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Abstract

Dynamic models with heterogeneously informed investors are hard to solve: in-
vestors must forecast the forecasts of others. We overcome this difficulty by constructing
a continuum economy as the limit of finite economies in which investors have heteroge-
neous private signals and agree to disagree about prices. Total signal precision remains
finite as the economy grows, and private signals aggregate into a single noisy public
signal, revealed by the price, that is a sufficient statistic for others’ forecasts. Individual
belief distortions vanish in the limit, but their cross-sectional distribution survives as
aggregate disagreement and sustains trade. A trade equilibrium exists whenever this
disagreement is balanced across investors, and we characterize it without assuming a
specific utility function. Market quality and trading activity are jointly shaped by the
dispersion of beliefs and wealth inequality, and may increase or decrease in either.

Keywords: Rational Expectations, Trading Activity, Disagreement, Information Aggrega-
tion, Risk Aversion, Wealth Heterogeneity, Continuous-Time Equilibrium

1. Introduction

Investors differ in what they know. Asset managers spend heavily on proprietary data—
satellite imagery, credit-card records, web traffic—precisely to gain an edge over their com-
petitors. And investors who observe the same data need not draw the same conclusions from
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it: turning raw information into a trading signal requires models and judgment that differ
across firms.

Investors also differ in size. Two funds holding identical views will not trade identically.
How large a position an investor is willing to take, and how much risk they are willing to
bear, depends on how wealthy they are.

How do prices aggregate information across investors who differ in both dimensions?
Whose signals end up reflected in the price, and with what weight? And what does the
answer imply for trading activity and market quality?

These questions are difficult to answer, for two reasons that mirror the two dimensions of
heterogeneity. First, dynamic models with heterogeneously informed investors are intractable
outside special cases: as Townsend (1983) puts it, investors must forecast the forecasts of
others, and Makarov and Rytchkov (2012) show that the state space then grows without
bound. Tractability has been recovered only by restricting the information structure: making
private information public after a few periods (e.g., Brown and Jennings (1989), Grundy and
McNichols (1989)), ranking investors so that the better informed know everything the less
informed know (e.g., J. Wang (1993)), holding the payoff-relevant fundamental constant
over time (e.g., He and J. Wang (1995), Foster and Viswanathan (1996)), or letting prices
reveal everything (e.g., Kyle, Obizhaeva, and Y. Wang (2017)). Each restriction weakens
precisely the channel of interest. Second, the models that do remain tractable rely on
constant absolute risk aversion (e.g., J. Wang (1994), Kyle, Obizhaeva, and Y. Wang (2017)),
under which wealth has no effect on portfolio choice. Heterogeneity in size then does nothing
by construction.

The model. To explore our question, we introduce an economy with perfect competition
(infinitely many investors) and speculative trading in a dynamic rational expectations equi-
librium without assuming specific utility functions. More specifically, we describe a financial
market with a continuum of investors, and two assets: one risk-free and one with Gaussian
risk. Each investor has private information, and uses it to trade dynamically in both assets
to maximize the expected discounted utility of future consumption.

We construct this economy as a perfectly competitive continuum economy, obtained as
the limit of a sequence of finite-agent economies inspired by the information structure of
the static CHILE framework of Avdis and Glebkin (2025). In this information structure the
precision of each investor’s signal vanishes as the market grows, while the total precision of
private information stays finite. Each discrete economy has a discretized price, a discretized
information structure, and finitely many agents who agree to disagree about the distribution
of the price. We implicitly derive the optimal trading strategies and consumption policies
in each discrete economy. Then, we aggregate the individual demands and take the limit as
the number of investors goes to infinity, obtaining a continuous economy without individual
disagreements. We then clear the market and confirm our price conjecture.
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This approach has two important properties. First, it generates a type of relaxed ra-
tionality with persistent trade that we call “near-rationality”.1 In each discrete economy,
investors hold slightly different beliefs about the distributional properties of the price of
the risky asset. These belief distortions are small, and they all vanish as the number of
investors grows. What survives in the limit is not the distortion of any particular investor,
but the way these distortions are distributed across the investor population. When indi-
vidual demands are aggregated and market clearing is imposed, these small heterogeneous
distortions accumulate into a non-zero aggregate term. As a result, the limiting economy
has no investor-level disagreement, yet it still inherits enough aggregate disagreement from
the approximating discrete economies to sustain equilibrium trade.

Second, our approach allows us to incorporate general preferences because we can derive
the Hamilton-Jacobi-Bellman (HJB) equations related to investors’ individual utility max-
imization problems without explicitly solving them. If we had to solve the HJB equations
explicitly, we would have to restrict ourselves to constant absolute risk aversion (CARA)
utilities because we are working in a Gaussian linear setup. However, because we impose
market clearing only in the limiting continuous economy, we do not need explicit closed-form
solutions in the discrete (finite) economies. Instead, we exploit the leading-order structure of
the HJB equations and pass to the limit, where the resulting equilibrium conditions become
tractable.

Contributions. Our contribution is threefold. First, we develop a dynamic model with
heterogeneously informed investors that remains tractable, and in which trade arises without
exogenous noise supply. Second, this tractability allows us to dispense with constant absolute
risk aversion. We characterize equilibrium for general preferences, which is possible because
we derive the investors’ Hamilton–Jacobi–Bellman equations without having to solve them
in closed form. Third, we use this generality to characterize the role of wealth: how it shapes
equilibrium holdings, trading activity, and the weight an investor’s information receives in
the price—a channel that is shut down by construction under CARA.

Information structure. Our setting features continuous and heterogeneous information,
following Avdis and Glebkin (2025), whereby the total amount of information in the market
remains finite as the economy becomes large (see also Kyle (1989, Section 9)). In a static
setting, such an information structure can be modeled by letting the noise in investors’
signals be increments of a Brownian motion indexed by the agent. Since ours is dynamic,
the noise has to be indexed by time as well as by agent, and we therefore use a Brownian
sheet, the two-parameter analogue of Brownian motion (see Adler and Taylor (2007)), which
behaves like a scaled Brownian motion in each parameter.

1As Milgrom and Stokey (1982) and Tirole (1982) show, strict rationality is not consistent with trade.
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Results. Our first result concerns the informational structure of equilibrium. Private
signals aggregate into a single noisy public signal, revealed by the price, that is a sufficient
statistic for the forecasts of others. The hierarchy of higher-order expectations therefore does
not arise, and equilibrium is Markov in the dividend and its public filter.

A second, perhaps less surprising, result is that our model always has a no-trade equi-
librium. This result makes sense because the price of the risky asset corresponds to the
expected net present value of future dividend payments conditional on public information,
and therefore not trading is always a valid strategy in equilibrium.

At the same time, an equilibrium with trade exists if and only if disagreement is suffi-
ciently dispersed.2 In other words, if all investors had individual beliefs about the distri-
butional properties of the price that go in the same direction, there would not be enough
disagreement to generate trade.3

A central result of the paper is that prices do not reveal a simple average of private
signals. Instead, prices reveal a weighted average of investors’ signals with weights deter-
mined endogenously by market clearing. In equilibrium, these weights depend explicitly on
investors’ information precision, risk aversion, and disagreement.

Since we allow for general preferences, the model also characterizes how wealth affects
equilibrium trading through its effect on risk aversion. In equilibrium, investors’ average
risky holdings are proportional to their absolute risk tolerance. Hence, when preferences
exhibit decreasing absolute risk aversion, wealthier investors hold larger risky positions and
respond more strongly to private information and disagreement. By contrast, under constant
absolute risk aversion, this wealth channel is absent. The model therefore nests the CARA
benchmark while showing how wealth-dependent risk aversion shapes both risk sharing and
trading activity.

We use our model to analyze important “market quality” measures, such as price infor-
mativeness and trading activity in a dynamic setting. We show that price informativeness
is an affine function of the mean-squared error in the filtering of fundamental information
from public information. This relationship means that a lower filtering error is equivalent to
prices containing more information.

We measure trading activity by the magnitude of stochastic fluctuations in aggregate
demand.4 We show that aggregate trading activity is proportional to the distance of the
equilibrium with trade from the no-trade equilibrium, where this distance is determined en-
dogenously through market clearing and reflects the strength of cross-sectional disagreement.
The further the economy deviates from the no-trade benchmark through belief distortions,
the greater the reallocation of risky positions across investors, and the higher the trading

2Note that as we take the limit the individual level of disagreement vanishes, but its aggregate persists
in integrated form.

3In the presence of a trade equilibrium, we can measure its distance from a no-trade equilibrium by an
endogenous constant obtained from market clearing.

4In strict terms, trading activity is defined as the square root of quadratic variation across agents.
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activity.
Price informativeness is maximal in the presence of a no-trade equilibrium. More gen-

erally, the model yields a rich equilibrium structure in which there is no universal tradeoff
between price informativeness and trading activity. Price informativeness is governed by the
aggregate precision of the public signal, whereas trading activity is governed by the equilib-
rium’s distance from the no-trade benchmark. These two objects need not move together:
for example, scaling beliefs or absolute risk aversion can change trading activity while leaving
the equilibrium weight function, and hence price informativeness, unchanged.

We also show that trading activity scales inversely with absolute risk aversion: an increase
in risk aversion leads to a proportional decline in aggregate trading activity. This reinforces
the wealth channel described above. When absolute risk aversion decreases with wealth,
wealthier agents trade more and contribute more strongly to equilibrium volume.

Finally, wealth, price informativeness, and the weight an investor’s information receives in
the price are not linked monotonically. Wealthier investors’ signals need not be reflected more
strongly in the price, and redistributing wealth can either raise or lower price informativeness.
Which of the two occurs depends on how the induced change in absolute risk aversion
interacts with the belief structure, and hence with the equilibrium weight function.

Related literature. Prices that aggregate private information efficiently and contain no
noise leave investors with no reason to trade on their information (see Milgrom and Stokey
(1982) and Tirole (1982)). A tractable equilibrium with trade therefore usually comes at a
cost: either a departure from pure rationality, or the addition of noise. Moreover, closed-form
solutions to investors’ utility maximization problems in equilibrium are typically available
only for particular utility functions.

A common approach to generate trade is to use stochastic supply, where noise traders,
whose demand or supply is independent of the market price, match the optimal asset alloca-
tion of rational investors (see, e.g., Breon-Drish (2015), Campbell and Kyle (1993), Grossman
and Stiglitz (1976), Grossman (1977), Hellwig (1980), J. Wang (1993)). We instead follow
the agree-to-disagree approach, in which trade arises because investors hold different beliefs
about certain properties of the underlying financial market model (see, e.g., Banerjee, Kaniel,
and Kremer (2009), Banerjee and Kremer (2010), Banerjee (2011), Han and Kyle (2018),
Kyle, Obizhaeva, and Y. Wang (2017)).

The setup of our financial market is closely related to Kyle, Obizhaeva, and Y. Wang
(2017) and J. Wang (1993). Both use linear Gaussian processes to describe dividends and
their growth rates, and in both the price is linear in the state variables. Although J. Wang
(1993) uses stochastic supply, our approach of conjecturing a price function and confirming it
via market clearing is similar to his. Kyle, Obizhaeva, and Y. Wang (2017) use an agree-to-
disagree approach, and the price function they obtain is very similar to ours, in the sense that
it contains the public filters of the unobservable state variables rather than those variables
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themselves.
We differ from both papers in three respects. First, our information structure is hetero-

geneous but not hierarchical: investors cannot be ranked by how much they know, as they
can in J. Wang (1993), where informed investors observe everything the uninformed observe.
Second, our price is not fully revealing, whereas in Kyle, Obizhaeva, and Y. Wang (2017)
it reveals a sufficient statistic for all private signals, so that each investor learns the others’
information exactly. Third, we allow for general risk-averse preferences, while both papers
assume constant absolute risk aversion. It is the combination of these three features in a
dynamic setting that makes equilibrium difficult to characterize, and that our information
structure is designed to deliver.

The most related paper to our work is Avdis and Glebkin (2025), which introduces the
CHILE framework, a static model with accumulating noise in agents’ private signals rep-
resented by Brownian increments. Their analysis demonstrates how such an information
structure can generate a well-defined equilibrium without exogenous noise, allowing for the
study of how wealth inequality affects market quality. Inspired by this idea, our paper de-
velops a model to analyze trade persistence in competitive markets, where the accumulating
noise evolves as a Brownian sheet, the two-parameter analogue of Brownian motion. From
a technical perspective, this model is more involved, as it requires working with stochastic
integration and equilibrium conditions in two dimensions (over both agents and time). Eco-
nomically, the random-field formulation allows us to study the joint evolution of information
and market variables, enabling the analysis of dynamic quantities such as trading activity,
price informativeness, and wealth aggregation.

Outline. The remainder of this paper is organized as follows. In Section 2 we formulate the
model, and we describe the discretization of the continuous economy. In Section 3 we derive
the continuous economy as the limit of the discrete economies by solving the investors’ utility
maximization problems and aggregating the optimal individual demands, and we provide
conditions for a trade equilibrium to exist. In Section 4 we discuss general properties of our
market, including price informativeness and trading activity. In Section 5 we study price
informativeness and wealth effects, and in particular how changes in the wealth allocation
affect the market quality measures introduced in Section 4. In Section 6 we conclude our
findings. For better readability, proofs and technicalities are deferred to the appendix.

2. Setup

The main object of interest is a financial market with a continuum of investors. All of our
analysis is based on this continuous economy. The continuous economy is derived as the
limit of a sequence of discrete economies, each of which consists of finitely many agents,
and we therefore also refer to it as the limiting economy. In this section we first set up the
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continuous economy, and then we characterize the discrete economy as a discretization of
our setup.

2.1. The continuous economy

In the following we characterize the asset structure, the information dynamics and the pref-
erences.

2.1.1. Asset structure. We consider a continuous-time financial market consisting of two
assets, a risk-free asset with price B = (Bt)t≥0 and a risky asset with price S = (St)t≥0

and constant supply θ. The risk-free asset satisfies dBt = rBt dt for a constant interest
rate r > 0. The risky asset pays dividends D = (Dt)t≥0 whose dynamics are given by the
stochastic differential equation

dDt = αD(Gt −Dt) dt+ σD dWD
t , (2.1)

where αD and σD are positive constants, and WD is a Brownian motion. The short-term
mean G = (Gt)t≥0 satisfies the stochastic differential equation

dGt = αG(g −Gt) dt+ σG dWG
t , (2.2)

where αG and σG are positive constants, g can have either sign, and WG is a Brownian
motion independent of WD. Prices and dividends are publicly observed, whereas G is not.

2.1.2. Information dynamics. There is a continuum of agents located on the interval [0, 1).
Private information is a two-parameter stochastic process ξ = (ξ(a,t))(a,t)∈[0,1)×R+ that evolves
in agent-time space [0, 1) × R+. Since there is a continuum of investors, each one of them
is infinitesimally small and thus receives an infinitesimal amount of private information. In
particular, investor a ∈ [0, 1), who is located on the interval [a, a+da) ⊆ [0, 1), observes the
private signal dξ(a,t), with law of motion over a and t

dξ(a,t) = ν(a) dGt da+ dW ξ
(a,t). (2.3)

In (2.3) the differentials dξ(a,t) and dW ξ
(a,t) are two-dimensional: it is the increment of ξ over

the infinitesimal rectangle [a, a + da) × [t, t + dt). By contrast, dGt is a one-dimensional
differential. The function ν : [0, 1) → (0,∞) describes the precision of agents’ private in-
formation. We assume that ν is measurable and Riemann integrable. The random field
W ξ = (W ξ

(a,t))(a,t)∈[0,1)×R+ is a Brownian sheet, which can be seen as the two-parameter
analogue of Brownian motion (see, e.g., Adler and Taylor (2007)), and which describes the
noise in private signals. Appendix A defines the Brownian sheet, contrasts it with Brownian
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motion, and collects the properties that we use; in particular, fixing either parameter leaves
a Brownian motion after rescaling (Corollary A.1). It is assumed that the Brownian sheet
W ξ is independent of both Brownian motions WD and WG.

2.1.3. Public information. Public information is described by a weighted average of the pri-
vate signals (2.3). Let w : [0, 1) → R be a weight function, not known a priori but determined
in equilibrium via market clearing, and let

Ξt :=

∫
[(0,0),(1,t))

w(a) dξ(a,s) (2.4)

denote the resulting public signal. In particular, the stochastic integral in (2.4) runs over the
rectangle [0, 1)× [0, t), so that it accumulates over time as well as across agents. Integrating
the private-signal differential (2.3) across the agent space against w gives

dΞt =

∫ 1

0

w(a) dξ(a,t) =

(∫ 1

0

ν(a)w(a) da

)
dGt +

∫ 1

0

w(a) dW ξ
(a,t), (2.5)

where on the right the integral runs over the agent coordinate a at fixed t. Aggregation across
agents thus leaves a one-parameter process, and, as we will show shortly, the cross-sectional
structure of the private signals enters it through the two constants

µ :=

∫ 1

0

ν(a)w(a) da, σ2
ξ :=

∫ 1

0

w(a)2 da.

By Proposition A.3 the aggregated noise is a Brownian motion scaled by σξ, so that

WΞ
t :=

1

σξ

∫
[(0,0),(1,t))

w(a) dW ξ
(a,s)

is a standard Brownian motion, and (2.5) reads

dΞt = µ dGt + σξ dW
Ξ
t . (2.6)

The public signal is therefore a classical one-parameter Itô process, and the cross-sectional
structure of the private signals enters through µ and σξ.

Although µ = 0 is a potential solution, we exclude this case because the public signal
would then carry no information. This is immediate from the stochastic differential (2.6),
which reduces to dΞt = σξ dW

Ξ
t when µ = 0: the public signal no longer loads on the

fundamental at all, and is a Brownian motion independent of G.
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2.1.4. Linear conjectured price structure. In order to have a consistent information struc-
ture, the market clearing price S must exactly reveal the public signal Ξ. More precisely,
the informational content of the price of the risky asset together with the dividends must
be equivalent to the informational content of the public signal and the dividends. This
information equivalence is achieved via the price conjecture

St = s0 + sDDt + sGĜt, Ĝt := E[Gt|Gt]. (2.7)

The constants s0, sD and sG are determined via market clearing. The σ-algebra Gt reflects
public information. In other words, the set Gt contains all the information that is observable
by all market participants at time t. Hence, we set Gt := σ(Ds,Ξs; s ≤ t), and we observe
that Gt = σ(Ds, Ss; s ≤ t), which is an immediate consequence of the linear price structure.
We use the filtration G = (Gt)t≥0 to describe the flow of public information.

2.1.5. Preferences. We consider a generalized utility function U : [0, 1) × R → R that de-
scribes the preferences of investors. In particular, for each fixed a ∈ [0, 1), the utility
function U(a, ·) : R → R is assumed to be twice continuously differentiable, strictly concave
and strictly increasing, with coefficient of absolute risk aversion given by

ψ(a, ·) := −U
′′(a, ·)

U ′(a, ·)
.

We refer to 1/ψ(a, x) as investor a’s absolute risk tolerance at wealth level x. This quan-
tity will be the key channel through which wealth affects equilibrium holdings and trading
activity.5

2.2. The discrete economy

To obtain a well-defined utility maximization problem for each investor, we discretize the
previously defined continuous economy to obtain a discrete economy with finitely many
investors. For this purpose, we use a sequence of partitions Π = (Πn)n≥2, where each element
Πn = (ai)0≤i≤n−1 is a partition of the interval [0, 1), and where |Πn| := max0≤i≤n−1 |∆ai| → 0

as n → ∞. Here, we use the notation ∆ai := ai+1 − ai, and we assume from now on that
∆ai =

1
n
. Moreover, without loss of generality, we assume that ai < ai+1. The economy with

n agents, represented by the partition Πn, is called the n-th discrete economy.

