they hold a prior @ ~ N(0,02). We write 7, ! = 02 + 02 for the
total ex-ante supply uncertainty as perceived by traders. As we demonstrate below, this supply

uncertainty is essential for equilibrium existence.

The equilibrium construction proceeds as in the main text. First, by the Representation

Lemma, cumulative demand X takes the form
dX = pB(P,a)ds + (P, a)da,

where [ and ¢ are coefficients to be determined.
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Aggregation consistency and optimality link 5 and J to the derivatives of optimal demand x*:

B(P,a) = 2(P,a;0,0),

(P,a) = 23 (P,a;0,0) + 27,(P, a;0,0).

2t(a)

The optimal demand x* solves the utility maximization problem

xT

xi(s, P) = argmaX/Ru(Wo(ai) +2(V(v) = P), a;) f(v,s, P, i) dv. (88)

The key difference from price-taking equilibrium lies in the definition of optimal demand.
In both REE and BNE, traders account for the correlation between the noise in their private
signal and the noise embedded in the price. Formally, the optimization problem (88) differs
from its price-taking counterpart (??) in that we no longer assume conditional independence

of the signal and the price when decomposing the density f,as; pr (v, s, P).

The central object that allows us to isolate the price information uncorrelated with a given
trader’s signal is the residual demand distribution. Following Wilson (1979), for a given price

level P—treated as a parameter (i.e., the input to the demand schedule)—define

v) : (89)

The parameter p captures the dependence of residual demand on the number of traders. The

H(xz,v,P ) = P(Z xi(sj, Pop) <@
J#

distribution H plays a role analogous to the price belief g(v, P, 1) in the construction of price-
taking equilibrium. We require that H(x,v, P, ) converge to H(z,v, P,0) pointwise in v for

any fixed x and P as u — 0. By the representation result, the limiting distribution is

) . (90)

1
0

H(z,v, P,0) = P(/Ol B(a, P) ds(a) +/ 5(a, P)da < x
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The distribution H is related to the distribution of the market-clearing price P as follows.
Because P < P if and only if cumulative demand at P falls short of supply, conditioning on

the realized supply shock u,

P(P < P|s;,v,u) = IP’(Z zi(sj, P) < O(P) — x7 (P, s;)
i

v, u) = HO(P)—z;(P,si), v, P, p).
The corresponding density is

H(P: 5,0, 1) =~ HOO(P) — i, v, P ).

We can then decompose the joint density as

P00 P p) = h(P; 31(Psi), v, ) - exp(tlan) (sw = 50%)) - f(0) - fulw) . (91)
density c?frP\si,v,u o densi:; of s;|v density of v density of u

Dropping terms that do not depend on the choice variable, the optimal demand can be formu-

lated as follows.

REE. In competitive REE, each trader maximizes expected utility taking the equilibrium

price distribution as given. The optimal demand solves

z*(P,a; s, u) = arg max// u(Woy(a) +y(V(v) — P), a)
y RJR
x h(P; z*(-),v,u, p) exp(t(a)(sv — £v?)) f(v) fu(u)dvdu. (92)
The trader correctly recognizes that the equilibrium price distribution is determined by the
equilibrium demand x*, thereby accounting for how her information is incorporated into the

price. However, she treats the density h as invariant to the off-equilibrium demand choice

y—that is, she ignores the price impact of her own trade.
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BNE. In BNE, each trader additionally internalizes that her demand choice affects the

market-clearing price and hence the density h. The optimal demand schedule solves

(P, 1) = argma [ utWala) +5(P)V0) = P), )

X h(P;y(+),v,u, 1) exp(t(a) (sv — %vz)) f(v) fu(u)dvdu. (93)

The key distinction from REE is that the density h now depends on the choice variable y(-)
rather than on the equilibrium demand x*, reflecting the trader’s internalization of her price
impact.

Before formally defining the equilibrium, we state the technical conditions required for the

equilibrium construction.
Assumption 5 (Technical restrictions on the primitives). The following technical conditions

are satisfied:

1. There ezist ¢ > 0 and C,, < oo such that for allw € R, |v'(w, a)|+|u" (w, a)|+|u" (w, a)| <

Cu(1+ |w|?).

2. V(v) satisfies lim, 4 ln";(”” <0.

3. There exist € > 0 and constants A,k > 0 such that for all v,u € R,

sup [h(P; z,v,u, )| < Ae”HH),
|l <e

Moreover, denoting partial derivatives by subscripts (e.g., h, = Oh/0x), the same bounds

hold for the derivatives h; and H,

sup |hu(P; z,v,u, p)] < Ae ™D for I € {x, xx, p, P, Pr};
|l <e

sup |Hy(z,v, P, p)| < M(P) e * ) for i € {z,zx, P, Px}.

lnl<e
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4. The density h(P; z,v,u, 1) is twice continuously differentiable with respect to x and con-
tinuously differentiable with respect to (u, P), with a continuous mized partial derivative
hpe, in a neighborhood of x = 0, = 0. In addition, H(z,v, P, ) is twice continuously
differentiable in x and continuously differentiable in (P, p), with continuous mized partials

needed above, e.q. Hp, ), in a neighborhood of of x =0, = 0.

The equilibrium construction requires differentiating the first-order conditions for optimality
and evaluating the resulting expressions in the large-economy limit (z — 0, s — 0). Part 4
ensures that the equilibrium objects—in particular, the residual demand density h—are smooth
enough for these derivatives to be well defined. Parts 1-3 provide the growth and integrability
bounds needed to invoke the Dominated Convergence Theorem, allowing us to pass limits and

derivatives under the integral sign.

We now state the equilibrium definition formally.

Definition 8. The cumulative demand X (a, P) constitutes a competitive REE (respectively, a
BNE) if it is a limit of cumulative demands constructed from x*(P,a; s, ), where x* satisfies
the optimality condition (92) for the REE (respectively, (93) for the BNE), the distribution
H(x,v, P,u) satisfies the technical conditions in Assumption 5, and H(x,v, P,u) converges

pointwise in v to H(x,v, P,0) given in (90) for any fived x and P.

Before deriving competitive REE and BNE equilibria separately, we define the market qual-
ity objects.
H.1 Market quality

Our definition of informational efficiency follows the main text:

_ Var(v|P)

IT7=1————F7"7.
Var(v)
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Because @ is a fixed parameter of the data-generating process, the conditional variance Var(v|P)
is evaluated under the actual DGP, in which the noise variance of supply is o2 (the variance of u
around its true mean @) rather than the traders’ perceived variance 7, ' = 02 +02. Thus, while
the equilibrium trading behavior—and in particular the fixed-point system for k—is governed
by the perceived noise 7, !, the informational efficiency Z is determined by the actual noise o2.

We elaborate on this distinction in Section H.5.

Similarly, we define liquidity based on how much price-inelastic supply shocks can move
prices. We assume that these shocks are unexpected, in that demand coefficients do not adjust
to changes in §. The corresponding market-clearing price is denoted P(f). We use three

interrelated measures.

Price impact is

OP(0)
AMP)=——=
(r)=-22,
The price impact per unit of risk is
AP
~ Var(V|P)’
And liquidity is
L =1/k(P).

H.2 Competitive REE

We start with a formal derivation; a heuristic derivation is in Section H.3. We proceed as in
the main text, deriving the coefficients S(P,a) and d(P,a) from the Aggregation Lemma and
the first-order conditions for optimal demand, evaluated in the large-economy limit. We then

impose market clearing to characterize the equilibrium.
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H.2.1 Deriving (P, a)

By Aggregation Lemma, the trading intensity equals the signal sensitivity of optimal demand
evaluated in the large-economy limit: S(P,a) = x4(P,a;0,0). Computing this derivative re-
quires differentiating the first-order condition (92) with respect to s and evaluating at u = 0,

s = 0. Proceeding this way yields the following.

Lemma 13. Suppose that Assumption 5 is satisfied and that 0 < A\(P) < oo for every P. Then:

t(a) Cov(V(v),v | P)
(a) Var(V(v) | P) + A(P)’

6(P,CL): P

H.2.2 Equilibrium

The coefficient 5(P,a) is the central object for the equilibrium characterization: it determines
both market quality (informational efficiency and liquidity) and the fixed-point system that
pins down the aggregate quantities £ and 7,. The companion coefficient §(P, a), which governs
the deterministic component of demand, is more involved—reflecting prudence, skewness, and
the price-sensitivity of Kyle’s lambda—but does not affect the fixed-point system. Its charac-
terization is stated in Lemma 15 and proved in Section H.6. The coefficient 5(P, a) is the central
object for the equilibrium characterization: it determines both market quality (informational
efficiency and liquidity) and the fixed-point system that pins down the aggregate quantities
x and 7,. The companion coefficient 6(P,a), which governs the deterministic component of
demand, is more involved—reflecting prudence, the conditional third central moment (“skew-
ness” ), and the price-sensitivity of Kyle’s lambda—but does not affect the fixed-point system.