2.2.1. Discrete information dynamics. The discretization of the continuous economy is mainly
concerned with the information structure. We replace the precision function ν and the weight

5Under decreasing absolute risk aversion (DARA), higher wealth corresponds to higher absolute risk
tolerance.
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function w by the simple functions

νn(a) :=
n−1∑
i=0

ν(ai)1[ai,ai+1)(a), wn(a) :=
n−1∑
i=0

w(ai)1[ai,ai+1)(a),

and write ξn for the private-signal field obtained from (2.3) with ν replaced by νn, that is
dξn(a,t) = νn(a) dGt da + dW ξ

(a,t). In the n-th discrete economy investor ai then observes the
private signal increment

d
(
∆1ξ

n
(ai,t)

)
= ν(ai) dGt∆ai + d

(
∆1W

ξ
(ai,t)

)
, (2.8)

where the subscript in ∆1 records that the increment is taken with respect to the first
argument, that is across agents (∆1ξ

n
(ai,t)

:= ξn(ai+1,t)
− ξn(ai,t), and likewise for the Brownian

sheet ∆1W
ξ
(ai,t)

:= W ξ
(ai+1,t)

−W ξ
(ai,t)

), over the interval [ai, ai+1) that investor ai occupies. For
fixed i these are one-parameter processes in t, so d

(
∆1ξ

n
(ai,t)

)
is their ordinary differential.

Since νn is constant on [ai, ai+1), the drift in (2.8) is exactly ν(ai)∆ai; this is why the
discretization acts on ν rather than on ξ directly. Equation (2.8) is the discrete counterpart
of (2.3), with the continuous differential dξ(a,t) replaced by its discrete analogue.

Setting Ξnt :=
∫
[(0,0),(1,t))

wn(a) dξn(a,s) for the resulting public signal and

µn :=

∫ 1

0

νn(a)wn(a) da, σξ,n :=

(∫ 1

0

wn(a)2 da

)1/2

for the two constants it produces, the argument that led to (2.6) shows that Ξn evolves as

dΞnt = µn dGt + σξ,n dW
Ξ,n
t , (2.9)

where WΞ,n
t := σ−1

ξ,n

∫
[(0,0),(1,t))

wn(a) dW ξ
(a,s) is a standard Brownian motion by Proposi-

tion A.3. The discrete public signal is thus of the same form as its continuous counter-
part (2.6), with µ and σξ replaced by µn and σξ,n.

2.2.2. Discrete price dynamics. We discretize the price conjecture (2.7) by substituting the
information set G with Gn = (Gnt )t≥0, where we denote Gnt = σ(Ds,Ξ

n
s ; s ≤ t). In addition,

we add a risk premium of the form ρ 1
n

to the price in (2.7). In particular, we use the price
conjecture

Snt = s0 +
ρ

n
+ sDDt + sGĜ

n
t , Ĝn

t := E[Gt|Gnt ]. (2.10)

Note well that the constants s0, sD and sG will be determined via market clearing, which we
carry out only in the continuous economy. The risk premium ρ will also be determined via
market clearing.

The risk premium enters the discrete price, but not the continuous one, for a very specific
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reason. The aggregate supply θ of the risky asset is finite and has to be held in equilibrium.
In the n-th discrete economy it is borne by n investors, so each carries risk of order 1/n

and requires compensation of the same order to be willing to hold it; a price without a
term of order 1/n would leave investors unwilling to absorb the supply, and the market
would not clear. As n grows, the same finite risk is divided among ever more investors, the
compensation each of them requires vanishes, and the premium disappears from the price:
ρ/n→ 0, which is why (2.7) carries no such term. The constant ρ itself does not vanish. It
is pinned down by market clearing in the limit and appears in the equilibrium demand of
Section 3, where it is computed in Proposition F.4.

Since Ĝn
t → Ĝt almost surely as n → ∞ (see Lemma C.7 together with Corollary C.8),

the discrete price Sn converges to the continuous price S.

2.2.3. Agree to disagree. In the continuous economy private signals are merely an infinites-
imal increment and thus negligible. Consequently, in the continuous economy there is no
difference between the information set that is generated by public and private signals, and
the information set that is generated by public signals only. Conversely, in each discrete
economy the information set generated by public and private signals is strictly greater than
the public information set, in general. More precisely, in the n-th discrete economy we may
define the filtration Gai,n = (Gai,nt )t≥0 via Gai,nt = σ(Ds,Ξ

n
s ,∆1ξ(ai,s); s ≤ t), which reflects

all available information of investor ai, and which in general satisfies Gnt ⊊ Gai,nt . As a re-
sult, in addition to the public filter Ĝn

t = E[Gt|Gnt ], we may also define the private filter
Ĝai,n
t = E[Gt|Gai,nt ], which eventually leads to the inference wedge Λai,n = (Λai,nt )t≥0 defined

via Λai,nt := Ĝai,n
t − Ĝn

t . The inference wedge follows Ornstein-Uhlenbeck-type dynamics
adapted to the filtration Gai,n with long-term mean zero and steady state mean reversion
parameter αnΛ = limt→∞ αnΛ(t) (see Corollary C.3 for the details).

In the discrete economies we now let investors agree to disagree about the extent to which
their inference wedge is reflected in the market clearing price. To state this precisely it is
convenient to work with the instantaneous excess dollar return

dRn
t = (Dt − rSnt ) dt+ dSnt , (2.11)

where r is the net interest rate. Substituting the price conjecture (2.10) and writing the
result in investor ai’s filtration Gai,n, the drift of Rn loads on three state variables: the
dividend Dt, the investor’s own inference Ĝai,n

t , and the inference wedge Λai,nt . The first
two are already present in the continuous economy; the wedge is not, and it is the only one
investors disagree about. Under the objective measure P the excess return therefore takes
the form

dRn
t = β∗

nΛ
ai,n
t dt+ (other drift terms) + (diffusion terms), (2.12)

where the other drift terms load on 1, Dt and Ĝai,n
t only, and where the objective loading on
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the wedge is
β∗
n := sG(r + αnΛ).

It is common to all investors, and is pinned down by the price coefficient sG together with
the speed αnΛ at which the wedge mean-reverts. The remaining coefficients play no role in
the argument that follows; they are recorded in Appendix B.

Disagreement is introduced by individualizing this single loading. Investor ai evaluates
the economy under an equivalent probability measure P ai,n ≈ P that leaves the diffusion
terms and the loadings on 1, Dt and Ĝai,n

t untouched, and replaces β∗
n by an investor-specific

constant β(ai), so that

dRn
t = β(ai)Λ

ai,n
t dt+ (the same other drift terms) + (the same diffusion terms). (2.13)

The two drifts differ only by (β(ai)−β∗
n)Λ

ai,n
t , so passing from P to P ai,n is a classical Girsanov

transformation; the density process and the conditions under which it is well defined are given
in Appendix D. The single number β(ai) thus summarizes investor ai’s belief. Agreement
corresponds to β(ai) = β∗

n, in which case no measure change takes place at all, while β(ai) = 0

is the opposite extreme, in which investor ai prices the asset as if the price contained their
own private filter rather than the public one.

Two features of this construction are worth emphasizing. First, beliefs are individualized
through the loading on the wedge and through nothing else: investors disagree about how
private information is impounded in the price, but not about dividends, about their own
inference, or about risk. Second, the object they disagree about is itself vanishing. The
inference wedge satisfies Λai,nt → 0 as n → ∞ by Corollary C.8, so that the drift distortion
(β(ai) − β∗

n)Λ
ai,n
t vanishes with it and eventually P ai,n → P . Investors are in this sense

near-rational : in any finite economy they may hold materially different views, but the mea-
sures under which they optimize are correct in the limit. Individual disagreement therefore
disappears in the continuous economy, while its aggregate consequences do not, and it is
those aggregate consequences that the rest of the paper develops.

To talk about the belief structure of the entire market, we define the belief function
βn : [0, 1) → R of the n-th discrete economy as the simple function

βn(a) =
n−1∑
i=0

β(ai)1[ai,ai+1)(a).

The function β : [0, 1) → R is the belief function of the continuous economy. We assume
that β is measurable and Riemann integrable.

2.2.4. Wealth dynamics and admissibility. For each investor ai in the n-th discrete econ-
omy, trading strategies are modeled by Gai,n-adapted processes Hai,n = (Hai,n

t )t≥0 that are
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integrable with respect to Sn. Consumption processes cai,n = (cai,nt )t≥0 are Gai,n-adapted
processes. The wealth dynamics of investor ai are then given by

dV ai,n
t = rV ai,n

t dt+Hai,n
t dRn

t − cai,nt dt (2.14)

where Rn is the instantaneous excess dollar return defined in (2.11). Each investor has
initial endowment v0(ai), where v0 : [0, 1) → R+ is a deterministic function. We then say
that (cai,n, Hai,n) is v0(ai)-admissible, if

V ai,n
t = v0(ai) + r

∫ t

0

V ai,n
s ds+

∫ t

0

Hai,n
s dRn

s −
∫ t

0

cai,ns ds ≥ 0 ∀t ≥ 0.

We denote the set of v0(ai)-admissible trading strategy-consumption pairs by A(v0(ai)).

2.2.5. Utility maximization. Each investor solves the utility maximization problem

ess sup
(cai,n,Hai,n)∈A(v0(ai))

EPai,n

[ ∫ ∞

t

e−r(s−t) U(ai, c
ai,n
s ) ds

∣∣∣∣Gai,nt

]
. (2.15)

In particular, in the n-th discrete economy each investor maximizes the expected discounted
utility of future consumption conditional on all information available to them, and under the
subjective measure P ai,n pinned down by their belief β(ai) in (2.13).

Remark 2.1. A key modeling choice is the use of a Brownian sheet rather than a sequence of
independent Brownian motions across agents. In an economy with a continuum of investors,
independent noise typically vanishes under aggregation, which eventually leads to a no-trade
equilibrium. To illustrate this fact, assume that we replace the Brownian sheet W ξ in the
private signals with a sequence (W a)0≤a≤1 of independent Brownian motions. In particular,
assume that equation (2.3) is replaced by dξat = ν(a) dGt da + dW a

t . In the n-th discrete
economy, the public signal would then be of the form

n−1∑
i=0

w(ai)(ξ
ai
t − ξai0 )∆ai =

( n−1∑
i=0

w(ai)ν(ai)∆ai

)
(Gt −G0) +

n−1∑
i=0

w(ai)W
ai
t ∆ai.

By using a version of the strong law of large numbers (see, e.g., Theorem 7.2 in Williams
(1991)), aggregate noise vanishes as n → ∞, yielding a fully revealing price. Thus, a
continuum of independent Brownian motions cannot generate persistent aggregate noise.

Another important reason for choosing a Brownian sheet instead of a sequence of in-
dependent Brownian motions is the following observation. The noise terms in the private
signals are the only stochastic variables in the entire financial market that are individually
tied to the investors. By using a Brownian sheet, this individual stochasticity survives the
passage from the discrete to the continuous economy. In contrast, by working with a sequence
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of independent Brownian motions, this individual stochastic factor is lost when passing to
the continuous economy. Hence, working with a sequence of independent Brownian motions
immediately implies: (i) all agents must choose identical (or zero) risky positions; (ii) dis-
agreement cannot survive aggregation; and (iii) equilibrium generically collapses to no trade.
This is the dynamic version of the Milgrom-Stokey logic. As a result, a no-trade equilibrium
always exists, but non-trivial equilibria generically do not exist, because aggregate stochastic
terms cannot be balanced without forcing zero positions almost everywhere.

3. The continuous economy as a limiting discrete economy

In this section we derive the continuous economy as a particular limit of the discrete economy.
We do this by aggregating individual demands, derived in the discrete economy, and by taking
the limit as n → ∞. We observe that as individual demands converge to zero, aggregate
demand accumulates and converges to something that is non-zero in general.

3.1. Cumulative demand and market clearing

For wealth x and wedge y, let Jai,n(t, x, y) be the time-t value function that solves the HJB
equation associated with problem (2.15). Let βn : [0, 1) → R be the belief function of the
n-th discrete economy. As we show in Appendix E under certain regularity conditions, the
optimal trading strategy is

(Hai,n
t )∗ =− Jai,nx (t, V ai,n

t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

· β
n(ai)

ηai,nV V

· Λai,nt

+
Jai,nx (t, V ai,n

t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

· rρ

ηai,nV V

· 1
n
−
Jai,nxy (t, V ai,n

t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

· η
ai,n
V Λ

ηai,nV V

,

where ηai,nV V and ηai,nV Λ are constants corresponding to the quadratic (co-)variation of processes
V ai,n and Λai,n.6 In line with standard results in portfolio optimization, the optimal holdings
of each agent have three components: a state-dependent component reflecting the conditional
expected return, a constant component reflecting the unconditional instantaneous myopic
return, and a component reflecting hedging concerns between state variables (in this case,
wealth V and wedge Λ).

To better understand the optimal trading strategy in the continuous economy, let us
analyze its mean and variance at the large-n limit. As we prove in the appendix (see Propo-
sition F.1), under the additional assumption

lim
n→∞

√
n

∥∥∥∥Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

− Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)

∥∥∥∥
L2(P )

= 0 (3.1)

6See equation (E.1) of the Appendix for details. The risk premium ρ is given in Proposition F.4.
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about the convergence speed of J
ai,n
x

J
ai,n
xx

, it holds that

lim
n→∞

nE[(Hai,n
t )∗] = θ

1
ψ(ai,rv0(ai))∫ 1

0
1

ψ(u,rv0(u))
du
.

Hence, as commonly seen in competitive Rational Expectations Equilibria (REE), average
risky holdings are allocated according to relative risk tolerance. More precisely, each trader’s
average position is proportional to their absolute risk tolerance relative to aggregate risk
tolerance in the economy. Unlike in most REE models with CARA preferences, however,
absolute risk tolerance may depend on the trader’s wealth. Wealth therefore affects equi-
librium holdings through its effect on risk aversion. For example, under DARA, wealthier
agents have higher absolute risk tolerance and therefore hold a larger average share of the
risky asset. Under CARA, by contrast, this wealth channel is absent, and average holdings
do not depend on wealth.

We also find that in steady state (t→ ∞) the variance of agent holdings has the limit

lim
n→∞

nVar[(Hai,n
t )∗] =

w2(ai)∫ 1

0
w2(u)du

·
V2
(1,t)

2αΛ

,

where V2
(1,t) is total trading activity (see Section 4.2 below).

As we can see, holdings with higher variance correspond to private signals with a larger
weight in the public signal. This means that agents who trade more aggressively affect the
public signal more, as their position is conveyed with more weight. Moreover, whenever
holdings become more variable, the total volume of trade increases. At the same time,
holdings become less variable as the speed of mean reversion of the inference wedge increases,
because the inference wedge itself becomes less variable.

3.1.1. The cumulative demand function. If we assume that the leading order partial differ-
ential equation that describes e−rt Jai,n is of the form

−J̃ai,nt = rxJ̃ai,nx + e−rt U(ai, U
′(ai, ·)−1(ert J̃ai,nx ))− U ′(ai, ·)−1(ert J̃ai,nx )J̃ai,nx ,

whose solution is given by J̃ai,n(t, x) = e−rt 1
r
U(ai, rx), we can show that the cumulative

demand
Xn

(a,t) :=
∑

0≤i≤n−1,
ai<a

(Hai,n
t )∗, (a, t) ∈ [0, 1)× R+, (3.2)
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converges to the process X = (X(a,t))(a,t)∈[0,1)×R+ , which satisfies the identity

X(a,t) = −ρ (1 + αΛt)

ηV V

∫ a

0

1

ψ(u, rv0(u))
du− αΛ

∫ t

0

X(a,s) ds

+

∫ a

0

β(u)(w(u)µ− ν(u)σ2
ξ )

2

rηV V ψ(u, rv0(u))
du

∫ t

0

df1
(
Ds, Ĝs,Ξs

)
+

∫
[(0,0),(a,t))

β(u)(ν(u)σ2
ξ − w(u)µ)

rηV V ψ(u, rv0(u))
df2
(
ξ(u,s), Ĝs,Ξs

)
,

(3.3)

where f1 and f2 are given in Theorem C.9. The proof of the market clearing equation (3.3)
is given in Appendix F (see Proposition F.2). It builds on several technical assumptions and
results about the value functions Jai,n, which are discussed in full detail in Appendix E. One
particular assumption that has to be additionally imposed in Proposition F.2 for the market
clearing equation (3.3) to hold in this exact form is that the convergence of the ratios must
satisfy

lim
n→∞

1

n

∑
0≤i≤n−1

√
n

∥∥∥∥Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

− Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)

∥∥∥∥
L2(P )

= 0, (3.4)

or an equivalent condition that ensures a certain convergence speed. It is worth comparing
this condition to (3.1) which is similar, but on an individual level. We emphasize that the
additional assumption (3.4) is not a necessary condition to study the convergence of the
discrete market clearing equation (3.2). However, without an assumption of this form, the
market clearing equation (3.3) might be different, which especially means that additional
terms could appear in (3.3). In particular, a condition of the form as in (3.4) ensures that
all the covariance terms

Cov
((

J
ai,n
x (t,V

ai,n
t ,Λ

ai,n
t )

J
ai,n
xx (t,V

ai,n
t ,Λ

ai,n
t )

− Jx(t,v0(ai),0)
Jxx(t,v0(ai),0)

)(
J
aj,n
x (t,V

aj,n

t ,Λ
aj,n

t )

J
aj,n
xx (t,V

aj,n

t ,Λ
aj,n

t )
− Jx(t,v0(aj),0)

Jxx(t,v0(aj),0)

)
,Λai,nt Λ

aj ,n
t

)
vanish in aggregation. Otherwise, the market clearing equation (3.3) would also contain
mixed terms. We show in Appendix F, Lemma F.3, that Cov(Λai,nt ,Λ

aj ,n
t ) = E[Λai,nt Λ

aj ,n
t ] is

of order ∆ai∆aj. However, if condition (3.4) (or an equivalent) does not hold, Lemma F.3
might not be enough to ensure that the market clearing equation has the exact form (3.3),
but instead may contain additional terms. The economic intuition is that the difference of
the ratios in (3.4) is understood as a first order Taylor approximation in agent-direction of
the continuous function Jx/Jxx, i.e.,

Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

− Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
≈ ∂

∂x

Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
v′0(ai)∆ai. (3.5)

Here, the difference Jai,nx /Jai,nxx −Jx/Jxx is no longer understood as the difference between the
(ratios of) value functions in the discrete and continuous economy, but instead as a difference
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of interval length on which agent ai lives. More precisely, in the continuous economy there
is only the function Jx/Jxx which is the same for all investors. Agent-dependence enters via
initial wealth, which is the function v0 : [0, 1) → R+. Since in the continuous economy a
single agent is negligible—agent a lives on [a, a + da)—wealth remains unchanged as time
evolves. Hence, from the perspective of an individual agent, wealth can only change over
time, if the interval length has positive measure, i.e., if agent a lives on [a, a + ∆a) with
∆a > 0. The change in the ratio Jx/Jxx caused by such an interval enlargement is what the
approximation in (3.5) heuristically describes. Note, however, that (3.5) is only used to give
some interpretation of condition (3.4). We neither need a third partial derivative Jxxx, nor
do we require v0 to be continuously differentiable.

As we can see in (3.3), the cumulative demand process X has three components. The first
component, shown in the first line, represents deterministic risk sharing across heterogeneous
agents.

The second component, shown in the second line, captures stochastic innovations driven
by public information. These innovations are common to all agents, originating as shocks to
dividends and to the price signal. The innovations are weighted by the coefficient term

(
w(u)µ− ν(u)σ2

ξ

)2
= σ4

ξ

(
w(u)

µ

σ2
ξ

− ν(u)
)2

which measures the mismatch between the price weight assigned to agent u’s information
and the precision-weighted informativeness of that agent’s private signal. Here µ/σ2

ξ can be
interpreted as the signal loading of the public signal per unit of noise variance, while ν(u)
measures the local informativeness of agent u’s private signal about the short-term dividend
mean.