Its characterization is stated in Lemma 15 and proved in Section H.6.

The key challenge is that 5(P,a) depends on the endogenous price informativeness 7, and
Kyle’s lambda A(P), which must be determined in equilibrium. We introduce the following

assumption to ensure tractability.
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Assumption 6 (Noise Calibration). The noise supply function 0(P) satisfies

=¢ (94)
for some € > 0 that does not depend on P.%

While Assumption 6 may appear restrictive, it is in fact quite natural, as the following two
leading cases illustrate. For linear payoffs (V(v) = v), we have E[V'|P] = 1 and Var(V|P) =
771, both independent of P, so the assumption is automatically satisfied for any constant 6—
the standard normally distributed price-inelastic noisy supply specification in the literature.
For log-normal payoffs (V(v) = e), we have V'(v) = V(v), so E[V'|P] = P and Var(V|P) =
P2(e'/7 —1). Here 1/7 = Var(v|P). The assumption then requires (P) o 1/P, which means
that the dollar noise supply P-u 0 (P) does not depend on P—i.e., noise traders submit normally

distributed price-inelastic dollar demand.

With this assumption at hand, we are ready to characterize the equilibrium.

Theorem 7. Suppose that Assumptions 5 and 6 are satisfied. Then there exists an equilibrium

with the following properties.

The equilibrium price function has the representation P = P(s,), where

P(z) = /v(% v %) 4 (=), (95)

® denotes the standard normal cumulative distribution function, T = 7, + 7, s the posterior

precision of v, and s, is the equilibrium sufficient statistic related to the price by s, = P~1(P).

®The conditional moments E[V'(v) | P] and Var(V(v) | P) are determined by 7, and P, since v | P ~
N(%Pfl(P), 771) with 7 = 7, + Tp. The assumption eliminates the dependence on P, so £ can depend on 7,
but on no other endogenous quantity. When & = £(7;,), the fixed-point system (98)—(99) must be solved taking
this dependence into account.
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The sufficient statistic has the representation

wf(P)

Sp :/0 w(a)ds(a) — fl 3. P)da

0

where the weighting function is

The precision of s, is given by

(s da)

0 a)+k

= (96)
Jo oy da+ F=

The equilibrium cumulative demand has the representation dX (a) = f(a, P) ds(a)+6(a, P) da,

where

ta)  EV'(v)

_ |
Bla, P) = pla)+k 7 Var(V(v)

(97)

Pl
| P)’
and 6(a, P) is given by Lemma 15, with D(P,a) = (p(a) + k) Var(V (v) | P).

The equilibrium is fully determined by the aggregate quantit k and 7,, which solve the system

Tp
fO pla)+ d
(o dn)
T, = 0 pla)+k (99)

(Tv +Tp)

fO (pa)—i—n da +

Substituting (98) into (99), the system reduces to a single fized-point equation for k:

t(a)
. Jo pa)+s 40 ‘ (100)
fl t(a) da _'_ (TUJ’_K/-/‘O p(a)+f€ da)

0 (p(a)+r)? &7
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The next result shows that noise is essential for equilibrium existence.

Proposition 16 (Non-existence without noise). Suppose that Assumptions 5 and 6 hold and

that 1/1, = 0 (i.e., there is no noise in supply). Then no competitive REE exists.

The result above can be understood as follows. Without noise, for any realization of the
price, the environment reduces to one in which the no-trade theorem applies: each trader’s
demand must be zero. This is consistent only if traders do not use their private information
when trading, i.e., 8(a, P) = 0 for all a. But f(a, P) = 0 for all a cannot be an equilibrium
either, since in that case the price conveys no additional information and traders would find it

optimal to trade on their signals.

This observation also illuminates the existence result for the price-taking equilibrium. The
key difference is that price-taking traders make small “mistakes” by ignoring the correlation
between the noise in their own signal and the noise embedded in the price. These mistakes
aggregate across the continuum of traders, generating a sufficient amount of endogenous noise
for the equilibrium to exist. Crucially, it is these small mistakes in inference—mnot the negligible

price impact of each trader—that sustain the equilibrium.

H.2.3 Log-normal payoffs

We now specialize the general characterization in Theorem 7 to the leading case of log-normal

payoffs, V(v) = e”. We assume that noise traders submit price-inelastic dollar demand, so that

1
i

The dollar noise supply is then P - u 9~(P) = u, which does not depend on P.
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Verifying the noise calibration. For V(v) = €¥, we have V'(v) = e¥ = V(v), so E[V'(v) |

P] =E[V(v) | P] = P. The conditional variance of the payoff is
Var(V(v) | P) = P*(e"/™ — 1),
where 7 = 7, + 7, and we use the log-normal variance formula. Substituting into the noise

calibration condition (94):

E[V'(v) | P] P 1

_ | _ _
¢ = Var(V(v) | P)O(P) P(e"—1)-1/P  elm—1

Since T = 7, + 7,, the parameter { depends on the endogenous 7, but not on P, confirming that

Assumption 6 is satisfied.

Equilibrium characterization. With the noise calibration verified, we can specialize the
general characterization of Theorem 7 to obtain closed-form expressions for all equilibrium

objects.

Corollary 4 (Log-normal payoffs). Suppose that V(v) = €¥, that Assumption 5 holds, and that

9~(P) = 1/P. Then the equilibrium of Theorem 7 has the following explicit form.

1. Price function. The price function is log-linear in the sufficient statistic:

T, 1
P = — P
P(sp) exp( - 5p + 27) ,

so that In P = 2 s, + 5

. ., )
5=, or equivalently s, = E(lnP — 5)_

2. Trading intensity. The trading intensity is

t(a) 1

Bla, P) = pla) + K ' TP (et/m —1)

(101)

The dollar trading intensity P 3(a, P) = (p(a)—i—nl)‘/(fzel/'r—l) is independent of P.
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3. Price impact. Kyle’s lambda is \(P) = k P*(e'/™ — 1), which is proportional to P2
4. Price informativeness. The precision of the sufficient statistic is

A(r)*
72 (61/7 _ 1)2 ’

Ty

(102)

Tp =

B(k) +

where A(k) = fol p(ZE)aJ)m da and B(k) = fol (p((tzgajnﬁ da.

5. Equilibrium system. The aggregate quantities k and 7, are determined by k = 7,/ A(K)

together with (102), where 7 = T, + 7,. Substituting yields a single fized-point equation

for k:
A(r)
(70 1 AGE)P (A 1

Tu

(103)

B(k) +
H.2.4 Normal payoffs

We now specialize the general characterization in Theorem 7 to the benchmark case of nor-
mal payoffs, V(v) = v. This is the standard specification in the noisy rational expectations

literature. We assume that noise traders submit a price-inelastic quantity, so that

O(P) =1.

Verifying the noise calibration. For V(v) = v, we have V'(v) = 1, so E[V'(v) | P] = 1.
The conditional variance of the payoff is Var(V (v) | P) = Var(v | P) = 1/7, where 7 = 7, + 7,.
Substituting into the noise calibration condition (94):

__EV@IP 1
~ Var(V(v) | P)(P) 1/T-1

—

§

Since T = 7, + 7,, the parameter { depends on the endogenous 7, but not on P, confirming that

Assumption 6 is satisfied.
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Equilibrium characterization.

Corollary 5 (Normal payoffs, REE). Suppose that V(v) = v, that Assumption 5 holds, and

that é(P) = 1. Then the equilibrium of Theorem 7 has the following explicit form.

1. Price function. The price function is linear in the sufficient statistic:

Tp

P ="7P(sp) = p Sps

so that s, = TL P.

p

2. Trading intensity. The trading intensity is

pla, P) =

and is independent of P.
3. Price impact. Kyle’s lambda is A\(P) = k/T, which is constant in P.

4. Price informativeness. The precision of the sufficient statistic is

_ Al
" B 10

da and B(k

where A(k fo

p(a)JrH fO (p(a +%)2

5. Equilibrium system. The aggregate quantities k and 7, are determined by k = 7,/ A(k)

together with (104). Substituting yields a single fized-point equation for k:

_Ak)
5= Bl T (105)

The equilibrium system (105) is identical to equation (73) in Theorem 4, confirming that

the general framework recovers the standard CARA-normal competitive REE of Section G as
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a special case.

H.3 Heuristic derivation of equilibrium

Following the heuristic approach used for the price-taking case, one can obtain:

E[V(v) = P | ds(a), sp]

Bla, PYdsa) = = S etV o) [ P)

(106)

where s, denotes the sufficient statistic for the information conveyed by the price and - -.”
denotes terms that do not depend on ds(a).

To pin down f(a, P), we need to separate out the ds(a) term in E[V (v) — P | ds(a), s,]. We

proceed in two steps: first deriving E[v | ds(a), s,], and then passing to V(v).