The third component, shown in the third line, captures stochastic innovations driven by
the private information of individual agents. The innovation term df2

(
ξ(u,s), Ĝs,Ξs

)
combines

agent u’s own signal innovation

dξ(u,s) − ν(u)αG
(
g − Ĝs

)
ds du

with the public innovation dΞs−µαG(g− Ĝs) ds, weighted by the filtering coefficients given
in Theorem C.9. Netting out the public innovation leaves the part of agent u’s private signal
that is not explained by public information. This part is idiosyncratic in the agent dimension
and is driven by the Brownian-sheet noise in private signals. It affects cumulative demand
because agents with different disagreement parameters, different risk tolerances, and different
signal precisions react differently to their private information.

Both stochastic components carry the same factor 1/ψ(u, rv0(u)) as the deterministic
first component, namely agent u’s absolute risk tolerance. The risk-tolerance channel that
determines average holdings therefore also determines how strongly private information and
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disagreement feed into cumulative demand.
Moreover, both stochastic components are proportional to β(u), which is where disagree-

ment enters. The sign and magnitude of β(a) summarize how agent a’s subjective price
dynamics differ from the common benchmark β∗

n of (2.12): a positive value means that the
agent behaves as if the inference wedge raises expected returns, a negative value means the
opposite, and agreement is the single value β(a) = β∗

n. Cross-sectional variation in β there-
fore creates opposing speculative demands, and this is what sustains trade even though the
individual distortions vanish in the large-market limit.

3.1.2. Market clearing condition. Based on the cumulative demand function we can now
define market clearing in the continuous economy. The market clearing condition (MC) in
the continuous economy is given by

X(1,t)
!
= θ, θ ∈ R, ∀t ≥ 0. (MC)

The interpretation of condition (MC) is that there is a fixed amount of stock, θ, at every
time t ≥ 0. Hence, cumulative demand X(1,t), which is obtained by integrating over the
entire agent space [0, 1), must be equal to θ at all times. For (MC) to hold true, i.e., for
total aggregate demand to be constant and in particular deterministic, the stochastic terms
in equation (3.3) must vanish when integrating over a from 0 to 1. We will use this fact as
a condition to pin down the weight function w.

Assuming that such a weight function w has been found, we may also consider the
“relaxed” market clearing condition (MC′), which reads as

X(1,t) = −ρ (1 + αΛt)

ηV V

∫ 1

0

1

ψ(u, rv0(u))
du− αΛ

∫ t

0

X(1,s) ds. (MC′)

In fact, equation (MC′) is nothing other than aggregate demand X(1,t) from equation (3.3)
with vanishing stochastic terms. We can now use condition (MC′) to pin down the risk
premium ρ, so that the market eventually clears.

3.2. General equilibrium conditions

So far we have just assumed the existence of a weight function w, which reduces X(1,t) such
that it satisfies (MC′). We now want to understand if such weight functions exist, and if so
under which conditions. Since we can solve for the risk premium ρ for (MC′) to hold true,
it is enough to work under the relaxed market clearing condition (MC′).
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3.2.1. Risk premium. As we show in Proposition F.4 in the appendix, the risk premium ρ

equals

ρ = − ηV V θ∫ 1

0
1

ψ(u,rv0(u))
du
.

This term represents a classical risk premium providing constant compensation to risk-averse
agents for bearing risk and giving them an incentive to hold the risky asset.

3.2.2. Trivial equilibria. To satisfy the market clearing condition, the stochastic terms in (3.3)
must vanish after aggregation over the agent space. There are two fundamentally different
ways in which this can occur. First, the stochastic terms may vanish pointwise for almost
every agent a ∈ [0, 1). In this case, cumulative demand is deterministic at every level, leading
to a trivial equilibrium. Second, the stochastic terms may only vanish after aggregation over
the entire agent space, while remaining non-zero at intermediate levels. In this case, indi-
vidual demand is stochastic, but aggregate demand is deterministic, leading to a non-trivial
equilibrium.

We first characterize the class of weight functions corresponding to trivial equilibria. We
define an equilibrium as trivial at time t ≥ 0, whenever

X(a,t) = −ρ (1 + αΛt)

ηV V

∫ a

0

1

ψ(u, rv0(u))
du− αΛ

∫ t

0

X(a,s) ds

for almost every a ∈ [0, 1). Although investors may trade, we call such equilibria trivial
because there is no stochasticity in cumulative demand. In other words, investors only trade
due to the deterministic risk premium ρ.

A key observation is that both stochastic integrals in (3.3) are driven by ν(a)σ2
ξ −w(a)µ.

Eliminating this term pointwise removes all stochastic components, which leads to the fol-
lowing result.

Proposition 3.1. A trivial equilibrium exists if and only if the weight function satisfies
w(a) =

σ2
ξ

µ
ν(a) for almost every a ∈ {β ̸= 0}.

In fact, a trivial equilibrium always exists but is not necessarily unique. For instance, we
can set w(a) = κν(a) for some constant κ ̸= 0, so that

σ2
ξ =

∫ 1

0

w(a)2 da = κ2
∫ 1

0

ν(a)2 da,

µ =

∫ 1

0

ν(a)w(a) da = κ

∫ 1

0

ν(a)2 da =
σ2
ξ

κ
.

This implies κ =
σ2
ξ

µ
and therefore w(a) =

σ2
ξ

µ
ν(a) for all a ∈ [0, 1). Alternatively, we could
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set w(a) = κν(a)1{β ̸=0}(a) for some constant κ ̸= 0, which implies

σ2
ξ =

∫ 1

0

w(a)2 da = κ2
∫
{β ̸=0}

ν(a)2 da,

µ =

∫ 1

0

ν(a)w(a) da = κ

∫
{β ̸=0}

ν(a)2 da =
σ2
ξ

κ
.

As before, this implies κ =
σ2
ξ

µ
and thus w(a) =

σ2
ξ

µ
ν(a) for all a ∈ {β ̸= 0}.

3.2.3. Non-trivial equilibria. We now turn to equilibria where stochastic fluctuations cancel
only in the aggregate. In contrast to a trivial equilibrium, a non-trivial equilibrium at time
t ≥ 0 is characterized by the existence of a non-empty subset A ⊆ [0, 1), such that X(a,t) is
non-deterministic with positive probability for all a ∈ A, i.e.,

∃A ⊆ [0, 1), A ̸= ∅, ∀a ∈ A :

P

[
X(a,t) ̸= −ρ (1 + αΛt)

ηV V

∫ a

0

1

ψ(u, rv0(u))
du− αΛ

∫ t

0

X(a,s) ds

]
> 0.

We have seen before that a trivial equilibrium always exists. In contrast, the existence of a
non-trivial equilibrium is not guaranteed and heavily relies on the degree of disagreement,
described by the function β. To understand this dependence we first derive the general
structure of the weight function w for non-trivial equilibria.

More precisely, we seek a function w : [0, 1) → R such that the stochastic terms in the
second and third lines of (3.3) vanish only after aggregation over the entire agent space.
Equivalently, we require that X(1,t) satisfies the relaxed market clearing condition (MC′).
At the same time, we require the existence of a subset of agents A ⊆ [0, 1) such that the
stochastic terms in (3.3) do not vanish when integrating up to a ∈ A. Thus, while aggregate
demand is deterministic, individual or partially aggregated demand remains stochastic. Eco-
nomically, this corresponds to a situation in which market clearing holds in the aggregate,
but some agents trade based on heterogeneous beliefs about the public signal and their pri-
vate information. In this case, the stochastic integrals in (3.3) exhibit a bridge-like structure
on [0, 1): they start and end at zero, but evolve stochastically in between.

To characterize the class of weight functions that give rise to such non-trivial equilibria,
we rely on the following three observations. First, both stochastic integrals in (3.3) depend on
the term

β(a)(ν(a)σ2
ξ−µw(a))

ψ(a,rv0(a))
. Second, the weight function satisfies the normalization conditions

∫ 1

0

w(a)
(
µw(a)− ν(a)σ2

ξ

)
da = 0 and

∫ 1

0

w(a)
µσ2

Gν(a) + w(a)

µ2σ2
G + σ2

ξ

da = 1,

which follow from
∫ 1

0
w(a)2 da = σ2

ξ and
∫ 1

0
ν(a)w(a) da = µ. Finally, the two-parameter
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stochastic integral
∫
[(0,0),(1,t))

f(a) dξ(a,s) can be rewritten as a double integral of the form

∫
[(0,0),(1,t))

g(a)

(∫ 1

0

f(u) dξ(u,s)

)
da for any function g satisfying

∫ 1

0

g(a) da = 1.

These observations allow us to characterize all weight functions that generate non-trivial
equilibria, leading to the following result.

Proposition 3.2. Under the general market clearing condition (MC′) the following two
assertions are equivalent:

1. There exists a non-trivial equilibrium.

2. There exists a constant κ ̸= 0, which may depend on µ and σξ, such that the weight
function w : [0, 1) → R satisfies

w(a) =


σ2
ξν(a)

µ+κ
ψ(a,rv0(a))

β(a)

, a ∈ {β ̸= 0},

0, a ∈ {β = 0},

is well-defined for a.e. a ∈ [0, 1), and is non-zero on a non-empty subset of [0, 1).

Remark 3.3. Note that Proposition 3.2 is a characterization of the weight function. Existence
of non-trivial equilibria is addressed in the next section.

3.3. The existence of non-trivial equilibria

In the previous section, we have seen that trivial equilibria always exist, and we have de-
scribed the general structure of weight functions in the presence of a non-trivial equilibrium.
We now want to describe the conditions that must be satisfied in order for a non-trivial
equilibrium to exist.

Proposition 3.4. A non-trivial equilibrium exists if and only if {β ̸= 0} has positive measure
and ∫

{β ̸=0}

ν(u)2(
1 + κ̃ψ(u,rv0(u))

β(u)

)2 · ψ(u, rv0(u))
β(u)

du = 0 (3.6)

for a constant κ̃ ̸= 0.

We note that for condition (3.6) to be satisfied, the belief function β must take on
both positive and negative values; that is, the disagreement among different agents must
be sufficiently dispersed. If all investors distort the price dynamics in the same direction,
their demands move together and cannot generate the bridge-like cancellation required for
market clearing. A trade equilibrium requires disagreement on both sides of the market:
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some investors must behave as if the price underreacts to their information, while others
must behave as if it overreacts.

The following result provides a sufficient condition for the existence of a non-trivial
equilibrium, avoiding the auxiliary parameter κ̃.

Proposition 3.5. Assume β(·) and ψ(·, rv0(·)) are locally Lipschitz-continuous on {β ̸= 0}
and β takes positive and negative values with infβ>0 β > 0 > supβ<0 β and∫

{β ̸=0}

ν(u)2ψ(u, rv0(u))

β(u)
du ̸= 0. (3.7)

Then a non-trivial equilibrium exists.

Remark 3.6. It is worth noting that the two parameters κ and κ̃ appearing in Proposition 3.2
and Proposition 3.4, respectively, are related but are not the same object. They are connected
via the identity κ = µκ̃. By dividing both sides of equation (3.6) by µ2 we obtain∫

{β ̸=0}

ν(u)2(
µ+ κψ(u,rv0(u))

β(u)

)2 · ψ(u, rv0(u))
β(u)

du = 0, (3.8)

which is essentially the analogue of (3.6) in terms of κ. However, note that although equa-
tions (3.6) and (3.8) are very similar, the fixed point problem arising from equation (3.8)
differs from the one given in Proposition 3.4. The reason is that µ is a function of κ since
µ =

∫ 1

0
ν(a)w(a) da, and because κ appears in w(a).

4. Key financial market measures

In the previous section we have seen how the continuous economy is derived as a limiting
discrete economy, and how this convergence is related to the market clearing condition. We
considered two types of equilibria: trivial equilibria, which always exist, and non-trivial
equilibria, which only exist if the disagreement is heterogeneous enough. In both types of
equilibria, market clearing ultimately pins down the risk premium. In this section we will
derive further measures to analyze market quality.

4.1. Price informativeness

We start by analyzing the informational content of the price. For this purpose, we define
the price informativeness as

I = 1− lim
t→∞

E[Var[Gt|Gt]]
Var(Gt)

.
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Note that this definition is a classical R2-type measure, where E[Var[Gt|Gt]] represents the
residual sum of squares and Var(Gt) is the total sum of squares. We take the limit because
we are particularly interested in the steady state.

Proposition 4.1. The price informativeness I satisfies

I = 1− 2αGγ

σ2
G

=

(√
(α2

Dσ
2
G + α2

Gσ
2
D)(τ

2σ2
G + 1)− σDαG

)2
τ 2σ2

G(α
2
Dσ

2
G + α2

Gσ
2
D) + α2

Dσ
2
G

, τ 2 :=
µ2

σ2
ξ

.

4.1.1. Dependence on the aggregate error. From Proposition 4.1 we observe that price in-
formativeness I essentially depends on three parameters: (1) the speed of mean-reversion
of the process G, which is αG, (2) the volatility of the process G, which is σG, and (3) the
steady state mean squared error of the public filter Ĝ in the continuous economy, which is
γ. We may consider the first two components, i.e., αG and σG, as fixed, since they are given
by the model. The interesting component to understand price informativeness I is thus the
mean squared error γ. In fact, we have

∂I
∂γ

= −2αG
σ2
G

< 0,

since αG > 0, which implies that price informativeness decreases with a higher mean squared
error. This observation makes sense because a lower mean squared error corresponds to a
better filter, which in turn means the price reveals a better estimate of the process G.

4.1.2. Dependence on the precision of public information. The steady state mean squared
error γ satisfies

γ =
σD
√
(α2

Dσ
2
G + α2

Gσ
2
D)(τ

2σ2
G + 1)− αGσ

2
D

τ 2(α2
Dσ

2
G + α2

Gσ
2
D) + α2

D

, τ 2 =
µ2

σ2
ξ

,

and thus changes in γ essentially are due to changes in the parameters µ and σξ. As before,
we may treat the constants αD, αG, σD and σG as fixed, since they are given by the model.
A short calculation shows ∂γ

∂τ2
≤ 0. Hence, we find that the mean squared error is decreasing

in τ 2. Since the public signal Ξt satisfies

Ξt = µ(Gt −G0) +

∫
[(0,0),(1,t))

w(u) dW ξ
(u,s),

and because the process

1

σξ

∫
[(0,0),(1,t))

w(u) dW ξ
(u,s) =

∫ 1

0
w(u)∂1W

ξ
(u,t)( ∫ 1

0
w(u)2du

)1/2
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is a Brownian motion, we may view τ 2 as the precision of the public signal.7 By observing
that

∂I
∂τ 2

=
∂I
∂γ

· ∂γ
∂τ 2

≥ 0,

we see that price informativeness I increases as the precision τ 2 of the public signal increases.
A higher precision in the public signal essentially means a better filter, thus a lower mean
squared filtering error, and therefore more information to be obtained from the price. This
is essentially the same conclusion as before.

4.2. Trading activity

The instantaneous trading activity V(a,t) up to agent a at time t is defined as the square root
of the partial derivative with respect to t of the quadratic variation of aggregate demand,
i.e.,

V(a,t) :=

(
∂⟨X,X⟩(a,t)

∂t

)1/2

=

(
∂

∂t

∫
[(0,0),(a,t))

d⟨X,X⟩(u,s)
)1/2

.

The general idea here is to use the quadratic variation of aggregate demand to measure
trading activity. Since we are interested in the instantaneous trading activity at time t, we
take the partial derivative with respect to t because it reflects the change in variation of
aggregate demand at that time.

Proposition 4.2. The trading activity satisfies

V(a,t) =
σ2
G − αGγ

µ2σ2
G + σ2

ξ

(∫ a

0

β(u)2(ν(u)σ2
ξ − w(u)µ)2

r2η2V V ψ(u, rv0(u))
2

du

)1/2

.

As we show in Appendix F (see equation (F.4)) the integral inside the square root in
Proposition 4.2 satisfies∫ a

0

β(u)2(ν(u)σ2
ξ − w(u)µ)2

r2η2V V ψ(u, rv0(u))
2

du =
κ2

r2η2V V

∫ a

0

w(u)2 du.

In particular, integrating from 0 to 1 yields that the total trading activity is

V(1,t) =
σ2
G − αGγ

µ2σ2
G + σ2

ξ

· |κ|
rηV V

(∫ 1

0

w(u)2 du

)1/2

=
σ2
G − αGγ

µ2σ2
G + σ2

ξ

· |κ|σξ
rηV V

. (4.1)

Like price informativeness I, trading activity V(1,t) depends on µ and σ2
ξ . Moreover, it

depends on the absolute value of the constant |κ|, which is part of the definition of the
weight function in Proposition 3.2. The interpretation of |κ| is discussed in the next section.

7The partial derivative ∂1 in ∂1W
ξ
(u,t) indicates that the stochastic integral is only taken with respect to

the first coordinate in W ξ
(u,t) (i.e., u), while the second coordinate is kept fixed.
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Remark 4.3. By Proposition 3.1, the trading activity of a trivial equilibrium is zero.

4.3. Distance to a trivial equilibrium

We define the distance to a trivial equilibrium by the absolute value of the constant κ̃, as
described in Proposition 3.4. In particular, we define |κ̃| to be the distance to a trivial
equilibrium, where κ̃ ∈ R satisfies∫

{β ̸=0}

ν(u)2(
1 + κ̃ψ(u,rv0(u))

β(u)

)2 · κ̃ψ(u, rv0(u))
β(u)

du = 0.

Note that the above equation is nothing other than condition (3.6) multiplied by κ̃. The
reason for this adjustment is to include κ̃ = 0, which essentially describes a trivial equilib-
rium.

Proposition 4.4. Let w be an equilibrium weight function. The distance to a trivial equi-
librium satisfies

|κ̃| =
∫
{β ̸=0}

∣∣∣∣wtrivial(u)

w(u)
− 1

∣∣∣∣ |β(u)|
ψ(u, rv0(u))

du,

where wtrivial(·) =
σ2
ξν(·)
µ

1{β ̸=0}(·) is the minimal weight function of the trivial equilibrium.

As described in Remark 3.6 we generally have κ = κ̃µ (see also the proof of Proposition 3.4
given in Appendix F). In a non-trivial equilibrium, we further have µ = σ2

ξ > 0. Hence, we
find that the trading activity satisfies

V(1,t) =
σ2
G − αGγ

µ2σ2
G + σ2

ξ

· |κ|σξ
rηV V

=
σ2
G − αGγ

µσ2
G + 1

· |κ̃|σξ
rηV V

.

In other words, an increasing distance to a trivial equilibrium yields a higher trading activity.
In a trivial equilibrium the trading activity is zero as seen before.

4.4. Level of disagreement

The level of disagreement is described by the L2-norm of the function β. In particular, the
level of disagreement is defined as

∥β∥2 =
(∫ 1

0

β(u)2 du

)1/2

.

We can generally say that increasing the absolute value of β on a non-empty subset of [0, 1)
increases the level of disagreement. We further have the following result.
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Proposition 4.5. For a given belief function β : [0, 1) → R, assume that a non-trivial
equilibrium exists. Further, assume that its weight function w has distance |κ̃|. Then, for
any constant c ̸= 0 there exists a non-trivial equilibrium for the function β′ = cβ with the
same weight function w, whose distance to a trivial equilibrium is given by |κ̃′| = |cκ̃|.

Proposition 4.5 implies that a scaled function β′ = cβ results in a scaled trading activity
V ′
(1,t) = |c|V(1,t). Indeed, from Proposition 3.2 we know that the weight function is of the

form w(·) = σ2
ξν(·)

µ
(
1+κ̃

ψ(·,rv0(·))
β(·)

)1{β ̸=0}(·), so that µ and σ2
ξ remain unchanged, and the statement

follows from the identity V(1,t) =
σ2
G−αGγ
µσ2

G+1
· |κ̃|σξ
rηV V

.