Step 1: Linear projection of v. We rewrite the conditional expectation as:
Elv | ds(a),s,] = E[v | ds(a), s, — w(a) ds(a)],

where w(a) = f(a, P)/fo1 B(b, P)db. Since ds(a) and s, — w(a)ds(a) are conditionally inde-

pendent given v, and v | s, is normally distributed, the standard linear projection formula

gives:
t(a) Tp
Elv | ds(a), s, — w(a)ds(a)] = —=ds(a) + = (s, — w(a) ds(a))
T T
t —
_ ) =nela) poy
T
where 7 = 7, + 7, and “--” denotes terms that do not depend on ds(a).

Step 2: From v to V(v) via Stein’s lemma. Since adding one infinitesimal signal ds(a)

does not change the posterior variance of v (which remains 1/7 to leading order), the effect on
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E[V (v)] is captured entirely by the shift in the posterior mean. By Stein’s lemma,

Cov(V ), | ) = A L%,
so the coefficient of ds(a) in E[V(v) | ds(a), s,] is:
EV/(0) | 5 - 1= ),
Matching the coefficients of ds(a) in (106):
8a,P) = —V VP4 o o(a)). (107)

7 p(a) Var(V(v) | P)

Step 3: Solving for (a, P). Since w(a) = S(a, P) /fo B(b, P)db and the common factor
n(P) = ]E[V’(v) | P]/(7 Var(V(v) | P)) cancels in the ratio, we define g(a) = S(a, P)/n(P) so
that w( /fo b) db. Then (107) simplifies to:

_ Ly 9@

To solve for g(a), we introduce the shorthand:

Tp

fol g(b) db

=
Il

Then:
1
g(a) = ;Zaj(t(a)-ffg(a)) = ga)=

Thus, once « is determined, §(a, P) is fully characterized:

t(a) E[V'(v) | P]
pla) +r 7Var(V(v) [ P)’

Bla, P) =
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which is equation (97).

Step 4: Computing 7, and the role of noise calibration. The sufficient statistic has

the representation:
uf(P)

Pwl@) e
/0 Vt(a) (@) folﬁ(a P)da

By Ito isometry, the inverse precision of s, is:

Sp =10+

Substituting w(a) = S(a, P) /fo B(b, P)db and using B(a, P) = n(P) - t(a)/(p(a) + k), the
n(P) factors cancel in the first term. Under Assumption 6, §(P) = (7/€) n(P), so 8(P)/n(P) =

7/€ is P-independent, and the n(P) factors cancel in the second term as well. We obtain:

t(a) 2
0 p a)+/i

fO (pa)—i—/i d + T2

Tp =

which is equation (96).

t((l) da

Step 5: Fixed-point equation for k. From the definition x = 7'1,/f01 g(b) db = 7'p/f01 O

and the expression for 7, above:

t(a)
fO pla)+r da

K= —3
fO (p(a) +/€)2d +

t(a)
pla)+r

Since 7 =7, + 7, =T, + K fo da, this yields the single fixed-point equation (100) for
k. Once k is determined, 7,, B(a, P), and the price function P = P(s,) are all determined as

in Theorem 7.
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H.4 BNE

We start with a formal derivation; a heuristic derivation is in Section H.4.6. We now derive the
Bayesian Nash equilibrium for the general case, following the structure of the competitive REE
analysis above. The key difference is that each trader internalizes the effect of her demand on

the market-clearing price, as formalized in the optimization problem (93).

H.4.1 First-order condition

The optimization problem (93) is a calculus of variations problem: the density h(P; y(-), v, u, u)
depends on both y(P) and y'(P), since the total P-derivative of the residual demand CDF
involves the slope of the demand schedule.”® Consequently, one cannot optimize pointwise in

y(P); the first-order condition must be derived via the Euler-Lagrange equation.

Euler condition (finite p). Following Wilson (1979), at the equilibrium schedule y(-) =

x*(+), the Euler condition reduces to the algebraic condition:

/R /R W(Wola)+a~(V(0)—P), a) [(V(0)—P) HHO(P)=2*, v, P, ) — * HAO(P)—a*, v, P, 1)

x E(v, s, 1) f(v) fulu)dvdu =0, (108)

where E(v, s, 1) = exp(t(a)(sv — £ v?)). Here, Hp(©(P) — a*, v, P, p) is the partial derivative
of the residual demand CDF H, with respect to P, holding the demand level y fixed, and

H, = H.(O(P)—x* v, P, u) is the density of the residual demand at the market-clearing point.

The Euler condition (108) is valid for any p and does not require additive separability of the
residual demand in price and noise. Compared with the competitive REE first-order condition,

the key new term is —z* H,, which captures the cost of price impact: the trader’s demand

% Explicitly, h(P; y(-), v, u, 1) = Hy(O(P) — y(P), v, P, n)(6'(P) =/ (P)) + Hp(O(P) — y(P), v, P, jv), where
H, and Hp denote partial derivatives of the residual demand CDF (89).
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displaces probability mass in the residual demand distribution, raising the clearing price.

H.4.2 Deriving 3(P, a)

By the Aggregation Lemma, 5(P,a) = x4(P,a; 0,0). As in the competitive REE, we compute
this derivative by differentiating the first-order condition (108) with respect to s and applying

the Implicit Function Theorem at the limit point s =0, p =0, 2* = 0.

Lemma 14. Suppose that Assumptions 5 and 6 are satisfied and that 0 < A(P) < oo for

every P. Then:

s(p.a) = 1O COV(VT])’” | P)

pla) Var(V(v) | P) +2A(P)

The only difference from the REE expression (Lemma 13) is the factor of 2 multiplying A(P)
in the denominator. In the proof (see below), the two copies of A(P) arise from distinct
terms in Wilson’s Euler condition (108): the first from the density derivative h,- (the inference
channel, identical to REE), and the second from the residual demand density H, (the trader’s

internalization of price impact, new in BNE).

H.4.3 Equilibrium

As in the competitive REE, the coefficient S(P,a) fully determines market quality and the
fixed-point system for x and 7,. The coeflicient §(P, a) enters only through the market-clearing

condition; its characterization is stated in Lemma 16 and proved in Section H.6.

We now characterize the BNE equilibrium. The structure parallels the competitive REE
(Theorem 7).

Theorem 8. Suppose that Assumptions 5 and 6 are satisfied. Then there exists an equilibrium

with the following properties.

The equilibrium price function has the same representation as in Theorem 7: P = P(s,),
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where

Pla) = /V(% -+ %) o (z), (109)

T =T, + 7, and s, = P~H(P).

The sufficient statistic is

t(a a)+ 2k
() — D/
JT40)/ (plb) + 26) db
The precision of s, is
Jo sayian d
7, = 1< LAk ) . (110)
Jo T s da + F
The trading intensity is
t(a) E[V'(v) | P]
P) = . 111
fla, P) p(a)+ 2k 7 Var(V(v) | P)’ (111)

and §(a, P) is given by Lemma 16, with D(P,a) = (p(a) + 2k) Var(V(v) | P).

Here, k = \(P)/Var(V (v) | P) > 0 denotes the price impact ratio, where \(P) = —ZE[V (v) |
P] is Kyle’s lambda. Under the assumptions, k does not depend on P.

The equilibrium is fully determined by the aggregate quantities x and 7,, which solve the
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system

_ Tp
K= T (112)
0 p(a)+2k
(fo sz o)
pla)+2K
Ea— S 1C) R, (Tvm) ' (113)
f (p(a)+2k)? a+
Substituting (112) into (113), the system reduces to a single fized-point equation for k:
fl
0 pla)+2k
K= 5. (114)
t(a) (TU+Hf (Z()a) - da)
Jo Gy vame dat o

Every expression in the BNE equilibrium is obtained from the corresponding REE expression
(Theorem 7) by replacing p(a) +  with p(a) 4+ 2. This clean mapping extends the relationship
between REE and BNE established in the CARA-normal model (Section G.3) to the general

setting.

Proposition 17 (Non-existence without noise). Suppose that Assumptions 5 and 6 hold and

that 1/1, = 0. Then no BNE eists.

Proof. Setting 1/7, = 0 in (112)—(113) and proceeding as in the proof of Proposition 16,

the fixed-point equation requires A(k) = k B(k) where A(k) fo a +2R da and B(k) =
IN ! Wda However,

for all Kk > 0, so no solution exists. m
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H.4.4 Log-normal payoffs

Specializing to V (v) = e’ and 6(P) = 1/P, Theorem 8 yields the following closed-form charac-

terization.

Corollary 6 (Log-normal payoffs, BNE). Suppose that V(v) = e, that Assumption 5 holds,

and that O(P) = 1/P. Then the equilibrium of Theorem 8 has the following explicit form.

1. Price function. The price function is the same as in REFE:
P ="P(s,) =ex g —|—i
N p) = P r " or)’

2. Trading intensity. The trading intensity is

t(a) 1
pla) +26 TP (/T —1)

pla, P) =

t(a)

@72 @) independent of P.