Corollary 4.6. Consider a non-trivial equilibrium with belief function β, weight function w,
distance to a trivial equilibrium |κ̃|, and absolute risk aversion ψ. A proportional increase in
absolute risk aversion leads to a proportional decrease in the distance to a trivial equilibrium.
In particular, keeping everything else fixed, for any c > 0, the equilibrium with absolute risk
aversion ψ′ = cψ has distance |κ̃′| = 1

c
|κ̃| from a trivial equilibrium.

Similarly, Corollary 4.6 implies that a scaled absolute risk aversion function ψ′ = cψ

results in an inversely scaled trading activity V ′
(1,t) =

1
c
V(1,t). This comparative static should

be interpreted as an aggregate risk-tolerance effect. A proportional increase in absolute risk
aversion reduces the willingness of all agents to absorb risky positions, thereby moving the
equilibrium closer to the trivial benchmark and lowering trading activity. When absolute risk
aversion is wealth-dependent, changes in the wealth distribution can affect trading activity
through the same risk-tolerance channel, although the effect then depends on how wealth is
distributed across agents.

5. Market quality, wealth effects and the role of beliefs

5.1. Price efficiency and the no-trade situation

From the discussion in Section 4.1 we know that price informativeness satisfies I = 1− 2αGγ
σ2
G

(see Proposition 4.1), and we have seen that I depends on the weight function w only via
aggregate precision τ 2 = µ2

σ2
ξ
. In fact, we have shown in Section 4.1.2 that ∂I

∂τ2
≥ 0.

In order to maximize price informativeness, we have to maximize aggregate precision τ 2.
Here it is worth noting that

0 ≤ τ 2 =

( ∫ 1

0
ν(a)w(a) da

)2∫ 1

0
w(a)2 da

≤
∫ 1

0
ν(a)2 da

∫ 1

0
w(a)2 da∫ 1

0
w(a)2 da

=

∫ 1

0

ν(a)2 da, (5.1)

which follows from Hölder’s inequality. From Proposition 3.1 we know that a trivial equi-
librium always exists, and that its weight function is of the form w(a) =

σ2
ξ

µ
ν(a) for almost
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every a ∈ {β ̸= 0}. Hence, we may simply set w(a) = ν(a), so that τ 2 =
∫ 1

0
ν(a)2 da. In

other words, price informativeness is maximal in the presence of a trivial equilibrium. Since
investors do not trade in a trivial equilibrium, except for one initial trade when the market
starts, this observation is intuitive. The price is informationally too efficient, in the sense
that it already provides a sufficient statistic of the unknown process G. Therefore, investors
do not use their private signals, which causes the classical no-trade situation in a rational
expectations equilibrium.

This result is also consistent with Lemma 4 of Avdis and Glebkin (2025). In their model,
investors actually trade, which is simply due to the fact that it is a one-period model. The
optimal risky holdings are then allocated according to relative risk tolerance. The same
effect is seen in our model. However, since our model is dynamic there is only one initial
trade, which we may view as reflecting the trade situation in the one-period model. After
the market has been established, investors no longer trade because they already hold the
optimal share of risky assets.

As can be seen from the inequality in (5.1), price informativeness is minimized when the
precision τ 2 is zero. Note that ν : [0, 1) → (0,∞), so that τ 2 = 0 is only possible if there
is a non-trivial equilibrium satisfying µ = 0. As mentioned in the beginning of this paper,
we exclude this scenario because in this case the public signal only contains noise but no
information about G. It is still worth mentioning two important points regarding the case
τ 2 = 0. First, under specific assumptions on the belief function β, a non-trivial equilibrium
with µ = 0 may indeed exist. Second, price informativeness is minimal because the public
signal does not contain any information about G, but only accumulates individual signal
noise.

Finally, let us consider the cases in between, i.e., whenever 0 < τ 2 <
∫ 1

0
ν(a)2 da. For this

purpose, assume we have a non-trivial equilibrium as described in Proposition 3.5. Then, it
holds that µ = σ2

ξ > 0, and therefore τ 2 = µ. In particular, we have

µ =

∫ 1

0

ν(a)w(a) da =

∫
{β ̸=0}

ν(a)2

1 + κ̃ψ(a,rv0(a))
β(a)

da.

In general, we cannot make a statement about the extent to which a change in wealth,
absolute risk aversion or beliefs affects the precision µ and therefore price informativeness
I. We have seen in Proposition 4.5 that scaling the belief function β also scales κ̃ to
the same degree, while Corollary 4.6 shows that scaling absolute risk aversion ψ scales κ̃
inversely by the same amount. Consequently, scaling beliefs or absolute risk aversion does not
change µ, and therefore price informativeness I remains unchanged. This makes intuitively
sense because although beliefs or absolute risk aversion are adjusted, the relative structure
between agents remains unchanged. At the same time, we have seen that the trading activity
is proportional to the distance from a trivial equilibrium, which is denoted by |κ̃|. As
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a result, there is no clear relationship between trading activity and price informativeness
either, as scaling beliefs or risk aversion affects trading activity but not price informativeness.
We may thus conclude that although prices are the most informative in the presence of a
no-trade equilibrium, there is no general relationship between trading activity and price
informativeness.

5.2. Wealth effects

In more specific cases, we may still analyze how a given wealth allocation interacts with
disagreement to determine price weights. For this purpose, we consider again a non-trivial
equilibrium as described in Proposition 3.5. More precisely, we consider a weight function
of the form

w(a) =
ν(a)

1 + κ̃ψ(a,rv0(a))
β(a)

1{β ̸=0}(a)

for some constant κ̃ ̸= 0. From the proof of Proposition 3.5, we know that κ̃ > 0 whenever∫
{β>0}

ν(a)2ψ(a, rv0(a))

β(a)
da > −

∫
{β<0}

ν(a)2ψ(a, rv0(a))

β(a)
da. (5.2)

Conversely, it holds that κ̃ < 0 whenever the above strict inequality is reversed, so that∫
{β>0}

ν(a)2ψ(a, rv0(a))

β(a)
da < −

∫
{β<0}

ν(a)2ψ(a, rv0(a))

β(a)
da. (5.3)

This fact has the following intuition. In the case where the strict inequality (5.2) holds true,
there is more “positive” disagreement in the market (relative to the squared precision and
absolute risk aversion). Since in a non-trivial equilibrium negative and positive disagreement
have to be balanced out (see equation (3.6) in Proposition 3.4), the coefficient κ̃ has to be
positive to reduce the weights of positively disagreeing agents. The same phenomenon occurs
when there is more negative disagreement in the market. Then κ̃ has to be negative to reduce
the weight of negatively disagreeing agents in order to achieve an equilibrium.

5.2.1. The role of beliefs. To analyze wealth effects and their interplay with disagreement
in the market, we consider a median wealth split where the lower half is described by the
subset L ⊆ [0, 1), and the upper half is described by the subset H ⊆ [0, 1). The chosen
notation L and H shall refer to the terms “lower wealth” and “higher wealth”, respectively.
More precisely, it holds that |L| = |H| = 1

2
, and maxa∈L v0(a) ≤ mina∈H v0(a). For any belief

function β : [0, 1) → R, we further denote

H+(β) := H ∩ {β > 0}, H−(β) := H ∩ {β < 0},
L+(β) := L ∩ {β > 0}, L−(β) := L ∩ {β < 0}.
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Hence, for a given belief function β the set H+(β) contains the wealthier agents with positive
disagreement, while H−(β) contains the wealthier agents with negative disagreement. Let
us further write the weight function as w(a) = wH(a) + wL(a), where we define

wH(a) :=
ν(a)

1 + κ̃ψ(a,rv0(a))|β(a)|

1H+(β)(a) +
ν(a)

1− κ̃ψ(a,rv0(a))|β(a)|

1H−(β)(a),

wL(a) :=
ν(a)

1 + κ̃ψ(a,rv0(a))|β(a)|

1L+(β)(a) +
ν(a)

1− κ̃ψ(a,rv0(a))|β(a)|

1L−(β)(a).

In other words, the function wH : H → R describes the weights of the wealthier agents, while
wL : L → R is the weight function of the less wealthy agents. To measure the reflection of
private information of each group in the market clearing price we use the L1-norms

∥wH∥1 :=
∫ 1

0

|wH(a)| da, ∥wL∥1 :=
∫ 1

0

|wL(a)| da.

We then say that the private signals of the wealthier agents are more strongly reflected in
the price whenever ∥wH∥1 > ∥wL∥1. Conversely, we say that the private signals of the less
wealthy agents are more strongly reflected in the price whenever ∥wH∥1 < ∥wL∥1. Note that
with this measure of signal reflection we can make statements on the aggregate market level
but not on the individual investor level. However, we choose this measure because we are
interested in an analysis of the aggregate market, and we do not want to compare individual
agents. Moreover, this measure allows us to analyze more general situations, where investors
in both group H and L may have positive and negative beliefs.

Proposition 5.1. Assume that the functions β(·) and ψ(·, rv0(·)) satisfy the assumptions of
Proposition 3.5, and let κ̃ ̸= 0 be a solution of the corresponding fixed point problem. If the
functions ν(·), β(·), and ψ(·, rv0(·)) are such that (5.2) implies∫

{β>0}

ν(a)β(a)

ψ(a, rv0(a))
da < −

∫
{β<0}

ν(a)β(a)

ψ(a, rv0(a))
da,

and (5.3) implies ∫
{β>0}

ν(a)β(a)

ψ(a, rv0(a))
da > −

∫
{β<0}

ν(a)β(a)

ψ(a, rv0(a))
da,

then the following assertions hold true:

(1) If the less wealthy agents only have positive disagreement, while the wealthier agents
only have negative disagreement, i.e., if L−(β) = H+(β) = ∅, and if in addition κ̃ < 0

and mina∈L+(β) |κ̃|ψ(a,rv0(a))|β(a)| ≥ 1
2
, then ∥wL∥1 > ∥wH∥1.
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(2) If the less wealthy agents only have negative disagreement, while the wealthier agents
only have positive disagreement, i.e., if L+(β) = H−(β) = ∅, and if in addition κ̃ < 0

and mina∈H+(β) |κ̃|ψ(a,rv0(a))|β(a)| ≥ 1
2
, then ∥wH∥1 > ∥wL∥1.

An important takeaway from Proposition 5.1 is that private signals of wealthier agents
are not necessarily more strongly reflected in the price, measured by the L1-norm. A simple
example is the case where the precision ν > 0 is the same for all agents, and where we assume
that L+(β) = {β > 0} = [0, 1

2
) and H−(β) = {β < 0} = [1

2
, 1) with β(·) and ψ(·, rv0(·))

given by

β(a) = βL1[0, 1
2
)(a)− βH1[ 1

2
,1)(a), ψ(a, rv0(a)) = ψL1[0, 1

2
)(a) + ψH1[ 1

2
,1)(a).

for some strictly positive constants βL, βH , ψL, and ψH . If also κ̃ < 0, then (5.3) reads as

ν2ψL
2βL

=

∫
{β>0}

ν(a)2ψ(a, rv0(a))

β(a)
da < −

∫
{β<0}

ν(a)2ψ(a, rv0(a))

β(a)
da =

ν2ψH
2βH

,

which eventually implies∫
{β>0}

ν(a)β(a)

ψ(a, rv0(a))
da =

νβL
2ψL

>
νβH
2ψH

= −
∫
{β<0}

ν(a)β(a)

ψ(a, rv0(a))
da.

Hence, if also mina∈L+(β) |κ̃|ψ(a,rv0(a))|β(a)| ≥ 1
2
, then Proposition 5.1 implies ∥wL∥1 > ∥wH∥1. A

similar example can also be found for the second assertion of Proposition 5.1.

Proposition 5.2. Assume that the coefficients of absolute risk aversion are in a strict inverse
monotonic relationship with the wealth distribution across agents, i.e., v0(a) > v0(a

′) implies
ψ(a, rv0(a)) < ψ(a′, rv0(a

′)) for all a, a′ ∈ [0, 1).

(1) If precisions and absolute beliefs are in a monotonic relationship with the wealth dis-
tribution across agents, i.e., v0(a) ≥ v0(a

′) implies ν(a) ≥ ν(a′) and |β(a)| ≥ |β(a′)|
for all a, a′ ∈ [0, 1), then the following assertions hold true:

(a) If the less wealthy agents only have negative disagreement, i.e., if L+(β) = ∅, and
if in addition κ̃ < 0, then ∥wH∥1 > ∥wL∥1.

(b) If the less wealthy agents only have positive disagreement, i.e., if L−(β) = ∅, and
if in addition κ̃ > 0, then ∥wH∥1 > ∥wL∥1.

(2) If absolute beliefs are in an inverse monotonic relationship with the wealth distribution
across agents, i.e., v0(a) ≥ v0(a

′) implies |β(a)| ≤ |β(a′)| for all a, a′ ∈ [0, 1), and if
additionally

min
a∈L(β)

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

> max
a∈H(β)

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

,
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then the following assertions hold true:

(a) If the wealthier agents only have negative disagreement, i.e., if H+(β) = ∅, and if
in addition κ̃ < 0, then ∥wL∥1 > ∥wH∥1.

(b) If the wealthier agents only have positive disagreement, i.e., if H−(β) = ∅, and if
in addition κ̃ > 0, then ∥wL∥1 > ∥wH∥1.

Remark 5.3. Note that the second property of Proposition 5.2 also holds true without any
assumptions on the coefficients of absolute risk aversion.

The result of Proposition 5.2 is more specific. We are considering a situation in which
absolute risk aversion decreases with increasing wealth across agents. The first assertion of
Proposition 5.2 essentially states that under specific assumptions the private information of
wealthier agents with stronger absolute beliefs and higher signal precisions is more strongly
reflected in the price. In contrast, the second assertion of Proposition 5.2 states that, again
under specific assumptions, the private information of the less wealthy agents with stronger
absolute beliefs is more strongly reflected in the price. Hence, although these statements
are not a universal statement, we observe that higher wealth alone is not enough to draw
any conclusions about the strengths of the weights. In fact, the belief structure and also
the precision of the private signals play a significant role. This fact stands in contrast to
the one-period model of Avdis and Glebkin (2025), where the signals of wealthier agents are
generally more strongly reflected in the price.

Example 5.4. We conclude this section with a specific example that shows the consequences
of Proposition 5.2. We consider an economy with the following assumptions: (1) All agents
have the same precision ν, (2) agents located on the interval [0, 1

2
) all have the same positive

disagreement β1 > 0, (3) agents located on the interval [1
2
, 1) all have the same negative

disagreement −β2 < 0, and (4) all agents have the same DARA utility function, so that the
coefficient of absolute risk aversion satisfies ∂ψ(a,x)

∂x
< 0 for all a ∈ [0, 1). Under these as-

sumptions, it solely depends on the wealth distribution v0 : [0, 1) → R+ and the disagreement
β : [0, 1) → R, whether we have more positive disagreement as in (5.2), or more negative
disagreement as in (5.3). In fact, in this specific example, we have the following general rule
to determine the sign of κ̃:

κ̃


< 0 if

∫ 1
2
0 ψ(rv0(a)) da∫ 1
1
2
ψ(rv0(a)) da

< β1
β2
,

> 0 if
∫ 1

2
0 ψ(rv0(a)) da∫ 1
1
2
ψ(rv0(a)) da

> β1
β2
.

(5.4)

In relation to the four assertions of Proposition 5.2, we consider the following four possible
scenarios: (1a) wealthier investors are located on the interval [0, 1

2
) and β1 > β2, (1b)

wealthier investors are located on the interval [1
2
, 1) and β1 < β2, (2a) wealthier investors are
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located on the interval [1
2
, 1) and β1 > β2, and (2b) wealthier investors are located on the

interval [0, 1
2
) and β1 < β2.

In scenario (1a) we have H(β) = [0, 1
2
) and L(β) = [1

2
, 1). Since β1 > β2, and because all

investors have the same DARA utility function, (5.4) yields κ̃ < 0. Together with the fact
that L+(β) = ∅, it follows from Proposition 5.2 that ∥wH∥1 > ∥wL∥1. In scenario (1b) we
have H(β) = [1

2
, 1) and L(β) = [0, 1

2
). Since β2 > β1, we now find from (5.4) that κ̃ > 0, and

since L−(β) = ∅, Proposition 5.2 again implies ∥wH∥1 > ∥wL∥1.
Let us turn to scenarios (2a) and (2b). To avoid unnecessary complications in our analysis

of these two scenarios, let us additionally assume that wealth is of the form

v0(a) = vl01L(β)(a) + vh01H(β)(a), vh0 > vl0. (5.5)

In other words, wealth is constant in each income class. Now, in scenario (2a) we have
H(β) = [1

2
, 1) and L(β) = [0, 1

2
), and we assume that β1 > β2. Together with equation (5.5),

we find that according to (5.4) it holds that κ̃ < 0, if and only if ψ(rv
l
0)

β1
<

ψ(rvh0 )

β2
. Consequently,

if κ̃ < 0, then it must hold

min
a∈L(β)

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

=
ν

1 + |κ̃|ψ(a,rv
l
0)

β1

>
ν

1 + |κ̃|ψ(a,rv
h
0 )

β2

= max
a∈H(β)

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

,

and so Proposition 5.2 implies that ∥wL∥1 > ∥wH∥1. On the other hand, in scenario (2b)
we have H(β) = [0, 1

2
) and L(β) = [1

2
, 1) and β1 < β2. Again by (5.4) and (5.5) we find that

κ̃ > 0 if and only if ψ(rvl0)

β2
<

ψ(rvh0 )

β1
. Hence, if κ̃ > 0, then

min
a∈L(β)

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

=
ν

1 + |κ̃|ψ(a,rv
l
0)

β2

>
ν

1 + |κ̃|ψ(a,rv
h
0 )

β1

= max
a∈H(β)

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

,

and thus by Proposition 5.2 it holds ∥wL∥1 > ∥wH∥1.
For the cases (2a) and (2b) it is worth noting that wealthier investors still can have

stronger weights, which happens when the sign of κ̃ is flipped. Indeed, in case (2a) with
κ̃ > 0, the corresponding weight functions are of the form

wL(a) =
ν(a)

1 + |κ̃|ψ(rv
l
0)

β1

1[0, 1
2
)(a), wH(a) =

ν(a)

1− |κ̃|ψ(rv
h
0 )

β2

1[ 1
2
,1)(a).

However, we find from (5.4) that κ̃ > 0 if and only if ψ(rv
l
0)

β1
>

ψ(rvh0 )

β2
, which implies the reverse

strict inequality ∥wL∥1 < ∥wH∥1. The argumentation for the case (2b) is done analogously.

5.2.2. Reallocation of wealth and its effect on price informativeness. We now turn to the
question how a given wealth allocation relates to price informativeness, and how a reallo-
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cation of total wealth may change market efficiency. To understand the effect of a wealth
reallocation on price informativeness, and how the belief function plays a role in this rela-
tionship, we have to consider the effect on total precision µ.

Proposition 5.5. Assume that the functions β(·) and ψ(·, rv0(·)) satisfy the assumptions
of Proposition 3.5, and let κ̃old ̸= 0 be a solution of the corresponding fixed point problem.
Consider a reallocation of wealth from vold0 : [0, 1) → R+ to vnew0 : [0, 1) → R+, which satisfies
vold0 (a) ≥ vnew0 (a) for all a ∈ H(β), and vold0 (a) ≤ vnew0 (a) for all a ∈ L(β). Assume
that under the new wealth allocation a solution κ̃new ̸= 0 exists with sgn(κ̃new) = sgn(κ̃old).
Further, assume that all investors have DARA utilities, i.e., ∂ψ(a,x)

∂x
< 0 for all a ∈ [0, 1).

Then, the following assertions hold true:

(1) Assume that L−(β) = H+(β) = ∅, and κ̃old < 0:

(a) If κ̃old ≤ κ̃new, maxa∈L(β) |κ̃old|ψ(a,rv
old
0 (a))

|β(a)| < 1, and

max
a∈H(β)

|κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≤ min

a∈H(β)
|κ̃new|ψ(a, rv

new
0 (a))

|β(a)|
,

then µold ≥ µnew, and therefore Iold ≥ Inew.