The dollar trading intensity P 3(a, P) = G

3. Price impact. Kyle’s lambda is \(P) = k P*(e!/™ — 1), proportional to P?.
4. Price informativeness. The precision of the sufficient statistic is

A(r)?
72 (61/7' _ 1)2 ?

Tu

(115)

Tp =

B(k) +

1 a 1 a
where A(k) = [; p((ig-i-)QH da and B(r) = [, (p(at)(Jr)%)2 da.

5. Equilibrium system. The aggregate quantities k and 7, are determined by k = 7,/ A(k)
together with (115), where T = 7, + 7,. Substituting yields a single fixed-point equation

for k:
A(r)
(7 + K A(k))? (/440D — 1)

Tu

B(k) +
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Proof. The proof is identical to that of Corollary 4, with p(a) + s replaced by p(a) + 2k

throughout. m

H.4.5 Normal payoffs

Specializing to V (v) = v and §(P) = 1, Theorem 8 yields the following closed-form characteri-

zation.

Corollary 7 (Normal payoffs, BNE). Suppose that V(v) = v, that Assumption 5 holds, and

that 6’~(P) = 1. Then the equilibrium of Theorem 8 has the following explicit form.

1. Price function. The price function is linear:

2. Trading intensity. The trading intensity is

pla, P) =

and is independent of P.
3. Price tmpact. Kyle’s lambda is \(P) = k/7, constant in P.

4. Price informativeness. The precision of the sufficient statistic is

AWy

P B(k) + 1V (116)

t(a t(a
where A(k fo p(a()Jr)M da and B(k fo @) (+)2K

5. Equilibrium system. The aggregate quantities k and 7, are determined by k = 7,/ A(k)

136



together with (116). Substituting yields a single fixed-point equation for k:

A(r)
= . 117
" B(k) + 1,1 (117)
The equilibrium system (117) is identical to equation (79) in Theorem 5, confirming that
the general framework recovers the standard CARA-normal BNE of Section G as a special case.

As in that section, the only difference between the REE and BNE equilibria is the replacement

of p(a) + k by p(a) + 2k.

H.4.6 Heuristic derivation of the BNE

Following the heuristic approach used for the competitive REE (Section H.3), we derive the
BNE trading intensity and equilibrium system. The starting point is the limit form (??) of
the Euler condition, which—under Assumption 6—reduces to pointwise optimization along
the residual supply curve. The only modification to the REE heuristic is the inclusion of the

price-impact cost A(P) in the first-order condition.

The BNE analog of equation (106) is:

ElV(v) = P | ds(a), sl
(p(a) + &) Var(V(v) | P)

B(a, P)ds(a) = + - (118)

where k = A(P)/Var(V (v) | P) and the “---” denotes terms independent of ds(a). The denom-

inator now includes x from the price impact in addition to p(a) from risk aversion.

Step 1: Linear projection of v. Proceeding exactly as in Step 1 of Section H.3, the

coefficient of ds(a) in E[v | ds(a), s,] is:

t(a) — Tyw(a) |

where w(a) = B(a, P)/ [, B(b, P)db.
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Step 2: From v to V(v) via Stein’s lemma. Exactly as in Step 2, the coefficient of
ds(a) in E[V (v) | ds(a), s, is:

E[V'(v) | 5] - ta) — wla)

T

Step 3: Solving for 3(a, P). Matching the coefficients of ds(a) in (118):

E[V'(v) | P]
7 (p(a) + k) Var(V(v) | P)

pla, P) = (t(a) = mpw(a)).
Defining n(P) = E[V'(v) | P]/(r Var(V(v) | P)) and g(a) = 5(a, P)/n(P), we obtain (as in
Step 3 of Section H.3):

1 )
g(a) = ————(t(a) =K g(a)) <= gla)= o) + 20

Here, the left-hand side has p(a) 4+ £ in the denominator (from the FOC, which includes
both risk aversion and price impact), and the right-hand side produces p(a)+ 2k after absorbing
the additional x from the inference channel (via w(a)). This is the source of the factor 2: one

k from price impact, one from inference.

Thus:
t(a) E[V'(v) | P]

o) = e T 2 T Var(V(o) | )’

which is equation (111).

Step 4: Computing 7,. The sufficient statistic and its precision are computed identically
to Steps 4-5 of Section H.3, with p(a) + x replaced by p(a) + 2k. Under Assumption 6, the

n(P) factors cancel as before, yielding

2
1 #(a)
<f0 pla)+2k da)
T =

p 1 t(a) 72
Jo Gy tzp da+ 7
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which is equation (110).

Step 5: Fixed-point equation for x. From x = Tp/fol g(b) db = 7'p/f01 p(fbgﬁ da and the

expression for 7, above:

1 t(a)
o — fO pla)+2k da
- 1 t(a) T2 ‘
Jo Gtzor da+ g7
Since T =7, + T, =T, + K fol p(Zgj»)Qﬁ da, this yields the single fixed-point equation (114) for

H.5 Price informativeness in liquid markets

The main complication in extending the comparative statics of Propositions 2 and 3 to REE
and BNE is that the price-impact parameter s is itself an equilibrium object. Changes in
primitives—the distributions of t(a) and Wy(a)—affect trading intensities not only directly,
through p(a) and ¢(a), but also indirectly through x. We now show that in sufficiently lig-
uid markets this indirect channel vanishes, and the comparative statics from the price-taking
benchmark carry over to both REE and BNE. Because we take the market to its perfectly
liquid limit (k — 0), liquidity itself becomes trivially perfect in this limit; accordingly, we focus

exclusively on price informativeness.

We parameterize market liquidity through the traders’ uncertainty about mean supply, 2.
When o2 is large, traders attribute substantial noise to the price, which depresses price impact

and makes markets liquid.

Proposition 18 (Liquid-market limit). Suppose that Assumptions 5 and 6 hold. In both the
REE and BNE equilibria, as 0% — oo (with o2 fired):

1. Kk = 0 and L = oo.
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2. The actual precision of the price signal converges to

A(0)?
= 119
Tp B(O) + Co 05’ ( )

where A(0) = fol%da, B(0) = fol ;((;))2 da, and co = 72/E > 0 with & the noise-

calibration parameter evaluated in the uninformative-price limit (1, = 0).>" Informational

efficiency converges to " = 7/ (7, + 7).

The limiting precision 7,7 has the same functional dependence on t(a) and p(a) as the price-
taking precision 77 = A(0)?/B(0): the additional term ¢y o} in the denominator is a positive
constant that does not depend on t(a) or p(a). Consequently, the Gateaux derivatives of 7;—
and hence of Z*—with respect to t(a) and Wy(a) have the same signs as in the price-taking

equilibrium. By continuity, these signs are preserved for all o2 sufficiently large.

Corollary 8 (Information efficiency in REE and BNE). Suppose that trader preferences are

DARA and that Assumptions 5 and 6 hold. For all o2 sufficiently large:

1. (Wealth inequality.) The comparative statics of Proposition 2 hold in both REE and BNE:

there exist thresholds such that a Robin Hood transfer in wealth from the sufficiently rich

to the sufficiently poor improves informational efficiency.

2. (Information inequality.) The comparative statics of Proposition 3 hold in both REE and

BNE: a Robin Hood transfer in information precision from the rich to the poor improves

informational efficiency.

3. (Information-aggregation paradoz.) The paradox of Corollary 1 arises in both REE and

BNE: weakly increasing the precision of all traders can reduce informational efficiency.

Intuitively, when o2 is large, traders attribute most of the price variation to supply noise,

making the price nearly uninformative from their perspective. This drives x to zero, eliminating

5TFor normal payoffs (V (v) = v), co = 1. For log-normal payoffs (V(v) = e¥), ¢ = 72(eX/™ — 1)2.
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the wedge between the three equilibrium concepts. As the trading intensities

t(a) REE t(a) BNE t(a)
B (@) oc ==, B E(a) oc ————,  p"(a) oc =
pla) pla) + 2k
make clear, when x — 0 all three coincide. The direct effects of changing t(a) or Wy(a) on
market quality—which are the novel economic forces identified in the main text—therefore

dominate, and the information-aggregation paradox carries over to REE and BNE.

H.6 Proofs for Section H

Note on the u integration. Throughout the proofs below, the first-order condition G is
a double integral over (v,u), reflecting the conditioning on the supply shock u in the density
decomposition (91). In the limit s = 0, p = 0, * = 0, the density h(P; 0,v,u,0) equals the
conditional density f(P | v,u), and h f(v) fu(u) = f(v,u | P) f(P) by Bayes’ rule. Since all
payoff-relevant integrands depend on u only through A and its derivatives, integrating over u
yields the marginal density f(v | P). We therefore write all such intermediate expressions as
single integrals over v, with f(P) denoting the unconditional price density. In the BNE proofs,
the residual-demand quantities H,(O(P),v, P,0) and H,,(©(P),v, P,0) additionally depend
on u through the supply ©(P); those terms are handled by averaging against f,(u) explicitly

(see Eq. (124) and its proof).