(b) If κ̃old ≥ κ̃new, maxa∈L(β) |κ̃old|ψ(a,rv
old
0 (a))

|β(a)| < 1, and

min
a∈L(β)

|κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≥ max

a∈L(β)
|κ̃new|ψ(a, rv

new
0 (a))

|β(a)|
,

then µold ≥ µnew, and therefore Iold ≥ Inew.

(2) Assume H−(β) = L+(β) = ∅, and κ̃old < 0:

(a) If κ̃old ≤ κ̃new, maxa∈H(β) |κ̃new|ψ(a,rv
new
0 (a))

|β(a)| < 1, and

max
a∈H(β)

|κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≤ min

a∈H(β)
|κ̃new|ψ(a, rv

new
0 (a))

|β(a)|
,

then µold ≤ µnew, and therefore Iold ≤ Inew.

(b) If κ̃old ≥ κ̃new, maxa∈H(β) |κ̃new|ψ(a,rv
new
0 (a))

|β(a)| < 1, and

min
a∈L(β)

|κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≥ max

a∈L(β)
|κ̃new|ψ(a, rv

new
0 (a))

|β(a)|
,

then µold ≤ µnew, and therefore Iold ≤ Inew.

In comparison with the results from the previous section, Proposition 5.5 is more spe-
cific. The main reason is that a change of wealth in general also implies a change in the
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equilibrium, which particularly results in a change of the parameter κ̃. However, even un-
der more specific assumptions we observe that a wealth reallocation by transferring wealth
from the wealthier agents to the less wealthy investors may both increase and decrease price
informativeness. This result stands again in contrast to the one-period model of Avdis and
Glebkin (2025), where transferring wealth from the wealthier to the less wealthy population
increases informational efficiency in general.

6. Conclusion

This paper suggests a new conceptual approach to describe a fully dynamic rational expec-
tations equilibrium with trade, and allows investors to have general risk-averse preferences
without assuming a specific utility function. The underlying idea is to use a continuous
economy with infinitely many agents that is obtained as a limiting discrete economy where
investors agree to disagree about the distributional properties of the price. The key object
is a Brownian sheet that allows us to describe information dynamics in a doubly continuous
model, evolving in agent-time space. Aggregate demand is described by a two-parameter
stochastic integral that behaves as a bridge-like stochastic process in agent direction, and
therefore ensures market clearing with trade.

We show that a no-trade equilibrium always exists, while a trade equilibrium requires
sufficiently dispersed disagreement. In particular, investors must have individual beliefs that
allow for enough disagreement. In the presence of a trade equilibrium, we measure the
distance to a no-trade equilibrium by the absolute value of the constant κ̃, which is part of
the endogenously derived weight function via market clearing. We observe that the trading
activity is in a monotonic relationship with the distance to a no-trade equilibrium: the larger
the distance to a no-trade equilibrium, the higher the trading activity. Consequently, the
trading activity is zero in a no-trade equilibrium.

The model also clarifies the role of wealth-dependent risk aversion. In equilibrium, wealth
affects trading through absolute risk tolerance. Agents with higher risk tolerance hold larger
average risky positions and react more strongly to stochastic information and disagreement.
Under DARA, this implies that wealthier agents play a larger role in both risk sharing and
trading activity. Under CARA, this channel is absent, which explains why the standard
CARA benchmark cannot address this aspect of equilibrium trading.

The price informativeness is in an inversely monotonic relationship with the mean squared
error of the public filter of the short term dividend mean, and therefore monotonic to the
quality of information. More precisely, if the price reveals a better public filter, measured by
the mean squared error, it concurrently contains more new information. Conversely, if the
quality of public information decreases, price informativeness decreases as well.

Finally, these channels do not combine into general comparative statics. There is no
systematic relationship between price informativeness, trading activity, wealth allocations,
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individual beliefs, and absolute risk aversions. In particular, the wealth channel above does
not extend to the informational content of prices: even under very specific assumptions,
we can show that wealthier agents’ private information is not necessarily more strongly
reflected in the price, because the belief structure plays a significant role here. The same is
true for any wealth reallocation from the wealthier population to less wealthy agents: price
informativeness may increase or decrease, depending on the belief structure.
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Appendix

The appendix is organized in the following way. Appendix A summarizes important proper-
ties of the Brownian sheet. Appendix B provides a detailed explanation of the discretization
of the continuous economy as described in Section 2. Appendix C covers all results that are
related to the filtering equations, including the representation of the inference wedge Λai,n.
In Appendix D we describe the measure change, which is needed to describe disagreement
in our model. Appendix E covers all results related to the convergence of the solutions to
the HJB equations of the discrete economies. In Appendix F we give all the proofs to the
results of Section 3, while the proofs of Section 4 and Section 5 are given in Appendix G.

A. The Brownian sheet

This appendix collects the properties of the Brownian sheet that we use, stated so as to
parallel the corresponding properties of Brownian motion. Throughout, for a rectangle
R = [a1, a2)× [t1, t2) ⊆ [0, 1)× R+ we write

∆RW := W(a2,t2) −W(a1,t2) −W(a2,t1) +W(a1,t1) (A.1)

for the increment of W over R, and |R| = (a2−a1)(t2− t1) for its area. Unlike the increment
of a one-parameter process, ∆RW is an alternating sum over the four corners of R. Figure 1
illustrates (A.1). Each term W(a,t) is the noise accumulated over the rectangle [0, a)× [0, t)

anchored at the origin. Subtracting the two rectangles [0, a1)× [0, t2) and [0, a2)× [0, t1) from
[0, a2)× [0, t2) removes their common part [0, a1)× [0, t1) twice, so it is added back once.

a

t

R

a1 a2

t1

t2
+−

−+

W(a2,t2)

−

W(a1,t2)

−

W(a2,t1)

+

W(a1,t1)

Figure 1: The increment ∆RW of a Brownian sheet over the rectangle R = [a1, a2)× [t1, t2).
Top: R and the signs with which the four corners enter (A.1). Bottom: the same identity
read as inclusion–exclusion among rectangles anchored at the origin.
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A Brownian sheet W = (W(a,t))(a,t)∈[0,1)×R+ has the following characteristic properties:

(i) W(a,0) = W(0,t) = 0 for all a and t;

(ii) the increments ∆R1W, . . . ,∆RnW are independent whenever the rectangles R1, . . . , Rn

have disjoint interiors;

(iii) ∆RW ∼ N (0, |R|) for every rectangle R;

(iv) W has continuous sample paths.

These properties are the two-parameter analogue of the standard definition of Brownian
motion, with intervals replaced by rectangles and length replaced by area:

Brownian motion Brownian sheet
(i) initialization W0 = 0 W(a,0) = W(0,t) = 0

(ii) independence over disjoint intervals over non-overlapping rectangles
(iii) increments N (0, length) N (0, area)
(iv) regularity continuous paths continuous paths

We comment on a slight difference in (i). For Brownian motion the increments determine
the process up to an additive constant, which is why it suffices to fix its value at a single
point. For a Brownian sheet the rectangular increments determine the field only up to an
additive term of the form f(a) + g(t): a direct application of (A.1) yields

∆R

(
W + f(a) + g(t)

)
= ∆RW for every rectangle R,

because each of the values f(a1), f(a2), g(t1) and g(t2) enters the alternating sum once with
each sign. Pinning the field down therefore requires fixing it on both axes rather than at the
origin alone.

Fixing one parameter reduces the sheet to a one-parameter process, which is again a
Brownian motion after rescaling.

Corollary A.1. Let W be a Brownian sheet. For every fixed a > 0 the process (W(a,t))t≥0

is a Brownian motion scaled by
√
a; that is, Ba := (a−1/2W(a,t))t≥0 is a standard Brownian

motion. Symmetrically, for every fixed t > 0 the process (t−1/2W(a,t))a∈[0,1) is a standard
Brownian motion.

Proof. Fix a > 0 and consider R = [0, a)× [t1, t2) for 0 ≤ t1 < t2. By part (i) the two corners
on the axis {a = 0} vanish, so (A.1) collapses to a two-point difference,

∆RW =W(a,t2) −W(0,t2) −W(a,t1) +W(0,t1) = W(a,t2) −W(a,t1).
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Hence W(a,t2) −W(a,t1) = ∆RW ∼ N (0, a(t2 − t1)) by part (iii), so Ba
t2
−Ba

t1
∼ N (0, t2 − t1).

Disjoint time intervals [t1, t2) give rectangles [0, a) × [t1, t2) with disjoint interiors, so these
increments are independent by part (ii). Finally Ba

0 = a−1/2W(a,0) = 0 by part (i), and Ba

has continuous paths by part (iv). Thus Ba is a standard Brownian motion. The statement
for fixed t follows by exchanging the roles of the two coordinates. ■

Aggregating a sheet across agents against a square-integrable weight likewise produces
an ordinary one-parameter Brownian motion. We first record the isometry on which the
construction of the two-parameter stochastic integral rests.

Lemma A.2 (Itô isometry). Let W be a Brownian sheet and let f ∈ L2([0, 1) × [0, T )).
Then

∫
[(0,0),(1,T ))

f(a, s) dW(a,s) is well defined, has mean zero, and

E

[(∫
[(0,0),(1,T ))

f(a, s) dW(a,s)

)2]
=

∫ 1

0

∫ T

0

f(a, s)2 ds da.

We refer to Walsh (1986) for the construction of this integral.

Proposition A.3. Let W be a Brownian sheet and let w ∈ L2([0, 1)) with σ2
w :=

∫ 1

0
w(a)2 da >

0. Then ∫
[(0,0),(1,t))

w(a) dW(a,s), t ≥ 0,

is a Brownian motion scaled by σw; that is, σ−1
w

∫
[(0,0),(1,·))w(a) dW(a,s) is a standard Brownian

motion. In particular
∫
[(0,0),(1,t))

w(a) dW(a,s) ∼ N (0, tσ2
w).

Proof. Let first w =
∑n−1

i=0 wi1[ai,ai+1) be a step function with 0 = a0 < · · · < an = 1. For
0 ≤ t1 < t2 set Ri := [ai, ai+1)× [t1, t2), so that the increment over the time interval [t1, t2) is

∫
[(0,t1),(1,t2))

w(a) dW(a,s) =
n−1∑
i=0

wi∆RiW.

The rectangles R0, . . . , Rn−1 have disjoint interiors, so by parts (ii) and (iii) the summands
are independent with ∆RiW ∼ N

(
0, (ai+1 − ai)(t2 − t1)

)
, and therefore∫

[(0,t1),(1,t2))

w(a) dW(a,s) ∼ N
(
0, (t2 − t1)

∑
iw

2
i (ai+1 − ai)

)
= N

(
0, (t2 − t1)σ

2
w

)
.

Increments over disjoint time intervals are independent, again by part (ii), since the asso-
ciated rectangles have disjoint interiors. Together with

∫
[(0,0),(1,0))

w(a) dW(a,s) = 0 and the
continuity of W , this proves the claim for step functions. For general w ∈ L2([0, 1)) choose
step functions wn → w in L2([0, 1)); by Lemma A.2 the associated processes converge in L2,
and the limit inherits the stated properties. ■
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B. Discretization of the continuous economy

This appendix contains the detailed derivation to obtain the desired discretized economy as
discussed in Section 2.

B.1. Discretized information dynamics

To discretize private information, we note that a discrete increment of the process ξ over the
rectangle [(ai, tj), (ai+1, tj+1)), with tj < tj+1, is of the form

∆ξ(ai,tj) = ν(ai)∆Gtj∆ai +∆W ξ
(ai,tj)

,

where ∆Gtj = Gtj+1
− Gtj and ∆W ξ

(ai,tj)
= W ξ

(ai+1,tj+1)
−W ξ

(ai+1,tj)
−W ξ

(ai,tj+1)
+W ξ

(ai,tj)
. By

assuming that (tj)0≤j≤m forms a partition of the interval [0, t], summing over 0 ≤ j ≤ m

yields
∆1ξ(ai,t) −∆1ξ(ai,0) = ν(ai)(Gt −G0)∆ai +∆1W

ξ
(ai,t)

,

where we denote ∆1W
ξ
(ai,t)

= W ξ
(ai+1,t)

−W ξ
(ai,t)

. To ease notation, and to distinguish between
the discrete economy and the continuous economy, we denote the discretized private signals
by ζai,nt := ∆1ξ(ai,t). In particular, ζai,n = (ζai,nt )t≥0 describes the private signal of investor ai
in the discrete economy with n investors. We further define the process W ζai,n = (W ζai,n

t )t≥0

via
W ζai,n

t := (∆ai)
−1/2∆1W

ξ
(ai,t)

= m−1
ai,n

∆1W
ξ
(ai,t)

, mai,n := (∆ai)
1/2,

which is a Brownian motion in t-direction. The process ζai,n then satisfies the stochastic
differential equation

dζai,nt = νai,n dGt +mai,n dW
ζai,n

t , νai,n := ν(ai)∆ai.

In particular, we may consider the discretized precision function νn : [0, 1) → (0,∞), which
is defined as the simple function

νn(a) :=
n−1∑
i=0

ν(ai)1[ai,ai+1)(a),

and then define ξn = (ξn(a,t))(a,t)∈[0,1)×R+ via

dξn(a,t) = νn(a) dGt da+ dW ξ
(a,t).
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The discretized private signal then satisfies

ζai,nt =

∫
[(ai,0),(ai+1,t))

dξn(a,t) =

(∫ ai+1

ai

νn(a) da

)
(Gt −G0) +

∫
[(ai,0),(ai+1,t))

dW ξ
(a,t).

The discretization of the precision function makes sense because investor ai “lives” on the
interval [ai, ai+1), and thus should have the same precision on this entire interval.

B.2. Discretized public information

To obtain a discrete version of the public signal we also discretize the weight function by
considering the simple function

wn(a) :=
n−1∑
i=0

w(ai)1[ai,ai+1)(a).

Public information is then described by the two-parameter stochastic integral of the private-
signal field ξn against the weight function wn, which we will denote by Ξn, and which satisfies

Ξnt :=

∫
[(0,0),(1,t))

wn(a) dξn(a,s) = µn(Gt −G0) +

∫
[(0,0),(1,t))

wn(a) dW ξ
(a,s),

where we denote µn :=
∫ 1

0
νn(a)wn(a) da. To write the public signal as a linear Itô process,

let us define the process WΞ,n = (WΞ,n
t )t≥0 via

WΞ,n
t := σ−1

ξ,n

∫
[(0,0),(1,t))

wn(a) dW ξ
(a,s), σξ,n :=

(∫ 1

0

wn(a)2 da

)1/2

,

which is a Brownian motion in t-direction. The public signal Ξn = (Ξnt )t≥0 then satisfies the
stochastic differential equation

dΞnt = µn dGt + σξ,n dW
Ξ,n
t .

B.3. Agree to disagree

Investors agree to disagree about the price dynamics in the discrete economy. To understand
the nature of the disagreement, one may observe that the dynamics of the risky asset in the
n-th discrete economy satisfies the stochastic differential equation

dSnt =

 sGαGg

−sDαD
sDαD − sGαG


T 1

Dt

Ĝn
t

 dt+

(
sD + sGΓ

n
1

sGΓ
n
2

)T

Qn dŴ n
t , (B.1)
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where Qn ∈ R2×2 is symmetric and non-singular, Ŵ n = (Ŵ n
t )t≥0 is a Gn-Brownian motion,

and Γn1 and Γn2 are constants obtained from filtering. More precisely, we have

Qn :=

(
σD 0

0 (µ2
nσ

2
G + σ2

ξ,n)
1/2

)
, Γn1 :=

αDγ
n

σ2
D

, Γn2 :=
µn(σ

2
G − αGγ

n)

µ2
nσ

2
G + σ2

ξ,n

,

where γn = limt→∞ γnt is the steady state solution of the mean squared filtering error,
i.e., γnt = E[(Ĝn

t − Gt)
2] (see Lemma C.2 together with Lemma C.11 for details). In fact,

each investor may rewrite this stochastic differential equation to obtain the price dynamics
as a linear Itô process with a Brownian motion that is adapted to the private filtration
Gai,n = (Gai,nt )t≥0, where Gai,nt = σ(Ds,Ξ

n
s , ζ

ai,n
s ; s ≤ t). In particular, let

Ĝai,n
t := E[Gt|Gai,nt ] and Λai,nt := Ĝai,n

t − Ĝn
t

be the inference and inference wedge (wedge, for short) of agent ai, respectively, in the
economy with n agents at time t. We can then rewrite the price dynamics (B.1) as

dSnt =


sGαGg

−sDαD
sDαD − sGαG

sGα
n
Λ


T

1

Dt

Ĝai,n
t

Λai,nt

 dt+

sD + sGΓ
n
1

sGΓ
n
2

0


T

Qai,n dŴ ai,n
t , (B.2)

where αnΛ := αDΓ
n
1 + αG(1− µnΓ

n
2 ), where Qai,n ∈ R3×3 is symmetric and non-singular, and

where Ŵ ai,n = (Ŵ ai,n
t )t≥0 is a Gai,n-Brownian motion (see Lemma C.1 and Corollary C.3

together with Lemma C.11).
By comparing the stochastic differential equations (B.1) and (B.2), we observe that pass-

ing to the private filtration Gai,n adds a new drift term sGα
n
ΛΛ

ai,n
t , which eventually con-

verges to 0 as n→ ∞. We now assume that investors agree to disagree about the extent to
which their difference of filtering Λai,n enters the price in the discrete economy. We achieve
this disagreement by replacing the term sGα

n
Λ by an investor-specific constant β̃(ai), where

β̃ : [0, 1) → R satisfies suitable regularity assumptions. Mathematically speaking, the dis-
agreement is achieved by an equivalent measure change via Girsanov transformation (see
Appendix D for details). More precisely, each investor works under an equivalent probabil-
ity measure P ai,n ≈ P under which the price process Sn satisfies the stochastic differential
equation

dSnt =


sGαGg

−sDαD
sDαD − sGαG

β̃(ai)


T

1

Dt

Ĝai,n
t

Λai,nt

 dt+

sD + sGΓ
n
1

sGΓ
n
2

0


T

Qai,n dW̃ ai,n
t , (B.3)
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where W̃ ai,n = (W̃ ai,n
t )t≥0 is a P ai,n-Brownian motion. It is worth noting that the density

process dPai,n

dP
converges to 1 as n → ∞. Hence, there is no disagreement in the continuous

economy.

B.4. Excess return

We conjecture that the state variables are given by the wealth V ai,n = (V ai,n
t )t≥0 and the

inference wedge Λai,n = (Λai,nt )t≥0. Equivalently, we conjecture that prices, dividends, and
inferences do not enter the excess return. To see this fact, note that the instantaneous excess
return in the n-th discrete economy satisfies dRn

t = (Dt − rSnt ) dt + dSnt . Hence, by using
the price conjecture (2.10) together with the price dynamics (B.3) we thus obtain

dRn
t =


sGαGg − s0r − r ρ

n

1− sD(r + αD)

sDαD − sG(r + αG)

sGr + β̃(ai)


T

1

Dt

Ĝai,n
t

Λai,nt

 dt+

sD + sGΓ
n
1

sGΓ
n
2

0


T

Qai,n dW̃ ai,n
t .

Hence, by setting

s0 =
sGαGg

r
, sD =

1

r + αD
, sG =

sDαD
r + αG

,

the instantaneous excess return in the n-th discrete economy simplifies to

dRn
t =

(
−r ρ

n

sGr + β̃(ai)

)T(
1

Λai,nt

)
dt+

sD + sGΓ
n
1

sGΓ
n
2

0


T

Qai,n dW̃ ai,n
t ,

and thus verifies our conjecture.
In terms of equation (2.12) in the main text, note that β̃(ai) replaces the initial drift sGαnΛ

from (B.2), when passing to the price dynamics (B.3) via Girsanov. Hence, if no measure
change occurs, then β̃(ai) equals sGαnΛ, which explains the origin of β∗

n = sG(r + αnΛ). In
other words, the final object of interest is the instantaneous excess return Rn, and within
Rn we are especially interested in the factor that loads on the inference wedge Λai,n. This
factor has two sources. The term sGr comes from the drift part of the excess return, and is
unaffected by the measure change which appears on the level of prices. On the other hand,
the term sGα

n
Λ comes from the price dynamics, and therefore is affected by the measure

change. No measure change contributes sGαnΛ, yielding β∗
n, while a measure change yields

β̃(ai), which instead of β∗
n then yields a factor β(ai) = sGr + β̃(ai).
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C. Filtering

This appendix is concerned with all results that are related to filtering. The outline is as
follows: Section C.1 covers the private filter Ĝai,n, the public filter Ĝn, and the dynamics
of the inference wedge Λai,n. Section C.2 analyzes the coefficients occurring in the filtering
equations obtained in Section C.1 and discusses their relation. Section C.3 explains the
convergence of the filters obtained in the discrete economies to the filter of the continuous
economy. Section C.4 provides a convergence result of the aggregate filter increments in the
form of the inference wedge, which essentially is the main result of this appendix. Finally,
Section C.5 provides auxiliary results related to filtering, including the representation as an
Ornstein-Uhlenbeck process.

C.1. Filtering equations in the discrete economy

In this section we are mainly interested in the discrete-economy public filter Ĝn, the discrete-
economy private filter Ĝai,n, and their difference Λai,n = Ĝai,n−Ĝn. The first result describes
the private filter Ĝai,n.

Lemma C.1. The process Ĝai,n = (Ĝai,n
t )t≥0 defined via Ĝai,n

t := E[Gt|Gai,nt ], with the fil-
tration Gai,n = (Gai,nt )t≥0 given by Gai,nt := σ(Ds,Ξ

n
s , ζ

ai,n
s ; s ≤ t), satisfies the stochastic

differential equation

dĜai,n
t = αG(g − Ĝai,n

t ) dt+

Γai,n1 (t)

Γai,n2 (t)

Γai,n3 (t)


T dDt + αD(Dt − Ĝai,n

t ) dt

dΞnt − µnαG(g − Ĝai,n
t ) dt

dζai,nt − νai,nαG(g − Ĝai,n
t ) dt

 , (C.1)

where the vector Γai,nt =
(
Γai,n1 (t) Γai,n2 (t) Γai,n3 (t)

)
∈ R1×3 is defined via

Γai,nt =
(
αDγ

ai,n
t

σ2
D

(µn−w(ai)νai,n)(σ
2
G−αGγ

ai,n
t )

µ̃2ai,nσ
2
G+σ̃

2
ai,n

(ν(ai)σ
2
ξ,n−w(ai)µn)(σ

2
G−αGγ

ai,n
t )

µ̃2ai,nσ
2
G+σ̃

2
ai,n

)
, (C.2)

with the coefficients

µn :=

∫ 1

0

νn(a)wn(a) da, σξ,n :=

(∫ 1

0

wn(a)2 da

)1/2

,

µ̃2
ai,n

:= µ2
n − 2µnw(ai)νai,n + σ2

ξ,n

ν2ai,n
∆ai

, σ̃2
ai,n

:= σ2
ξ,n − w(ai)

2∆ai.

The mean squared error γai,nt := E[(Gt − Ĝai,n
t )2] satisfies the Riccati equation

dγai,nt

dt
=

σ̃2
ai,n

µ̃2
ai,n

σ2
G + σ̃2

ai,n

(σ2
G − 2αGγ

ai,n
t )−

(
α2
D

σ2
D

+
α2
Gµ̃

2
ai,n

µ̃2
ai,n

σ2
G + σ̃2

ai,n

)
(γai,nt )2. (C.3)
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Proof. Consider the observable process

dY ai,n
t :=

 dDt + αDDt dt

dΞnt − µnαGg dt

dζai,nt − νai,nαGg dt

 ,

which satisfies the stochastic differential equation

dY ai,n
t =

 αD
−µnαG
−νai,nαG

Gt dt+

 0

µnσG
νai,nσG

 dWG
t +

σD 0 0

0 σξ,n 0

0 0 mai,n


 dWD

t

dWΞ,n
t

dW ζai,n

t

 .

The process

W Y ai,n

t :=

1 0 0

0 σ̃−1
ai,n

0

0 0 m−1
ai,n


 WD

t∫
[(0,0),(1,t))

wn(a) dW ξ
(a,s) − w(ai)∆1W

ξ
(ai,t)

∆1W
ξ
(ai,t)


is an R3-valued Brownian motion, and we may write dWD

t

dWΞ,n
t

dW ζai,n

t

 =

1 0 0

0 σ̃ai,nσ
−1
ξ,n σ−1

ξ,nw(ai)mai,n

0 0 1


 dWD

t

σ̃−1
ai,n

(σξ,n dW
Ξ,n
t − w(ai)mai,n dW

ζai,n

t )

dW ζai,n

t

 ,

so thatσD 0 0

0 σξ,n 0

0 0 mai,n


 dWD

t

dWΞ,n
t

dW ζai,n

t

 =

σD 0 0

0 σξ,n 0

0 0 mai,n


1 0 0

0
σ̃ai,n
σξ,n

w(ai)mai,n
σξ,n

0 0 1

 dW Y ai,n

t

=

σD 0 0

0 σ̃ai,n w(ai)mai,n

0 0 mai,n

 dW Y ai,n

t =: ΣY ai,n dW
Y ai,n

t .

By denoting

AY ai,n :=

 αD
−µnαG
−νai,nαG

 , ΣG :=

 0

µnσG
νai,nσG


we thus obtain dY ai,n

t = AY ai,nGt dt + ΣG dWG
t + ΣY ai,n dW

ai,n
t . Theorem 10.3 of Liptser

and Shiryaev (2001) then yields

dĜai,n
t = αG(g − Ĝai,n

t ) dt+ Γai,nt [dY ai,n
t −AY ai,nĜ

ai,n
t dt],
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and

dγai,nt

dt
= σ2

G − 2αGγ
ai,n
t − Γai,nt

[(
σG 0 0 0

)(
ΣG ΣY ai,n

)T
+ γai,nt AT

Y ai,n

]T
,

where

Γai,nt =

[(
σG 0 0 0

)(
ΣG ΣY ai,n

)T
+ γai,nt AT

Y ai,n

]((
ΣG ΣY ai,n

)(
ΣG ΣY ai,n

)T)−1

.

To prove (C.1) it thus remains to compute Γai,nt . For this purpose we first note that

(
σG 0 0 0

)(
ΣG ΣY ai,n

)T
=


σG
0

0

0


T

0 µnσG νai,nσG
σD 0 0

0 σ̃ai,n 0

0 w(ai)mai,n mai,n

 =

 0

µnσ
2
G

νai,nσ
2
G


T

,

which implies
σG
0

0

0


T(

ΣT
G

ΣT
Y ai,n

)
+ γai,nt AT

Y ai,n =
(
αDγ

ai,n
t µn(σ

2
G − αGγ

ai,n
t ) νai,n(σ

2
G − αGγ

ai,n
t )

)
.

On the other hand, we have

(
ΣG ΣY ai,n

)( ΣT
G

ΣT
Y ai,n

)
=

 0 σD 0 0

µnσG 0 σ̃ai,n w(ai)mai,n

νai,nσG 0 0 mai,n




0 µnσG νai,nσG
σD 0 0

0 σ̃ai,n 0

0 w(ai)mai,n mai,n


=

σ2
D 0 0

0 µ2
nσ

2
G + σ̃2

ai,n
+ w(ai)

2m2
ai,n

µnνai,nσ
2
G + w(ai)m

2
ai,n

0 µnνai,nσ
2
G + w(ai)m

2
ai,n

ν2ai,nσ
2
G +m2

ai,n

 ,

so that

det

((
ΣG ΣY ai,n

)(
ΣG ΣY ai,n

)T)
= σ2

D((µ
2
nσ

2
G + σ̃2

ai,n
+ w(ai)

2m2
ai,n

)(ν2ai,nσ
2
G +m2

ai,n
)− (µnνai,nσ

2
G + w(ai)m

2
ai,n

)2)

= σ2
D

(
σ2
G

(
µ2
n − 2µnσai,n

νai,n
mai,n

+ σ2
ξ,n

ν2ai,n
m2
ai,n

)
+ σ̃2

ai,n

)
m2
ai,n

= σ2
D(µ̃

2
ai,n

σ2
G + σ̃2

ai,n
)m2

ai,n
,
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and therefore

((
ΣG ΣY ai,n

)(
ΣG ΣY ai,n

)T)−1

=


1
σ2
D

0 0

0
ν2ai,nσ

2
G+m

2
ai,n

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

−µnνai,nσ
2
G+w(ai)m

2
ai,n

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

0 −µnνai,nσ
2
G+w(ai)m

2
ai,n

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

µ2nσ
2
G+σ

2
ξ,n

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

 .

Combining everything yields

Γai,nt =

 αDγ
ai,n
t

µn(σ
2
G − αGγ

ai,n
t )

νai,n(σ
2
G − αGγ

ai,n
t )


T


1
σ2
D

0 0

0
ν2ai,nσ

2
G+m

2
ai,n

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

−µnνai,nσ
2
G+w(ai)m

2
ai,n

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

0 −µnνai,nσ
2
G+w(ai)m

2
ai,n

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

µ2nσ
2
G+σ

2
ξ,n

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n


=
(
αDγ

ai,n
t

σ2
D

m2
ai,n

(µn−w(ai)νai,n)(σ
2
G−αGγ

ai,n
t )

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

(σ2
ξ,nνai,n−µnw(ai)m

2
ai,n

)(σ2
G−αGγ

ai,n
t )

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

)
,

which proves equation (C.2) and thus concludes the proof of equation (C.1).
It remains to prove the Riccati equation (C.3). For this purpose we compute

Γai,nt

[(
σG 0 0 0

)(
ΣG ΣY ai,n

)T
+ γai,nt AT

Y ai,n

]T

=


αDγ

ai,n
t

σ2
D

m2
ai,n

(µn−w(ai)νai,n)(σ
2
G−αGγ

ai,n
t )

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n

(σ2
ξ,nνai,n−µnw(ai)m

2
ai,n

)(σ2
G−αGγ

ai,n
t )

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)m2
ai,n


T αDγ

ai,n
t

µn(σ
2
G − αGγ

ai,n
t )

νai,n(σ
2
G − αGγ

ai,n
t )


=

α2
D(γ

ai,n
t )2

σ2
D

+
µn(µn−w(ai)νai,n)(σ

2
G−αGγ

ai,n
t )2

µ̃2ai,nσ
2
G+σ̃

2
ai,n

+
νai,n

(
σ2
ξ,n

νai,n

m2
ai,n

−µnw(ai)
)
(σ2
G−αGγ

ai,n
t )2

µ̃2ai,nσ
2
G+σ̃

2
ai,n

=
α2
D(γ

ai,n
t )2

σ2
D

+
µ2n−2µnw(ai)νai,n+σ

2
ξ,n

ν2ai,n

m2
ai,n

µ̃2ai,nσ
2
G+σ̃

2
ai,n

(σ2
G − αGγ

ai,n
t )2 =

α2
D(γ

ai,n
t )2

σ2
D

+
µ̃2ai,n(σ

2
G−αGγ

ai,n
t )2

µ̃2ai,nσ
2
G+σ̃

2
ai,n

,

which implies

dγai,nt

dt
= σ2

G − 2αGγ
ai,n
t −

(
α2
D(γ

ai,n
t )2

σ2
D

+
µ̃2
ai,n

(σ2
G − αGγ

ai,n
t )2

µ̃2
ai,n

σ2
G + σ̃2

ai,n

)
=
σ̃2
ai,n

(σ2
G − 2αGγ

ai,n
t )

µ̃2
ai,n

σ2
G + σ̃2

ai,n

−
(
α2
D

σ2
D

+
µ̃2
ai,n

α2
G

µ̃2
ai,n

σ2
G + σ̃2

ai,n

)
(γai,nt )2,

which is exactly equation (C.3). ■

In a similar way we obtain the description of the public filter Ĝn.

Lemma C.2. The process Ĝn = (Ĝn
t )t≥0 defined via Ĝn

t := E[Gt|Gnt ], with the filtration
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Gn = (Gnt )t≥0 defined as Gnt := σ(Ds,Ξ
n
s ; s ≤ t), satisfies the stochastic differential equation

dĜn
t = αG(g − Ĝn

t ) dt+ Γnt

(
dDt + αD(Dt − Ĝn

t ) dt

dΞnt − µnαG(g − Ĝn
t ) dt

)
, (C.4)

with Γnt =
(
Γn1 (t) Γn2 (t)

)
∈ R1×2 defined via

Γn1 (t) :=
αDγ

n
t

σ2
D

, Γn2 (t) :=
µn(σ

2
G − αGγ

n
t )

µ2
nσ

2
G + σ2

ξ,n

. (C.5)

The mean squared error γnt := E[(Gt − Ĝn
t )

2] satisfies the Riccati equation

dγnt
dt

=
σ2
ξ,n

µ2
nσ

2
G + σ2

ξ,n

(σ2
G − 2αGγ

n
t )−

(
α2
D

σ2
D

+
α2
Gµ

2
n

µ2
nσ

2
G + σ2

ξ,n

)
(γnt )

2. (C.6)

Proof. Consider the observable process

dY n
t :=

(
dDt + αDDt dt

dΞnt − µnαGg dt

)
,

which satisfies the stochastic differential equation

dY n
t =

(
αD

−µnαG

)
Gt dt+

(
0

µnσG

)
dWG

t +

(
σD 0

0 σξ,n

)(
dWD

t

dWΞ,n
t

)
.

From Theorem 10.3 of Liptser and Shiryaev (2001) we thus obtain

dĜn
t = αG(g − Ĝn

t ) dt+ Γnt

[
dY t −

(
αD

−µnαG

)
Ĝn
t dt

]
,

with

Γnt =


σG0

0


T 0 µnσG

σD 0

0 σξ,n

+ γnt

(
αD −µnαG

)
( 0 σD 0

µnσG 0 σξ,n

) 0 µnσG
σD 0

0 σξ,n



−1

=
(
αDγ

n
t µn(σ

2
G − αGγ

n
t )
)( 1

σ2
D

0

0 1
µ2nσ

2
G+σ

2
ξ,n

)
=
(
αDγ

n
t

σ2
D

µn(σ2
G−αGγ

n
t )

µ2nσ
2
G+σ

2
ξ,n

)
,

which proves equations (C.4) and (C.5). To prove equation (C.6) we use Theorem 10.3 of

47



Liptser and Shiryaev (2001) again, which states that

dγnt
dt

= σ2
G − 2αGγ

n
t − Γnt

(
αDγ

n
t

µn(σ
2
G − αGγ

n
t )

)

= σ2
G − 2αGγ

n
t − α2

D(γ
n
t )

2

σ2
D

− µ2
n(σ

2
G − αGγ

n
t )

2

µ2
nσ

2
G + σ2

ξ,n

=
σ2
ξ,n(σ

2
G − 2αGγ

n
t )

µ2
nσ

2
G + σ2

ξ,n

−
(
α2
D

σ2
D

+
µ2
nα

2
G

µ2
nσ

2
G + σ2

ξ,n

)
(γnt )

2.

This concludes the proof. ■

Based on the results of Lemma C.1 and Lemma C.2 we can describe the inference wedge
Λai,n = Ĝai,n − Ĝn.

Corollary C.3. The process Λai,n = (Λai,nt )t≥0, defined via Λai,nt := Ĝai,n
t − Ĝn

t , satisfies the
stochastic differential equation

dΛai,nt = −αnΛ(t)Λ
ai,n
t dt+

Γai,n1 (t)− Γn1 (t)

Γai,n2 (t)− Γn2 (t)

Γai,n3 (t)


T dDt + αD(Dt − Ĝai,n

t ) dt

dΞnt − µnαG(g − Ĝai,n
t ) dt

dζai,nt − νai,nαG(g − Ĝai,n
t ) dt

 ,

where αnΛ(t) := αDΓ
n
1 (t) + αG(1− µnΓ

n
2 (t)) =

α2
Dγ

n
t

σ2
D

+
αGσ

2
ξ,n+µ

2
nα

2
Gγ

n
t

µ2nσ
2
G+σ

2
ξ,n

.

Proof. By subtracting equation (C.4) from equation (C.1) we obtain

dĜai,n
t − dĜn

t

= −αG(Ĝai,n
t − Ĝn

t ) dt+

Γai,n1 (t)

Γai,n2 (t)

Γai,n3 (t)


T dDt + αD(Dt − Ĝai,n

t ) dt

dΞnt − µnαG(g − Ĝai,n
t ) dt

dζai,nt − νai,nαG(g − Ĝai,n
t ) dt


−

(
Γn1 (t)

Γn2 (t)

)T(
dDt + αD(Dt − Ĝn

t ) dt

dΞnt − µnαG(g − Ĝn
t ) dt

)

= −αG(Ĝai,n
t − Ĝn

t ) dt+

Γai,n1 (t)− Γn1 (t)

Γai,n2 (t)− Γn2 (t)

Γai,n3 (t)


T dDt + αD(Dt − Ĝai,n

t ) dt

dΞnt − µnαG(g − Ĝai,n
t ) dt

dζai,nt − νai,nαG(g − Ĝai,n
t ) dt


−

(
Γn1 (t)

Γn2 (t)

)T(
αD(Ĝ

ai,n
t − Ĝn

t ) dt

−µnαG(Ĝai,n
t − Ĝn

t ) dt

)
,
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and therefore

dΛai,nt = −

(
αG + Γnt

(
αD

−µnαG

))
Λai,nt dt

+

Γai,n1 (t)− Γn1 (t)

Γai,n2 (t)− Γn2 (t)

Γai,n3 (t)


T dDt + αD(Dt − Ĝai,n

t ) dt

dΞnt − µnαG(g − Ĝai,n
t ) dt

dζai,nt − νai,nαG(g − Ĝai,n
t ) dt

 .

By noting that

αG + Γnt

(
αD

−µnαG

)
= αDΓ

n
1 (t) + αG(1− µnΓ

n
2 (t))

=
α2
Dγ

n
t

σ2
D

+ αG

(
1− µ2

n(σ
2
G − αGγ

n
t )

µ2
nσ

2
G + σ2

ξ,n

)
=
α2
Dγ

n
t

σ2
D

+
αGσ

2
ξ,n + µ2

nα
2
Gγ

n
t

µ2
nσ

2
G + σ2

ξ,n

,

the statement follows. ■

C.2. The filtering coefficients and their differences

Note that the steady state solutions to the Riccati equations (C.3) and (C.6) are given by

γai,n =
σD

√
(1 + σ2

Gτ̃
2
ai,n

)(α2
Gσ

2
D + α2

Dσ
2
G)− αGσ

2
D

α2
D + τ̃ 2ai,n(α

2
Gσ

2
D + α2

Dσ
2
G)

, τ̃ 2ai,n :=
µ̃2
ai,n

σ̃2
ai,n

,

and

γn =
σD
√

(1 + σ2
Gτ

2
n)(α

2
Gσ

2
D + α2

Dσ
2
G)− αGσ

2
D

α2
D + τ 2n(α

2
Gσ

2
D + α2

Dσ
2
G)

, τ 2n :=
µ2
n

σ2
ξ,n

.

We are now interested in the difference of the steady state mean squared errors γn − γai,n

between the public and the private filter.