H.6.1 Proof of Lemma 13

Proof. The optimal demand z* satisfies the first-order condition (FOC) of the maximization

problem:

Gl s) = /R/R(V(v) = PW (Wala) + 2 (V(0) — P)) U(v, P,s, 2" u) F(v) fulu)dvdu = 0
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where for this proof only we denote the density by:

U(P;s,z",v,u, pu) = h(P;x*,v,u, 1) exp (t(a) (sv — —1)2>> )

The FOC is both necessary and sufficient due to the concavity of the utility function.

By the Implicit Function Theorem, the sensitivity S(P, a) at the limit (s = 0, u = 0, 2* = 0)

is:
ox*  0G/0s

BPa) = 55 = =56 /a0

Assumption 5, parts 1-3 imply that the derivatives can be passed under the integral sign, which
together with part 4 implies that G is continuously differentiable at x* = 0 and s = 0. Part
4 further ensures that 0G/dx* # 0, and part 2 guarantees that it is finite. Together, these

conditions allow us to invoke the Implicit Function Theorem.

Step 1: The Numerator (0G/0s). Differentiating G with respect to s and evaluating at

the limit (where the exponential term is 1):

// u' (W) |h- % exp (t(a)sv)| f(v) fu(u) dvdu

At s = 0, the derivative of the exponential is ¢(a)v. In the limit, A becomes the conditional
density f(P | v,u). By the convention above, integrating against f,(u) and applying Bayes’

rule f(P | v,u) f(v) fu(u) = f(v,u| P) f(P) reduces the expression to a single integral over v:

FPY G2 = (Wtla) [ (V) = Po f(ulP)de

Here, f(P) denotes the density of P in the limit economy. Using the condition E[V (v)|P] =

the integral represents the covariance:

f(P)—== = u'(Wy)i(a) Cov(V(v),v | P).

0s
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We can pass the derivative under the integral and take the limits due to Assumption 5, parts

1-3.

Step 2: The Denominator (0G/dx*). Differentiating G with respect to z* involves both
the utility function and the density h. Evaluating at the limit where h becomes f(P | v,u) and

reducing via the convention above:

oh

AP = (Vo) [ (Vo) = PRF@IP) o+ (W) [ (Vo) = P f(0) o

Taking into account that E[V (v)|P] = P, the first integral becomes Var(V (v) | P). The second
integral involves the sensitivity of the conditional expectation to the demand x*. The x*
enters via the conditioning event in the residual demand distribution: F = o( fol B(P,a)ds(a)+
fol §(P,a)da + z* = 6 + O(P) 4+ uf(P)). Using the relationship

0
ox*

BIV(v) | F] =~ BV () | F] = -A(P)

we have:

This simplifies to:

f(P)

o u"(Wy) Var(V (v) | P) — u'(Wo)A(P).

As in the previous step, we can pass the derivative under the integral and take the limits due

to Assumption 5.

Step 3: Combining Terms. Substituting the numerator and denominator into the im-
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plicit function formula:

v(V
| P) (Wo)A(P)'

B(P,a) = — U’<Wo>t<a><§

u”"(Wy) Var(V (v
Dividing the numerator and denominator by «'(Wy) and using p(a) = —u”"(Wy)/u'(Wp):

_ t(a) Cov(V(v),v | P)
B0 = S Nar(V (o) | P) + A(P)

H.6.2 Statement and proof of Lemma 15

By the Aggregation Lemma, the coefficient 6(P, a) combines the curvature of optimal demand

in the signal (z5) and the sensitivity to market size (x,,):

6(P,a) = Ts(P,a;0,0) + z,(P,a;0,0).

1
2t(a)

Lemma 15. Suppose that Assumption 5 is satisfied and that 0 < A\(P) < oo for every P. Let

Sxy(P) = Cov(X,Y | P). Then:

(P = p <w<P> +(P,a) [-M(P)Z4,(P) — pla)B[(V — P0 | P] = X(P)Elw | P]
+ PP whpta) Skew(V | P)+ 2@ (P} (P) + APIX(P) ) ,
where D(P,a) = p(a)Syy (P) + A(P), w(a) = —u" (Wy) /u" (W), and (P) = a%E[V — PP

Proof. We follow steps similar to the computation of 3(P,a). The optimal demand z* satisfies
the first-order condition G(z*, s, ) = 0. From the derivation of 5(P, a), we know that f(P)G, =

—u'(Wo)D(P,a).
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Step 1: Computing z,. By the Implicit Function Theorem, =, = —G,,/G,. Differentiat-

ing G with respect to p at the limit (s = 0, u = 0) yields:

a, = /R /R (V = P)u! (W) B—Z _ ht(‘gvz] F(0) fulu) dv du.

Using hf(v) = f(P)f(v|P) and E[V|P] = P, the second term is proportional to Cov(V,v? | P).

Defining ¢ (P) J(V— P)g—Zf(v) dv, we have:

= 77)
FPIG, =W (P) [01P) - 5 contva?| 7).

Thus,
_Y(P) - 1) Cov(V, 0% | P)
= D(P,a) '

We can pass the derivative under the integral and take the limits due to Assumption 5.

Step 2: Computing zs. Using the second derivative of the implicit function, we have
Tgs = —G% [Gys + 28G s + 52Gra]. Let € = exp (t(a) (sv — gvz)) denote the exponential part

of the density. At the limit s = 0, = 0, we have & = 1, % = t(a)v, and Z£ = t(a)??.

The term G is given by:

F(P)Gas = (W) [ (V = PISGIPIPY S do = (W) f(PIt(a)? Cov(V.a? | P).
Its contribution to §(P, a) via TZ)ISS is:
L G Ud) o2 p),

2t(a) -G, 2D(P,a)

This term exactly cancels the —@ Cov(V,v? | P) term from x,,.

145



The term G, is:

0
Gus = // — [(V = P)d'h]t(a)vf(v) fu(u) dv du.
RJR or*
Expanding the derivative and using p(a) = —u” /u’:

iE[(V — P)v | P|

F(P)Gow = W) (P)(a) | ~pl@B[(V = PP ] P+ 5

The term G, is:

o? ,
G = / / e [V = PUA] £(0) fu(w) v

Expanding the second derivative and using m(a) = —u"” /u” (so —u"" = w(a)u” = —w(a)p(a)u’):

f(P)Goz = u'(Wo) f(P) |7 (a)p(a) Skew(V | P)

0 0?

— 2p(a) 5 EI(V — P)? \P]+WE[V—P]P]].

The technical conditions in Assumption 5 ensure that we can differentiate under the integral

sign and evaluate the limits for all second-order terms.

We now simplify the derivative terms. Recall that the conditioning event in the residual

demand distribution A depends on z*: F = o fo B(P,a)ds(a) + fo (P,a)da+x* = 0+ 0(P) +

uf(P)). Denoting the market clearing price corresponding to inelastic supply @ by P(#), we

can write

9, 0 o _
3 B | Fl = =B | F = —-E[Y | P(O))

In the last transition we noted that for #* = 0 the conditioning set F becomes o(P(#)). Using
the chain rule, and noting that P()" = A(P(f)) we derive that the partial derivative with

respect to x* satisfies the operator relationship for conditional moments whose integrand does
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not depend explicitly on P:

0 0
0x*E[Y | P] = —/\(P)ﬁE[Y | P].

Using this relationship, we can express the terms as derivatives with respect to P. First, using

E[(V — P)*| P] = Zyv(P), we have:

0
ox*

E[(V = P)* | Pl = =\(P)Syy (P).

Second, writing (V' — P)v = Vv — Pu, the first term depends on P only through the conditioning

event, while the second contributes an explicit P-derivative. Hence

0
ox*

E[(V = P)v | Pl = =A(P)Xy,(P) = A(P)E[v | P].

Second, for the second derivative, we have:

62
(9(x*)2

E[V — P | P] = N(P)X(P).

Step 3: Combining Terms. Substituting these expressions into the terms for G,; and

Gz, and combining the surviving terms yields the expression in the lemma. m

H.6.3 Proof of Theorem 7

Proof. The proof proceeds in five steps. Steps 1-2 establish the demand coefficients using
Lemmas 13 and 15. Step 3 derives the price informativeness from the market clearing condition.
Step 4 shows that, under Assumption 6, 7, and k are price-independent. Step 5 derives the

price function via the efficiency condition and closes the system.