Lemma C.4. Let γai,n and γn be the steady state solutions to the Riccati equations (C.3)
and (C.6), respectively. The difference γn − γai,n satisfies

γn − γai,n =
(α2

Gσ
2
D + α2

Dσ
2
G)

1/2γnγai,n

σD((1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2)
(τ̃ 2ai,n − τ 2n).

Proof. Let us first note that

α2
D + τ̃ 2ai,n(α

2
Gσ

2
D + α2

Dσ
2
G)− (α2

D + τ 2n(α
2
Gσ

2
D + α2

Dσ
2
G)) = (α2

Gσ
2
D + α2

Dσ
2
G)(τ̃

2
ai,n

− τ 2n),
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and

(1 + σ2
Gτ

2
n)

1/2(α2
D + τ̃ 2ai,n(α

2
Gσ

2
D + α2

Dσ
2
G))− (1 + σ2

Gτ̃
2
ai,n

)1/2(α2
D + τ 2n(α

2
Gσ

2
D + α2

Dσ
2
G))

= α2
D((1 + σ2

Gτ
2
n)

1/2 − (1 + σ2
Gτ̃

2
ai,n

)1/2)

+ (α2
Gσ

2
D + α2

Dσ
2
G)(τ̃

2
ai,n

(1 + σ2
Gτ

2
n)

1/2 − τ 2n(1 + σ2
Gτ̃

2
ai,n

)1/2).

Now, we have

(1 + σ2
Gτ

2
n)

1/2 − (1 + σ2
Gτ̃

2
ai,n

)1/2 =
σ2
G(τ

2
n − τ̃ 2ai,n)

(1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2
,

as well as

τ̃ 2ai,n(1 + σ2
Gτ

2
n)

1/2 − τ 2n(1 + σ2
Gτ̃

2
ai,n

)1/2 =
1 + (1 + σ2

Gτ
2
n)

1/2(1 + σ2
Gτ̃

2
ai,n

)1/2

(1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2
(τ̃ 2ai,n − τ 2n),

which implies

(1 + σ2
Gτ

2
n)

1/2(α2
D + τ̃ 2ai,n(α

2
Gσ

2
D + α2

Dσ
2
G))− (1 + σ2

Gτ̃
2
ai,n

)1/2(α2
D + τ 2n(α

2
Gσ

2
D + α2

Dσ
2
G))

=
α2
Gσ

2
D + (α2

Gσ
2
D + α2

Dσ
2
G)(1 + σ2

Gτ
2
n)

1/2(1 + σ2
Gτ̃

2
ai,n

)1/2

(1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2
(τ̃ 2ai,n − τ 2n).

From these equations we eventually obtain

γn − γai,n =
−αGσ2

D(α2
Gσ

2
D+α2

Dσ
2
G)(τ̃

2
ai,n

−τ2n)
(α2
D+τ̃2ai,n(α

2
Gσ

2
D+α2

Dσ
2
G))(α

2
D+τ2n(α

2
Gσ

2
D+α2

Dσ
2
G))

+
σD(α2

Gσ
2
D+α2

Dσ
2
G)

1/2(α2
Gσ

2
D+(α2

Gσ
2
D+α2

Dσ
2
G)(1+σ

2
Gτ

2
n)

1/2(1+σ2
Gτ̃

2
ai,n

)1/2)(τ̃2ai,n−τ
2
n)

(α2
D+τ̃2ai,n(α

2
Gσ

2
D+α2

Dσ
2
G))(α

2
D+τ2n(α

2
Gσ

2
D+α2

Dσ
2
G))((1+σ

2
Gτ

2
n)

1/2+(1+σ2
Gτ̃

2
ai,n

)1/2)
.

However, note that

(α2
Gσ

2
D + (α2

Gσ
2
D + α2

Dσ
2
G)(1 + σ2

Gτ
2
n)

1/2(1 + σ2
Gτ̃

2
ai,n

)1/2)

− αGσD(α
2
Gσ

2
D + α2

Dσ
2
G)

1/2((1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2)

= (αGσD − (α2
Gσ

2
D + α2

Dσ
2
G)

1/2(1 + σ2
Gτ

2
n)

1/2)(αGσD − (α2
Gσ

2
D + α2

Dσ
2
G)

1/2(1 + σ2
Gτ̃

2
ai,n

)1/2),

which implies

γn − γai,n

=
σD(α2

Gσ
2
D+α2

Dσ
2
G)

1/2(αGσD−(α2
Gσ

2
D+α2

Dσ
2
G)

1/2(1+σ2
Gτ

2
n)

1/2)(αGσD−(α2
Gσ

2
D+α2

Dσ
2
G)

1/2(1+σ2
Gτ̃

2
ai,n

)1/2)(τ̃2ai,n−τ
2
n)

(α2
D+τ̃2ai,n(α

2
Gσ

2
D+α2

Dσ
2
G))(α

2
D+τ2n(α

2
Gσ

2
D+α2

Dσ
2
G))((1+σ

2
Gτ

2
n)

1/2+(1+σ2
Gτ̃

2
ai,n

)1/2)
,
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and therefore

γn − γai,n =
(α2

Gσ
2
D + α2

Dσ
2
G)

1/2γnγai,n

σD((1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2)
(τ̃ 2ai,n − τ 2n),

which concludes the proof. ■

To obtain a more detailed description of the difference γn − γai,n, we need the following
result, which describes the difference τ̃ 2ai,n − τ 2n.

Lemma C.5. The difference τ̃ 2ai,n − τ 2n satisfies

τ̃ 2ai,n − τ 2n =
(w(ai)µn − ν(ai)σ

2
ξ,n)

2

σ̃2
ai,n

σ2
ξ,n

∆ai.

Proof. By definition we have

τ̃ 2ai,n − τ 2n =
µ̃2
ai,n

σ̃2
ai,n

− µ2
n

σ2
ξ,n

=
µ̃2
ai,n

σ2
ξ,n − µ2

nσ̃
2
ai,n

σ̃2
ai,n

σ2
ξ,n

,

and

µ̃2
ai,n

σ2
ξ,n − µ2

nσ̃
2
ai,n

=

(
µ2
n − 2µnw(ai)νai,n + σ2

ξ,n

ν2ai,n
∆ai

)
σ2
ξ,n − µ2

n(σ
2
ξ,n − w(ai)

2∆ai)

= (µ2
nw(ai)

2 − 2µnw(ai)ν(ai)σ
2
ξ,n + ν(ai)

2σ4
ξ,n)∆ai

= (w(ai)µn − ν(ai)σ
2
ξ,n)

2∆ai,

so that

τ̃ 2ai,n − τ 2n =
(w(ai)µn − ν(ai)σ

2
ξ,n)

2

σ̃2
ai,n

σ2
ξ,n

∆ai,

which concludes the proof. ■

From Lemma C.4 and Lemma C.5 we observe that γn − γai,n ≥ 0. This makes sense
because γai,n refers to the mean squared error of the private filter Ĝai,n, while γn refers to
the mean squared error of the public filter Ĝn, and the latter contains less information.

In a next step, we are interested in the differences Γai,n1 −Γn1 and Γai,n2 −Γn2 , which appear
in the stochastic differential equation of the process Λai,n.

Lemma C.6. The differences Γai,n1 − Γn1 and Γai,n2 − Γn2 satisfy

Γai,n1 − Γn1 = −αD
σ2
D
· (α2

Gσ
2
D+α2

Dσ
2
G)

1/2γnγai,n

σD((1+σ2
Gτ

2
n)

1/2+(1+σ2
Gτ̃

2
ai,n

)1/2)
· (w(ai)µn−ν(ai)σ2

ξ,n)
2

σ̃2
ai,n

σ2
ξ,n

∆ai,
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and

Γai,n2 − Γn2 =
(µnσ2

Gν(ai)+w(ai))(µnw(ai)−ν(ai)σ
2
ξ,n)(σ

2
G−αGγ

n)

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)(µ2nσ
2
G+σ

2
ξ,n)

∆ai

+
αG(µn−w(ai)νai,n)
µ̃2ai,nσ

2
G+σ̃

2
ai,n

· (α2
Gσ

2
D+α2

Dσ
2
G)

1/2γnγai,n

σD((1+σ2
Gτ

2
n)

1/2+(1+σ2
Gτ̃

2
ai,n

)1/2)
· (w(ai)µn−ν(ai)σ2

ξ,n)
2

σ̃2
ai,n

σ2
ξ,n

∆ai.

Proof. By using the definitions given in Lemma C.1 and Lemma C.2 we find that

Γai,n1 − Γn1 =
αDγ

ai,n

σ2
D

− αDγ
n

σ2
D

=
αD
σ2
D

(γai,n − γn)

= −αD
σ2
D

· (α2
Gσ

2
D + α2

Dσ
2
G)

1/2γnγai,n

σD((1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2)
·
(w(ai)µn − ν(ai)σ

2
ξ,n)

2

σ̃2
ai,n

σ2
ξ,n

∆ai,

which proves the first assertion. We further have

Γai,n2 − Γn2

=
(µn − w(ai)νai,n)(σ

2
G − αGγ

ai,n)

µ̃2
ai,n

σ2
G + σ̃2

ai,n

− µn(σ
2
G − αGγ

n)

µ2
nσ

2
G + σ2

ξ,n

=
(µn − w(ai)νai,n)(µ

2
nσ

2
G + σ2

ξ,n)(σ
2
G − αGγ

ai,n)− µn(µ̃
2
ai,n

σ2
G + σ̃2

ai,n
)(σ2

G − αGγ
n)

(µ̃2
ai,n

σ2
G + σ̃2

ai,n
)(µ2

nσ
2
G + σ2

ξ,n)
,

which together with

(µn − w(ai)νai,n)(µ
2
nσ

2
G + σ2

ξ,n)(σ
2
G − αGγ

ai,n)− µn(µ̃
2
ai,n

σ2
G + σ̃2

ai,n
)(σ2

G − αGγ
n)

= ((µn − w(ai)νai,n)(µ
2
nσ

2
G + σ2

ξ,n)− µn(µ̃
2
ai,n

σ2
G + σ̃2

ai,n
))(σ2

G − αGγ
n)

− αG(µn − w(ai)νai,n)(µ
2
nσ

2
G + σ2

ξ,n)(γ
ai,n − γn)

= (µnσ
2
G(µ

2
n − µ̃2

ai,n
) + µn(σ

2
ξ,n − σ̃2

ai,n
)− w(ai)νai,n(µ

2
nσ

2
G + σ2

ξ,n))(σ
2
G − αGγ

n)

+
αG(µn − w(ai)νai,n)(µ

2
nσ

2
G + σ2

ξ,n)(α
2
Gσ

2
D + α2

Dσ
2
G)

1/2γnγai,n

σD((1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2)
(τ̃ 2ai,n − τ 2n)

= (µnσ
2
Gν(ai) + w(ai))(µnw(ai)− ν(ai)σ

2
ξ,n)(σ

2
G − αGγ

n)∆ai

+
αG(µn − w(ai)νai,n)(µ

2
nσ

2
G + σ2

ξ,n)(α
2
Gσ

2
D + α2

Dσ
2
G)

1/2γnγai,n

σD((1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ̃

2
ai,n

)1/2)
(τ̃ 2ai,n − τ 2n)

yields

Γai,n2 − Γn2 =
(µnσ2

Gν(ai)+w(ai))(µnw(ai)−ν(ai)σ
2
ξ,n)(σ

2
G−αGγ

n)

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)(µ2nσ
2
G+σ

2
ξ,n)

∆ai

+
αG(µn−w(ai)νai,n)
µ̃2ai,nσ

2
G+σ̃

2
ai,n

· (α2
Gσ

2
D+α2

Dσ
2
G)

1/2γnγai,n

σD((1+σ2
Gτ

2
n)

1/2+(1+σ2
Gτ̃

2
ai,n

)1/2)
· (w(ai)µn−ν(ai)σ2

ξ,n)
2

σ̃2
ai,n

σ2
ξ,n

∆ai.

This concludes the proof. ■
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C.3. Convergence of discrete-economy filtering equations

We are now interested in the convergence of the public and the private filters Ĝn and Ĝai,n

in the discrete economy as n → ∞. In this section we prove that both discrete-economy
filters, Ĝn and Ĝai,n, converge to the continuous-economy public filter Ĝ = (Ĝt)t≥0, which
satisfies the stochastic differential equation

dĜt = αG(g − Ĝt) dt+

 αDγt
σ2
D

µ(σ2
G−αGγt)

µ2σ2
G+σ

2
ξ

T(
dDt + αD(Dt − Ĝt) dt

dΞt − µαG(g − Ĝt) dt

)
,

where the mean-squared error γt := E[(Gt − Ĝt)
2] satisfies the Riccati equation

dγt
dt

=
σ2
ξ

µ2σ2
G + σ2

ξ

(σ2
G − 2αGγt)−

(
α2
D

σ2
D

+
α2
Gµ

2

µ2σ2
G + σ2

ξ

)
γ2t . (C.7)

For simplicity, we use the familiar notation Γt =
(
Γ1(t) Γ2(t)

)
∈ R1×2 defined via

Γ1(t) :=
αDγt
σ2
D

, Γ2(t) :=
µ(σ2

G − αGγt)

µ2σ2
G + σ2

ξ

.

As before, since for our purpose it is enough to consider the steady state versions we focus
on this case.

Lemma C.7. The discrete-economy public filter Ĝn converges uniformly on compacts in
probability to the continuous-economy public filter Ĝ = (Ĝt)t≥0.

Proof. Let us first note that

dĜt − dĜn
t = −αG(Ĝt − Ĝn

t ) dt+

(
Γ1

Γ2

)T(
dDt + αD(Dt − Ĝt) dt

dΞt − µαG(g − Ĝt) dt

)

−

(
Γn1
Γn2

)T(
dDt + αD(Dt − Ĝn

t ) dt

dΞnt − µnαG(g − Ĝn
t ) dt

)

= −αG(Ĝt − Ĝn
t ) dt+

(
Γ1 − Γn1
Γ2 − Γn2

)T(
dDt + αD(Dt − Ĝt) dt

dΞt − µαG(g − Ĝt) dt

)

−

(
Γn1
Γn2

)T(
αD(Ĝt − Ĝn

t ) dt

dΞnt − dΞt + (µ− µn)αG(g − Ĝt) dt− αGµn(Ĝt − Ĝn
t ) dt

)
.
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Hence, by using the definition αnΛ = αG+Γn1αD −αGµnΓ
n
2 (see Corollary C.3) we may write

d(Ĝt − Ĝn
t ) = −αnΛ(Ĝt − Ĝn

t ) dt+

(
Γ1 − Γn1
Γ2 − Γn2

)T

Q dŴ t

− Γn2
(
dΞnt − dΞt + (µ− µn)αG(g − Ĝt) dt

)
,

where Q ∈ R2×2 and Ŵ are obtained via Lemma C.11 and satisfy

Q dŴ t =

(
dDt + αD(Dt − Ĝt) dt

dΞt − µαG(g − Ĝt) dt

)
, QQT =

(
σ2
D 0

0 µ2σ2
G + σ2

ξ

)
.

By applying Itô’s formula we thus obtain

Ĝt − Ĝn
t = (Ĝ0 − Ĝn

0 ) e
−αnΛt+

(
Γ1 − Γn1
Γ2 − Γn2

)T

Q

∫ t

0

e−α
n
Λ(t−s) dŴ s

− Γn2

∫ t

0

e−α
n
Λ(t−s)

(
dΞns − dΞs + (µ− µn)αG(g − Ĝs) ds

)
.

Moreover, we may also note that

dΞnt − dΞt = (µn − µ) dGt + σξ,n dW
Ξ,n
t − σξ dW

Ξ
t ,

so that

dΞnt − dΞt + (µ− µn)αG(g − Ĝt) dt

= −(µn − µ)(Gt − Ĝt) dt+ (µn − µ)σG dWG
t + σξ,n dW

Ξ,n
t − σξ dW

Ξ
t .

Now, Doob’s L2 maximal inequality yields

E

 sup
0≤t≤T

∣∣∣∣∣∣
(
Γ1 − Γn1
Γ2 − Γn2

)T

Q

∫ t

0

e−α
n
Λ(t−s) dŴ s

∣∣∣∣∣∣


≤ 2E

∣∣∣∣∣∣
(
Γ1 − Γn1
Γ2 − Γn2

)T

Q

∫ T

0

e−α
n
Λ(t−s) dŴ s

∣∣∣∣∣∣
21/2

= 2

(
(Γ1 − Γn1 )

2σ2
D + (Γ2 − Γn2 )

2(µ2σ2
G + σ2

ξ ))

∫ T

0

e−2αnΛ(t−s) ds

)1/2

,
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and similarly

E

[
sup

0≤t≤T

∣∣∣∣Γn2 (µn − µ)

∫ t

0

e−α
n
Λ(t−s) σG dWG

s

∣∣∣∣] ≤ 2

(
(Γn2 )

2(µn − µ)2σ2
G

∫ T

0

e−2αnΛ(t−s) ds

)1/2

,

as well as

E

[
sup

0≤t≤T

∣∣∣∣Γn2 ∫ t

0

e−α
n
Λ(t−s) d

(
σξ,nW

Ξ,n
s − σξW

Ξ
s

)∣∣∣∣]
≤ 2

(
(Γn2 )

2

∫ 1

0

(wn(a)− w(a))2 da

∫ T

0

e−2αnΛ(t−s) ds

)1/2

.

Note that the last inequality follows from the fact that

σξ,nW
Ξ,n
t − σξW

Ξ
t =

∫
[(0,0),(1,t))

(wn(a)− w(a)) dW ξ
(a,s),

which is a scaled-Brownian motion in t-direction with scaling factor(∫ 1

0

(wn(a)− w(a))2 da

)1/2

=

(
σ2
ξ,n − 2

∫ 1

0

wn(a)w(a) da+ σ2
ξ

)1/2

.

Moreover, note that

E

[
sup

0≤t≤T

∣∣∣∣Γn2 ∫ t

0

e−α
n
Λ(t−s)(µn − µ)(Gs − Ĝs) ds

∣∣∣∣]
≤ |Γn2 | · |µn − µ|

∫ T

0

e−α
n
Λ(t−s) E[|Gs − Ĝs|] ds ≤ |Γn2 | · |µn − µ|γ1/2

∫ T

0

e−α
n
Λ(t−s) ds,

where we use that E[|Gs − Ĝs|] ≤ E[|Gs − Ĝs|2]1/2 = γs ≤ limt→∞ γt = γ. Finally, note that
the Brownian sheet is zero whenever one of its coordinates is zero, which implies

sup
0≤t≤T

|Ĝ0 − Ĝn
0 | e−α

n
Λt = |Ĝ0 − Ĝn

0 | = |µ− µn| · |G0|.

To conclude the proof, it is therefore enough to show that µn → µ and σξ,n → σξ, which
then implies Γn1 → Γ1 and Γn2 → Γ2. For this purpose, let us first note that the difference of
mean-squared errors γ − γn satisfies

γn − γ =
(α2

Gσ
2
D + α2

Dσ
2
G)

1/2γnγ

σD((1 + σ2
Gτ

2
n)

1/2 + (1 + σ2
Gτ

2)1/2)
(τ 2 − τ 2n), τ 2 =

µ2

σ2
ξ

.

This identity is obtained as a corollary of Lemma C.4. However, since

lim
n→∞

µn = lim
n→∞

∫ 1

0

νn(a)wn(a) da =

∫ 1

0

ν(a)w(a) da = µ,
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as well as

lim
n→∞

σ2
ξ,n = lim

n→∞

∫ 1

0

wn(a)2 da =

∫ 1

0

w(a)2 da = σ2
ξ ,

we obtain limn→∞ τ 2n = τ 2 and therefore limn→∞(γn − γ) = 0. Since Γ1 − Γn1 = αD
σ2
D
(γ − γn)

we thus obtain limn→∞(Γ1 − Γn1 ) = 0. Furthermore, it holds that

lim
n→∞

(Γ2 − Γn2 ) = lim
n→∞

(
µ(σ2

G − αGγ)

µ2σ2
G + σ2

ξ

− µn(σ
2
G − αGγ

n)

µ2
nσ

2
G + σ2

ξ,n

)
= 0.