Step 1: Demand coefficients from Lemmas 13 and 15. By Lemma 13, the trading
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intensity is

__ ta) Cov(V(v),v | P)
IP) = N (V) | ) + AP’ (120
Since v | P is normally distributed, Stein’s Lemma gives
cww@mwm:wmmpymww|m:%mw@ym
Defining the price impact ratio k(P) = A\(P)/Var(V (v) | P), we can rewrite (120) as
@ BV P
BP.a) = n(P) s wheren(P)= o (12

The coefficient §(P, a) is given by Lemma 15.

Step 2: Market clearing and the sufficient statistic. The market clearing condition

reads

/01 Bla, P)ds(a) + /01 §(a, P)da =0+ 0(P) +ufd(P). (122)

Using ds(a) = vda + dB(a)/+/t(a) and rearranging, we define the sufficient statistic

—uf(P ! o(P
_ o8 )QL():v+/ A9 45y - D
f ﬁ(a P)da 0o Vt(a) J, Bla, P
where w(a) = B(a, P)/ fo B(b, P)db. The two noise terms are independent, so the precision of
sp as a signal about v is
L B@P? g B
7l = Jo e e (123)

( fo a, P) da)
The sufficient statistic s, is equivalently recovered from the price: using (122),

S_9+wm—f%mpmazmm
P fo B(a, P) da B .

Step 3: Price-independence of 7, and x under Assumption 6. From (121), 5(a, P) =
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n(P) - t(a)/(p(a) + k(P)). Substituting into (123) and letting A = fo ~da and B =

pla

fol % da, we obtain

L _0(PPB+O(PY/n _ B (P

’ n(P)? 42 2 P

The first term is P-independent (given k). The second term is P-independent if and only if

0(P)/n(P) does not depend on P. Under Assumption 6,

Pl T
sVar< wip) ")

so (P)/n(P) = 7/¢, which is indeed P-independent. Thus,

A2

Tp =

which does not depend on P.

We next show that & is also P-independent. The market-clearing price P(s,, ) is determined

implicitly by

_0+0(P)— [ d(a, P)da
e fo B(a, P) da .

Standard differentiation yields
TEV(v) | P

fo ana

AP) =

Substituting fol fda = n(P)A and A\ = k Var(V|P), and using n(P) = E[V'|P]/(7 Var(V|P)),

we obtain

which does not depend on P.

Step 4: Price function via the efficiency condition. Since 7, is P-independent,

v | sy~ N(Zs,, 7). The efficiency condition E[V (v) | P| = P (up to the infinitesimal risk

149



premium) gives

P:E[V<%3p+%)} :/V(%sva%) d®(z) = P(sp),

where z = /T (v -z sp) has a standard normal distribution.

Step 5: Closing the system. The equilibrium is determined once x and 7, are known.

From Steps 3 and 4, these satisfy the system

" Ay
o Ar)?

B(k) + (1, + Tp)2/(527'u)’

where A(x fo —da and B(k fo D) Jq. m

pla (p(a)+r)

H.6.4 Proof of Proposition 16

Proof. Setting 1/7, = 0 in the fixed-point system (98)—(99) reduces it to

=
I

1 ta

where A(k) fo da and B(k) = |, (()—H)Q da. Substituting the second equation into

p a)+n

the first yields the requirement x = A(k)/B(k), or equivalently, A(x) — x B(k) = 0. However,

TS v 1 K [ e
Alr) = # B(r) At(ﬂmw+% <mw+@4d | i agea >0

for all kK > 0, since t(a) > 0 and p(a) > 0. Therefore A(k)/B(k) > k for every £ > 0, and the

fixed-point equation has no solution. m
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H.6.5 Proof of Corollary 4

Proof. We specialize each component of Theorem 7 to V(v) = e” and §(P) = 1/P.

Item 1. Since v | s, ~ N(Tfsp, T’l), the price function (95) becomes

7 z T, 1
P(sp) = /exp (f Sp + F) dd(z) = expe Sy + Z) 7

using the moment-generating function of the standard normal.

Item 2. The common factor from (121) is

EV(w) [ P] P 1

n(P) = 7 Var(V(v) | P) o TP2(eV/T—1) TP(eV/7—1)

Substituting into (97) gives (101). Multiplying by P cancels the price dependence.

Item 3. From x = A\(P)/Var(V(v) | P) and Var(V(v) | P) = P?(e'/™ — 1), we obtain
MP) = k P?(e™ —1).

Item 4. The general formula (99) gives 7, = A(k)?/(B(k) 4+ 72/(§*7,)). Substituting
£=1/(c"" ~ 1)

7_2 7_2 (61/7' _ 1)2

27, Tu ’

which yields (102).

Item 5. Using k = 7,/ A(k) to eliminate 7, and 7 = 7, + £ A(k) to express 7 in terms of &,

equation (102) reduces to the single equation (103). m

H.6.6 Proof of Corollary 5

Proof. We specialize each component of Theorem 7 to V(v) = v and 6(P) = 1.

For V(v) = v, the relevant conditional moments are E[V'(v) | P] =1, Var(V(v) | P) = 1/,

and Cov(V (v),v | P) = 1/7, where 7 = 7, + 7,
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Item 1. Since v | s, ~ N(2s,, 771), the price function (95) becomes

Tp

Plsy) = / (% 5p+ %) a0(z) = L,

Item 2. The common factor from (121) is n(P) = 1/(7 - 1/7) = 1. Substituting into (97)

gives f(a, P) =t(a)/(p(a) + k), which is independent of P.

Item 3. From x = A(P)/Var(V(v) | P) and Var(V(v) | P) = 1/7, we obtain A\(P) = /T,

which is constant.

Item 4. The noise calibration gives £ = 7, so 72/(£*7,) = 1/7,. The general formula (99)

then yields (104).

Item 5. Using k = 7,/A(k) to eliminate 7,, equation (104) reduces to the single equa-

tion (105). =

H.6.7 Proof of Lemma 14

Proof. The proof follows the same strategy as the proof of Lemma 13, applied to Euler

condition (108).

Because the y'(P) terms perfectly cancel out in the Euler-Lagrange equation, the first-
order condition reduces to an algebraic equation G(z*, s, u) = 0 in the demand level z*. Let
Hp(©(P) —x*,v, P,u) = H,©'(P) + H}(;q’) denote the partial derivative of H(©(P) —x*, v, P, u)

with respect to P holding the demand level z* fixed. Then we define:

Gl 5 1) = /R/R W(Wy(a) +2*(V(0) = P). a) [(V(0) ~ P) HHO(P) 2" v, P.py)

— 2" H(O(P) —x*,v, P, u)} E(v,s,p1) f(v) fulu)dvdu =0,

where E(v, s, u) = exp(t(a)(sv — 5 v?)).
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By the Implicit Function Theorem, 5(P,a) = —Gs/Gy evaluated at s =0, up =0, 2* = 0.

Step 1: Numerator (G). At 2* = 0, the term —z* H, vanishes. Moreover, at x* = 0
(and thus x* = 0), the fixed-demand derivative Hp coincides perfectly with the true density

h(P). The computation is therefore identical to Step 1 in the proof of Lemma 13:

f(P) Gy =u'(Wy) t(a) Cov(V(v),v | P).

Step 2: Denominator (G,-). We differentiate G with respect to the scalar z* (since G
is an algebraic function of z* and does not depend on z*'). Evaluating at z* =0, s =0, u =0

(so & =1):

G, = /u”(WO) (V= P)*Hp fdv + /u’(Wo) (V' =P) %Zf fdv

N J/

TV
from the (V — P) Hp term

- /u’(WO) H, fdv

.
g

from the —z* Hy term (new in BNE)

Since Hp = h(P) at z* = 0, the first integral is identical to the REE derivation. For the second

integral, notice that:

H
%xf = ai* [H,(© —2)0 + HP(© — 2%)] = —H,,0' — H}).

This perfectly matches the partial derivative of the density h(P;z*, z*') with respect to its level
argument z* evaluated at x* = 0. Thus, evaluating this term at z* = 0 yields exactly the
h.« term from the REE derivation. The first two integrals combine exactly as in the proof of
Lemma 13, yielding

FP)u"(Wo) Var(V(v) | P) —u'(Wo) A(P)].
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For the new term, we claim

/R / HAO(P), v, P, 0) f(v) fulw) dvdu = A(P) f(P). (124)

Proof of (124). Define F(x, P) = [ H(x,v, P,0) f(v) dv = P(R_;(P) < z). For a fixed realiza-
tion of u, P(P < P | u) = F(O(P), P). Since O(P) = 0 + §(P) + u#(P) and F(z, P) does not

depend on 8:

%p(ﬁ < P|u) = F(O(P), P) = /Hx(@(P% v, P, 0) f(v)dv.

Under Assumption 6, the price response to supply, P /00, is a deterministic function of P:
the noise-trader terms cancel from the excess-supply slope (because 6(P) o 7(P)). Since

OP/00 = —\(P) at P = P:

Averaging over u:
/R/R HAO(P), v, P, 0) f(v) fulu) dvdu )\(P)/f(P ) fulu)du= A(P) f(P). O
Combining all terms:

f(P) Gor = u"(Wo) Var(V(v) | P) f(P) — 24 (Wo) A(P) f(P).

The first copy of A arises from h,« (the inference channel, identical to REE); the second from

H, (the trader’s internalization of price impact, new in BNE).
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Step 3: Combining.

B(P.a) = — Gy t(a) Cov(V(|v),v | P)

G- pla) Var(V(v) | P) 4+ 2A\(P)’

H.6.8 Statement and proof of Lemma 16

The derivation of §( P, a) follows the same steps as in the competitive REE (Lemma 15), applied
to Wilson’s Euler condition (108). As with 3, the —z* H, term in the Euler condition generates

additional contributions compared with the REE.

Lemma 16. Suppose that Assumptions 5 and 6 are satisfied and that 0 < A(P) < oo for
every P. Let ¥xy(P) = Cov(X,Y | P). Then:

§(P,a) = D ]137 ) (w(PHB(P, a)|=A(P) 4, (P)—p(a) Cov((V=P)?, v | P)=A(P)E[v | p]]
- 5;1;(,;;)2 [w(a)p(a) Skew(V' | P) + 2p(a) A(P) X4, (P) + A(P) X' (P) + 2A(P)D ,

where D(P,a) = p(a) Xyy(P) 4+ 2X\(P), w(a) = —u"" (W) /u" (Wh), ¥(P) = %E[V—P | P], and

_AP) d _ : T E[V"(v) | P]
MP) = 503 T5 AP FPI = NPIXEP) = NP (g 11+ e )
where f(P) is the unconditional density of the clearing price, T = T, + 7, and s, = P~(P) is

the sufficient statistic.

Compared with the REE expression (Lemma 15), the BNE ¢ has three modifications, all
traceable to the —z* H, term in Wilson’s Euler condition: (i) the denominator is p Xyy + 2\
(not pXyy + A); (ii) the S-linear bracket acquires the additional term —AE[v | P], arising

from the inference channel; (iii) the S-quadratic bracket acquires 2A(P), which can be written
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entirely in terms of local conditional moments and structural parameters.

Proof. We follow the same strategy as the proof of Lemma 15, applied to Euler condition (108).

As in the proof of Lemma 14, we define the algebraic equation:

Gzt s, 1) = /R/R Wy + 2" (V—P)) [(V—P) Hp — " H,] € [(0) fulu) dvdu =0,

where Hp = Hp(O(P)—ax*,v, P, 11) is the fixed-demand partial derivative of the residual demand

CDF with respect to P, H, = H,(©(P) — 2*,v, P, ju), and € = exp(t(a)(sv — §v?)).

From the proof of Lemma 14, we know f(P) G = —u/(Wy) f(P) D(P,a) where D(P,a) =
p(a) S (P) + 2A(P).

The coefficient § is given by § = %xss + z, where z, = -G, /G, and x4, = —%[GSS +

Step 1: G, (identical to REE). At z* = 0, the —z*H, term vanishes. The computation

is identical to Step 1 of the proof of Lemma 15:

F(P) Gy = ol (Wo) J(P) [(P) = 5> Cov(V,0* | P)] .

Step 2: G, (identical to REE). At 2* = 0, only the (V—P) h term survives:
f(P)Gss = u/(Wo) f(P)t(a)* Cov(V,v* | P).

The contribution %FTZ = 19 Cov(V,v? | P) cancels the =" Cov(V,v? | P) from z,, exactly

as in REE.

Step 3: G,+s (new BNE term). Differentiating G, with respect to s and evaluating at
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Goes = t(a) /{u”(Wo)(V—P)2 Hp +u' (Wy)(V—P) aa% —u'(Wy) Hy} o f(v) dv

= GREE () u'(WO)/HI v f(v)dv,

where GREE is the cross-derivative from the REE proof.

Now note that at the limit H, (O(P),v, P,0) = f(P | v,u) A(P) (by the same supply-shift

argument used in the proof of (124)). After averaging against f,(u) (per the convention above):
/R/R H.(O(P),v,P,0)v f(v) fu(u)dvdu = \(P) f(P)E[v | P].
Combining with the REE expression from the proof of Lemma 15:
F(P) Gipes = 1/ (Wo) £(P)H(a) | =pla) Cov(V=P)%,v | P) = X(P) i, (P) = A(P)E[v | P)].

The first two terms are identical to REE; the third is new and arises from H,.

Step 4: G+ (new BNE term). Write G = [ ® (A+ B) € f dv with & = u/(Wy+a*(V—
P)), A= (V—P)Hp, B = —z* H,. The second derivative is Gy, = [[®" (A+ B) + 29" (A’ +

B')+ ® (A" + B")] € f dv, where primes denote x*-derivatives.

Atz*=0(€E=1): B=0,B"=—-H,, and B" =2H,,(0,v, P) (because [—a* H (O —

d2
d(l’*)Q

x*)] = 2H,, at z* = 0).

The terms involving A and its derivatives reproduce GRFF exactly. The new BNE terms

are:

AGere = —2u"(Wo) / (V—P) H, f dv + 2/ (Wy) / H,, fdv.

For the first integral, substituting H, (O(P),v, P,0) = f(P | v,u) A(P) and averaging over u
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gives [[(V—=P)H, f fudvdu= XP) f(P)E[V—P | P] =0 (efficiency).

For the second integral, we differentiate identity (124) in @. Since A\(P) is independent of @

under Assumption 6 and the clearing-price density satisfies the transport equation % =
“LIA(P) f(P)] (for the price shift OP/00 = \(P)):
0 d
[ [ #2s(8.0.P0) 70 fulw) dodu = SHIMP) F(PY] = XP) HAP) F(P) = AP) F(P),

where A(P) = 35 45(M(P) f(P)].

~

Using the equilibrium characterization that the price is a deterministic function of the
normally distributed sufficient statistic P = P(s,), we can apply the change-of-variables formula
f(P) = fs(sp)/P'(sp) to express the logarithmic derivative f'(P)/f(P) entirely in terms of local
conditional moments. Since fs(s,) is the density of N (0, ) and P'(sp) = ZE[V'(v) | P, a

straightforward calculation gives:

fe)y 1 [fé(sp) _ P//(Sp):| . To _ EV"(v) | P
fP) Plsp) Lfs(sp)  P'(sp) "EV'(v) | P] E[V'(v) | PP
because ;ﬁgzz; = —s5,22 and P"(s,) = (:—p)zE[V”(v) | P]. Therefore,
_ : 2 f['(P) Py — NPV (s To E[V"(v) | P]
A(P) = M(P)N(P) + A\(P) ) A(P)N(P) — A\(P) ( PRV B] T BV (0) | P]2> :

Combining:

F(P) AGyepr = 20 (Wo) f(P) A(P).

So the full BNE expression is

f(P) Goege = /(W) f(P) |m(a)p(a) Skew(V | P) +2p(a) A(P) Sy (P)

+A(P) N(P) +2A(P)|.
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Step 5: Combining terms. Assembling § = z,, + 9055 with x4 = —%[GSS + 208G s +
B2 G yepe], and using —1/G - = 1/(u'(Wy) f(P) D), the Cov(V,v? | P) terms cancel (as in REE),

and the surviving terms yield the expression in the lemma. m

H.6.9 Proof of Theorem 8
Proof. The proof proceeds identically to the proof of Theorem 7, with p(a) + x replaced by
p(a) + 2k throughout. We sketch the key steps.

Step 1. By Lemma 14 and Stein’s lemma, the trading intensity factorizes as

E[V'(v) | Pl

BPa) = n(P) M P =

The coeflicient §(P, a) is given by Lemma 16.

Step 2. Market clearing defines the sufficient statistic s, exactly as in Theorem 7, with

weights w(a) = ((a, P) /fo B(b, P) db.

Step 3. Substituting the factorized form of 3 into the precision formula (123), the n(P) fac-
tors cancel in the signal-noise term. Under Assumption 6, 6(P)/n(P) = 7/¢ is P-independent,

so the n(P) factors cancel in the supply-noise term as well:

A(r)*
B(r) +72/(£27u)

Ty =

where A(k) fo da and B(k

e +2K fo @) 3y da. Thus 7, is P-independent.

Step 4. Standard differentiation of the market-clearing condition yields A(P) = Z E[V'(v) |
P]/(n(P) A(k)). Substituting n(P) and using A = k Var(V|P) gives k = 7,/A(k), which is P-

independent.
Step 5. The efficiency condition E[V (v) | P] = P determines the price function (109).

Step 6. Combining x = 7,/ A(k) with the expression for 7,, and writing 7 = 7, + k A(k),
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yields the single fixed-point equation (114). m

H.6.10 Proof of Corollary 7

Proof. The proof is identical to that of Corollary 5, with p(a) + s replaced by p(a) + 2k

throughout. m

H.6.11 Proof of Proposition 18

Proof. We give the argument for REE; the BNE case is identical with p(a) + & replaced by

p(a) + 2k throughout.

Part 1. In the fixed-point equation (100), the denominator includes the term (7,+xA(xk))?/(£*7.).
Since 7, ! = 02 + 02 — o0 as 02 — oo, this term diverges for any x > 0, while the numer-
ator A(k) remains bounded. Hence x — 0. It follows that A(k) — A(0), B(k) — B(0),

7, = KA(k) = 0, 7 = 7, and £ — &.

Part 2. As noted in the Market quality subsection, the actual precision of the price signal
is obtained by replacing 7, ! with o2 in the derivation of Theorem 7 (Step 3 of the proof). This

yields

Substituting the limits from Part 1 gives (119). m

H.6.12 Proof of Corollary 8

Proof. The limiting precision (119) has the form 7% = ¢(A(0), B(0)) where ¢(A, B) = A*/(B+
¢) with ¢ = ¢yo? > 0. Its partial derivatives satisfy ¢4 = 2A/(B +c¢) > 0 and ¢p = —A?/(B +
¢)? < 0—the same signs as for the price-taking precision A%/B. Since A(0) and B(0) depend

on t(a) and p(a) in the same way as in the price-taking equilibrium (k = 0), the Gateaux
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derivatives of Z* with respect to Wy(a) and ¢(a) inherit the signs established in Propositions 2

3 and Corollary 1.

Since Z depends continuously on o2 (through k), the strict inequalities in these comparative

statics are preserved for all o2 above some finite threshold. m

I Risk premium in the CRRA-log-normal example

We derive the aggregate risk premium ¢ (P) for the CRRA-log-normal specialization of Section 6

and examine its dependence on the HHI of the wealth distribution.

I.1 Derivation of ¢(P)

With V(v) = €, p(a) = n/Wy(a), t(a) = t, the conditional moments appearing in the demand
coefficient §(a, P) from (16) specialize as follows. The posterior v | P ~ N(up, 77') with

pp=InP —1/(27) and 7 = 7, + 7,,. Standard log-normal moment formulas give

Var[V (v) | P] = P?(e¥/™ — 1), (125)
Sk[V (v) | P] — P (YT — 1) (VT
Va@ [~ e = DEr+2),
Eo(V() - PP P _ 8
VaVio) | P Pt g (126)

From (19), B(a, P) = Wy(a) c(P)/n where ¢(P) = t/(1 P(e’/™ —1)). Prudence is 7(a) =
(n+1)/Wy(a). Integrating d(a, P) over a, each of the three terms in (16) picks up fol Wo(a) da =
W, because B*m oc Wy(a), B o< Wy(a), and 1/p o< Wy(a). The market clearing condition
fol d(a, P)da + s, fol B(a, P)da = ©(P) then yields, after dividing by W /n,

Y(P)
Var[V' | P]

(n+1)c(P)* Sk[V | P]
2tn Var[V' | P]

E[p(V = PP | P nO(P)

= selP) Var[V | P] W

+ ¢(P)
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Substituting (125)-(126) and s, = 7(In P — 1/(27))/7,, one obtains

W(P) =P [f (1np+23) _ HHI (mp— 21)} _ 1”P<61/T+2)+”%P) P27 1),

T T T 2n 72

(127)
where we have used 7, = t/HHI from (20).

1.2 Dependence on HHI

The aggregate risk premium (127) depends on HHI through two channels:

1. Direct channel: the term —HHI P(In P — 1/(27)), which appears because the sufficient

statistic s, depends on 7, = ¢t/HHI (so t/7, = HHI);

2. Indirect channel: the posterior precision 7 = 7, +t/HHI enters every conditional moment

through e'/7.

Differentiating (127) with respect to HHI, the direct channel increases || when In P > 1/(27)
(i.e., when the asset price exceeds its unconditional median) and decreases it otherwise. The
indirect channel operates through O7/0HHI = —t/HHI? < 0: a higher HHI lowers the posterior
precision, which raises the conditional variance P?(e’/” — 1) and the conditional third central
moment, generating competing effects on . In contrast to Z and £L—whose comparative statics
with respect to wealth inequality are unambiguous (Proposition 2)—the comparative statics of

1 with respect to HHI are richer and can be nonmonotone.
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J Average vs. aggregate quantities in large economies

This section illustrates, in the simplest possible setting, how individual trades and risk premia
can vanish as the number of agents grows while their economy-wide aggregates remain finite
and nonzero. The setting is a standard competitive economy with n identical, uninformed, risk-
averse agents—no private information and no features specific to CHILE. The phenomenon is a
generic consequence of splitting a fixed amount of aggregate risk among an increasing number

of agents.

Consider an economy with n identical agents, and let © = 1/n denote the mass of each
agent. Each agent has initial wealth W, and preferences u(-) over terminal wealth, where u is
increasing, strictly concave, and twice continuously differentiable. There is a risky asset with
payoff V' (v) and supply ©(P), and a risk-free asset with gross return normalized to 1. Agents
have no private information: each agent observes only the price P and chooses demand z to

maximize E[u(Wy + z(V (v) — P))].

By symmetry, all agents hold the same position z*(p) in equilibrium. Market clearing

requires that aggregate demand equals supply:

n-z*(u) = O(P), ie., z*(p) = nO(P).

Substituting the market-clearing condition into the first-order condition, the equilibrium price

P(p) is determined by
G(u, P) = E[u'(wo +uO(P) (V(v) — P)) (V(v) — P)| =o0. (128)

Proposition 19 (Individual trade). Let p = —u"(Wy)/u'(Wy) denote absolute risk aversion at

Wo. As i — 0 (equivalently, n — o0):
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(i) The equilibrium price satisfies
P(p) = E[V(v)] — pp XE[V (v)]) Var(V (v)) + O(1%). (129)

(ii) Individual demand vanishes: x*(u) = pE[V (v)]) + O(p?) — 0.

(i) Aggregate demand converges to a finite, generically nonzero limit: nx*(u) = XE[V (v)])+

O(p) — SE[V(v)]).

The key to understanding why vanishing individual demands are compatible with a finite
aggregate is the distinction between averages and aggregates. The average demand across agents
is =37 |af|= |2*(n)|— 0, which indeed vanishes as the proposition states. The aggregate
demand is Y . ,|zf|= n|z*(p)|—the product of a diverging number of agents and a vanishing

per-agent demand—and this product converges to a finite limit.

Proposition 20 (Individual risk premium). Under the conditions of Proposition 19, as 1 — 0:

(i) The per-agent risk premium vanishes:
E[V(v)] = P(n) = pp E[V (v)]) Var(V (v)) + O(1?) — 0.

(ii) The aggregate risk premium converges to a finite, generically nonzero limit:

1
L (EWV )] = P(2)) = pOEV (@) Var(V(v) + Ow)

The economics are transparent: a finite amount of aggregate risk, &E[V (v)]) Var(V (v)),
is shared among n agents. Each agent bears a 1/n share and earns a proportionally small

premium. The per-agent premium E[V (v)] — P(u) = O(p) vanishes, yet the economy-wide

total n (E[V (v)] — P(u)) remains finite, exactly as with aggregate demand.
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J.1 Proofs

Proof of Proposition 19. We expand P(u) around g = 0 using the implicit function
theorem applied to G(u, P) = 0 defined in (128).

Zeroth order. At p = 0, the per-agent holding is *(0) = 0, so terminal wealth equals W
with certainty. Equation (128) becomes u'(Wy) E[V (v) — Py] = 0, which gives Py = P(0) =
E[V(v)].

First order. Differentiating G (i, P(1)) = 0 with respect to u and evaluating at g = 0:

oG oG

= +Z=] .P(0)=0.
8MM:0 8PM:0 (0)

For the partial with respect to P: at p = 0 the only surviving term is E[u/(Wy)-(—1)] = —u/(W)),
since the chain-rule term through u” carries a factor of p that vanishes. For the partial with

respect to p:

a6
o

= E[U"(Wo) O(F) (V(v) = Ro)*| = u"(Wo) &E[V (v)]) Var(V(v)).

pu=0

Solving for P, = P'(0):

- 6G/8u‘ = V) gy () Var(V(v) = —p O(E[V (0)]) Var(V (v)),

L 0G/oP| L, w(Wh)

which establishes part (i). Parts (ii) and (iii) follow from the market-clearing condition x*(p) =
pO(P(n)):
(1) = pOEV (v)] + p P + O(p*)) = nOE[V (v)]) + O,

so x*(n) — 0 and nz*(u) = OE[V(v)]) + O(n). m

Proof of Proposition 20. Immediate from the price expansion (129): part (i) is E[V (v)] —
P(p) = —p Py + O(p?) = ppO(E[V (v)]) Var(V(v)) + O(p?), and part (ii) follows by dividing
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by p. =
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