Together with the above we eventually find that

E

[
1 ∧ sup

0≤t≤T
|Ĝn

t − Ĝt|
]
→ 0 n→ ∞,

which is enough to conclude that Ĝn
t → Ĝt uniformly on compacts in probability. ■

We now obtain the convergence of the discrete-economy private filters Ĝai,n to the
continuous-economy public filter Ĝ as a corollary of Lemma C.7.

Corollary C.8. The discrete-economy private filter Ĝai,n converges uniformly on compacts
in probability to the continuous-economy public filter Ĝ = (Ĝt)t≥0.

Proof. From Corollary C.3 we know that Λai,n = (Ĝai,n − Ĝn) satisfies the stochastic differ-
ential equation

dΛai,nt = −αnΛΛ
ai,n
t dt+

Γai,n1 − Γn1
Γai,n2 − Γn2

Γai,n3


T dDt + αD(Dt − Ĝai,n

t ) dt

dΞnt − µnαG(g − Ĝai,n
t ) dt

dζai,nt − νai,nαG(g − Ĝai,n
t ) dt


in the steady state. By Itô’s formula we thus obtain

Λai,nt = Λai,n0 e−α
n
Λt+

Γai,n1 − Γn1
Γai,n2 − Γn2

Γai,n3


T ∫ t

0

e−α
n
Λ(t−s) Qai,n dŴ ai,n

s ,

and so again by Doob’s L2 maximal inequality we find that

E

 sup
0≤t≤T

∣∣∣∣∣∣∣
Γai,n1 − Γn1
Γai,n2 − Γn2

Γai,n3


T ∫ t

0

e−α
n
Λ(t−s) Qai,n dŴ ai,n

s

∣∣∣∣∣∣∣
 ≤ 2ηai,nΛΛ

∫ T

0

e−2αnΛ(t−s) ds.

On the other hand, again by the fact that the Brownian sheet is zero whenever one coordinate
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is zero, we find that
sup

0≤t≤T
|Λai,n0 | e−αnΛt = |Λai,n0 | = 0.

Since limn→∞ ηai,nΛΛ → 0 it follows that Λai,nt → 0 uniformly on compacts in probability. The
result now follows together with Lemma C.7. ■

C.4. The limit of aggregated filtering increments

We are now ready to prove the main result of this section. In particular, we can now describe
the limit

(φ ∗ Λ)(a,t) := lim
n→∞

∑
0≤i≤n−1,
ai<a

φ(ai)Λ
ai,n
t , (C.8)

for some function φ : [0, 1) → R. The notation (φ ∗ Λ)(a,t) shall indicate that we are con-
sidering a stochastic-integral-type object in agent direction of φ with respect to the filtering
difference.

Theorem C.9. Let (φ∗Λ) be defined as in (C.8). The convergence is uniformly on compacts
in probability, and the process (φ ∗ Λ) satisfies

(φ ∗ Λ)(a,t) + αΛ

∫ t

0

(φ ∗ Λ)(a,s) ds =
∫ a

0

φ(u)(w(u)µ− ν(u)σ2
ξ )

2 du

∫ t

0

df1(Ds, Ĝs,Ξs)

+

∫
[(0,0),(a,t))

φ(u)(ν(u)σ2
ξ − w(u)µ) df2(ξ(u,s), Ĝs,Ξs),

where

df1(Ds, Ĝs,Ξs) =
σ2
G−αGγ

µ2σ2
G+σ

2
ξ

 − αDγ
2σ2
Dσ

2
ξ

αGµγ
2σ2
ξ (µ

2σ2
G+σ

2
ξ )

T(
dDs + αD(Ds − Ĝs) ds

dΞs − µαG(g − Ĝs) ds

)
,

df2(ξ(u,s), Ĝs,Ξs) =

− (σ2
G−αGγ)(µσ

2
Gν(u)+w(u))

(µ2σ2
G+σ

2
ξ )

2

σ2
G−αGγ

µ2σ2
G+σ

2
ξ

T(
dΞs du− µαG(g − Ĝs) ds du

dξ(u,s) − ν(u)αG(g − Ĝs) ds du

)
.

Proof. From Corollary C.3 we first obtain

∑
0≤i≤n−1,
ai<a

φ(ai)Λ
ai,n
t =

∑
0≤i≤n−1,
ai<a

φ(ai)Λ
ai,n
0 − αnΛ

∫ t

0

∑
0≤i≤n−1,
ai<a

φ(ai)Λ
ai,n
s ds

+
∑

0≤i≤n−1,
ai<a

φ(ai)

Γai,n1 − Γn1
Γai,n2 − Γn2

Γai,n3


T Dt −D0 + αD

∫ t
0
(Ds − Ĝai,n

s ) ds

Ξnt − Ξn0 − µnαG
∫ t
0
(g − Ĝai,n

s ) ds

ζai,nt − ζai,n0 − νai,nαG
∫ t
0
(g − Ĝai,n

s ) ds

 .
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Now, from Lemma C.6 and Corollary C.8, together with Theorem IV.2.12 of Revuz and Yor
(1999) it holds

lim
n→∞

∑
0≤i≤n−1,
ai<a

φ(ai)(Γ
ai,n
1 − Γn1 )

(
Dt −D0 + αD

∫ t

0

(Ds − Ĝai,n
s ) ds

)

= −αD
σ2
D
· (α2

Gσ
2
D+α2

Dσ
2
G)

1/2γ2

2σD(1+σ2
Gτ

2)1/2σ4
ξ

∫ a

0

φ(u)(w(u)µ− ν(u)σ2
ξ )

2 du
(
Dt −D0 + αD

∫ t
0
(Ds − Ĝs) ds

)
= −αD

σ2
D
· (α2

Gσ
2
D+α2

Dσ
2
G)

1/2γ2

2σD(1+σ2
Gτ

2)1/2σ4
ξ

∫
[(0,0),(a,t))

φ(u)(w(u)µ− ν(u)σ2
ξ )

2 du(dDs + αD(Ds − Ĝs) ds),

as well as

lim
n→∞

∑
0≤i≤n−1,
ai<a

φ(ai)(Γ
ai,n
2 − Γn2 )

(
Ξnt − Ξn0 − µnαG

∫ t

0

(g − Ĝai,n
s ) ds

)

=
σ2
G−αGγ

µ2σ2
G+σ

2
ξ

∫ a

0

φ(u)(µσ2
Gν(u)+w(u))(µw(u)−ν(u)σ

2
ξ )

µ2σ2
G+σ

2
ξ

du
(
Ξt − µαG

∫ t
0
(g − Ĝs) ds

)
+

(α2
Gσ

2
D+α2

Dσ
2
G)

1/2γ2

2σD(1+σ2
Gτ

2)1/2σ4
ξ

∫ a

0

αGµφ(u)(w(u)µ−ν(u)σ2
ξ )

2

µ2σ2
G+σ

2
ξ

du
(
Ξt − µαG

∫ t
0
(g − Ĝs) ds

)
=

σ2
G−αGγ

µ2σ2
G+σ

2
ξ

∫
[(0,0),(a,t))

φ(u)(µσ2
Gν(u)+w(u))(µw(u)−ν(u)σ

2
ξ )

µ2σ2
G+σ

2
ξ

du(dΞs − µαG(g − Ĝs) ds)

+
(α2
Gσ

2
D+α2

Dσ
2
G)

1/2γ2

2σD(1+σ2
Gτ

2)1/2σ4
ξ

∫
[(0,0),(a,t))

αGµφ(u)(w(u)µ−ν(u)σ2
ξ )

2

µ2σ2
G+σ

2
ξ

du(dΞs − µαG(g − Ĝs) ds),

uniformly on compacts in probability. Here, we use that

Ξ0 =

(
µ(Gt −G0) +

∫
[(0,0),(1,t))

w(a) dW ξ
(a,s)

)∣∣∣∣
t=0

=

∫
[(0,0),(1,0))

w(a) dW ξ
(a,s) = 0,

which is a direct consequence of the Brownian sheet being equal to zero on the boundary.
Further, it holds that

∑
0≤i≤n−1,
ai<a

φ(ai)Γ
ai,n
3

(
ζai,nt − ζai,n0 − νai,nαG

∫ t

0

(g − Ĝai,n
s ) ds

)

=
∑

0≤i≤n−1,
ai<a

φ(ai)(ν(ai)σ
2
ξ,n−w(ai)µn)(σ

2
G−αGγ

ai,n)
(
∆1ξn(ai,t)

−∆1ξn(ai,0)
−ν(ai)∆aiαG

∫ t
0
(g − Ĝai,n

s ) ds
)

µ̃2ai,nσ
2
G+σ̃

2
ai,n

,
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which by Corollary C.8 and Theorem IV.2.12 of Revuz and Yor (1999) yields

lim
n→∞

∑
0≤i≤n−1,
ai<a

φ(ai)Γ
ai,n
3

(
ζai,nt − ζai,n0 − νai,nαG

∫ t

0

(g − Ĝai,n
s ) ds

)

=
σ2
G−αGγ

µ2σ2
G+σ

2
ξ

∫ a

0

φ(u)(ν(u)σ2
ξ − w(u)µ)(∂1ξ(u,1) − ∂1ξ(u,0) − ν(u)αG

∫ t
0
(g − Ĝs) ds du)

=
σ2
G−αGγ

µ2σ2
G+σ

2
ξ

∫
[(0,0),(a,t))

φ(u)(ν(u)σ2
ξ − w(u)µ)(dξ(u,s) − ν(u)αG(g − Ĝs) ds du),

uniformly on compacts in probability. Now, it is worth noting that

σ2
G − αGγ = σ2

G − αGσD
√

(1+σ2
Gτ

2)(α2
Gσ

2
D+α2

Dσ
2
G)−α

2
Gσ

2
D

α2
D+τ2(α2

Gσ
2
D+α2

Dσ
2
G)

=
(1+σ2

Gτ
2)(α2

Gσ
2
D+α2

Dσ
2
G)−αGσD

√
(1+σ2

Gτ
2)(α2

Gσ
2
D+α2

Dσ
2
G)

α2
D+τ2(α2

Gσ
2
D+α2

Dσ
2
G)

=

√
(1+σ2

Gτ
2)(α2

Gσ
2
D+α2

Dσ
2
G)

σD
· σD

√
(1+σ2

Gτ
2)(α2

Gσ
2
D+α2

Dσ
2
G)−αGσ

2
D

α2
D+τ2(α2

Gσ
2
D+α2

Dσ
2
G)

=
(1+σ2

Gτ
2)1/2(α2

Gσ
2
D+α2

Dσ
2
G)

1/2γ

σD
,

which implies

σ2
G − αGγ

µ2σ2
G + σ2

ξ

· γ

2σ2
ξ

=
σ2
G − αGγ

1 + σ2
Gτ

2
· γ

2σ4
ξ

=
(α2

Gσ
2
D + α2

Dσ
2
G)

1/2γ2

2σD(1 + σ2
Gτ

2)1/2σ4
ξ

,

and eventually

αD
σ2
D

· (α
2
Gσ

2
D + α2

Dσ
2
G)

1/2γ2

2σD(1 + σ2
Gτ

2)1/2σ4
ξ

=
αD
σ2
D

· σ
2
G − αGγ

µ2σ2
G + σ2

ξ

· γ

2σ2
ξ

=
σ2
G − αGγ

µ2σ2
G + σ2

ξ

· Γ1

2σ2
ξ

,

as well as

αGµ

µ2σ2
G + σ2

ξ

· (α
2
Gσ

2
D + α2

Dσ
2
G)

1/2γ2

2σD(1 + σ2
Gτ

2)1/2σ4
ξ

=
αGµ

µ2σ2
G + σ2

ξ

· σ
2
G − αGγ

µ2σ2
G + σ2

ξ

· γ

2σ2
ξ

=
αGγ

µ2σ2
G + σ2

ξ

· Γ2

2σ2
ξ

.

59



Since limn→∞ αnΛ = αDΓ1 + αG(1− µΓ2) = αΛ, we therefore obtain

(φ ∗ Λ)(a,t) = (φ ∗ Λ)(a,0) − αΛ

∫ t

0

(φ ∗ Λ)(a,s) ds

− σ2
G−αGγ

µ2σ2
G+σ

2
ξ

∫
[(0,0),(a,t))

αDγ
2σ2
Dσ

2
ξ
φ(u)(w(u)µ− ν(u)σ2

ξ )
2(dDs du+ αD(Ds − Ĝs) ds du)

+
σ2
G−αGγ

µ2σ2
G+σ

2
ξ

∫
[(0,0),(a,t))

φ(u)(µσ2
Gν(u)+w(u))(µw(u)−ν(u)σ

2
ξ )

µ2σ2
G+σ

2
ξ

(dΞs du− µαG(g − Ĝs) ds du)

+
σ2
G−αGγ

µ2σ2
G+σ

2
ξ

∫
[(0,0),(a,t))

αGµγ
2σ2
ξ

· φ(u)(w(u)µ−ν(u)σ
2
ξ )

2

µ2σ2
G+σ

2
ξ

(dΞs du− µαG(g − Ĝs) ds du)

+
σ2
G−αGγ

µ2σ2
G+σ

2
ξ

∫
[(0,0),(a,t))

φ(u)(ν(u)σ2
ξ − w(u)µ)(dξ(u,s) − ν(u)αG(g − Ĝs) ds du).

The proof follows by noting that ζai,n0 = (νai,n(Gt − G0) + ∆1W
ξ
(ai,t)

)|t=0 = ∆1W
ξ
(ai,0)

= 0,
and therefore Λai,n0 = 0 for all 0 ≤ i ≤ n− 1 for every n ≥ 2. The stated form then follows
by collecting the two terms carrying φ(u)(w(u)µ − ν(u)σ2

ξ )
2 into df1, and the two terms

carrying φ(u)(ν(u)σ2
ξ − w(u)µ) into df2. ■

C.5. The filter as an Ornstein-Uhlenbeck process

We conclude this section by providing an alternative way to describe the filtering equations.
In particular, the goal is to write the filtering equations from Lemma C.1, Lemma C.2 and
Corollary C.3 as Ornstein-Uhlenbeck processes, whose Brownian motion is adapted to the
filtration generated by the observable processes. For completeness we start by restating the
result on optimal linear non-stationary filtering based on the work of Kalman and Bucy
(1961). The following result is from Liptser and Shiryaev (2001) (see Theorem 10.3) with
adjusted notation.

Theorem C.10. Suppose that the unobservable process X = (X(t))t≥0 satisfies the stochastic
differential equation

dX(t) = [bX(t) +AXX(t)X(t) +AXY (t)Y (t)] dt+ΣXX(t) dW
X(t) +ΣXY (t) dW

Y (t),

while the observable process Y = (Y (t))t≥0 satisfies the stochastic differential equation

dY (t) = [bY (t) +AY X(t)X(t) +AY Y (t)Y (t)] dt+ΣY X(t) dW
X(t) +ΣY Y (t) dW

Y (t),

where WX and W Y are independent Brownian motions with values in Rk and Rl, respectively,
for some k, l ∈ N, and where the vectors bX(t) ∈ Rk and bY (t) ∈ Rl satisfy∫ T

0

(∥bX(t)∥1 + ∥bY (t)∥22) dt <∞,
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the matrices AXX(t) ∈ Rk×k, AXY (t) ∈ Rk×l, AY X(t) ∈ Rl×k and AY Y (t) ∈ Rl×l satisfy∫ T

0

(∥AXX(t)∥1 + ∥AXY (t)∥1) dt <∞,

∫ T

0

(∥AY X(t)∥22 + ∥AY Y (t)∥22) dt <∞,

and where the matrices ΣXX(t) ∈ Rk×k, ΣXY (t) ∈ Rk×l, ΣY X(t) ∈ Rl×k and ΣY Y (t) ∈ Rl×l

satisfy ∫ T

0

(∥ΣXX(t)∥22 + ∥ΣXY (t)∥22 + ∥ΣY X(t)∥22 + ∥ΣY Y (t)∥22) dt <∞.

The norms ∥ · ∥p are defined via ∥A∥p =
(∑n

i=1

∑m
j=1 |aij|p

)1/p, where A = [aij]1≤i≤n,1≤j≤m.
Further, denote ΣY (t) = (ΣY X(t),ΣY Y (t)) and assume that the matrices ΣY (t)Σ

T
Y (t) are

uniformly non-singular, 0 ≤ t ≤ T . Then, the filtered process X̂ = (X̂(t))t≥0, defined via
X̂(t) = E[X(t)|FY

t ] and where FY
t = σ(Y (s); s ≤ t), satisfies the stochastic differential

equation

dX̂(t) = [bX(t) +AX(t)Ẑ(t)] dt+G(t)[dY (t)− [bY (t) +AY (t)Ẑ(t)] dt],

where AX(t) = (AXX(t),AXY (t)), AY (t) = (AY X(t),AY Y (t)), Ẑ(t) = (X̂(t), Y (t)), and

G(t) = [ΣX(t)Σ
T
Y (t) + Γ(t)AT

Y X(t)](ΣY (t)Σ
T
Y (t))

−1, ΣX(t) = (ΣXX(t),ΣXY (t)),

and where Γ(t) satisfies the Riccati equation

dΓ(t) = [AXX(t)Γ(t) + Γ(t)AT
XX(t) +ΣX(t)Σ

T
X(t)−G(t)ΣY (t)Σ

T
Y (t)G

T(t)] dt.

By using the same notation as in Theorem C.10, we may state the following useful result.

Lemma C.11. In the setup of Theorem C.10, there exists an FY -measurable Wiener process
Ŵ and a symmetric non-singular matrix QY (t) satisfying

QY (t) dŴ (t) = dY (t)− [bY (t) +AY X(t)X̂(t) +AY Y (t)Y (t)] dt,

and QY (t)Q
T
Y (t) = ΣY (t)Σ

T
Y (t), for all 0 ≤ t ≤ T . Hence, the filtered process X̂ = (X̂(t))t≥0

satisfies the stochastic differential equation

dX̂(t) = [bX(t) +AXX(t)X̂(t) +AXY (t)Y (t)] dt+G(t)QY (t) dŴ (t).

Proof. We first note that due to non-singularity ΣY (t)Σ
T
Y (t) is positive definite. Indeed, for

any non-zero vector x ∈ Rl we have xTΣY (t)Σ
T
Y (t)x = (ΣT

Y (t)x)
TΣT

Y (t)x ≥ 0, which implies
that ΣY (t)Σ

T
Y (t) is positive semi-definite. However, since ΣY (t)Σ

T
Y (t) is non-singular it has

full rank, which implies ΣY (t)Σ
T
Y (t)x ̸= 0 for any non-zero vector x ∈ Rl, and therefore is

positive definite.
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Now, since ΣY (t)Σ
T
Y (t) is real-valued and symmetric, we may write its eigendecompo-

sition as ΣY (t)Σ
T
Y (t) = U(t)D(t)U(t)T, where U(t) is an orthogonal matrix and D(t) is

a diagonal matrix whose entries are the eigenvalues of ΣY (t)ΣY (t)
T. Since ΣY (t)Σ

T
Y (t) is

positive definite, all its eigenvalues are strictly positive, and thus we may define the diagonal
matrix D(t)1/2 whose entries are the square roots of the eigenvalues of ΣY (t)Σ

T
Y (t). We then

define the matrix QY (t) = U(t)D(t)1/2U(t)T, which clearly is symmetric and non-singular.
Moreover, we have

QY (t)Q
T
Y (t) = U(t)D(t)1/2U(t)TU(t)D(t)1/2U(t)T

= U(t)D(t)1/2D(t)1/2U(t)T = ΣY (t)Σ
T
Y (t),

which implies that there exists a symmetric non-singular matrix QY (t) satisfying the identity
QY (t)Q

T
Y (t) = ΣY (t)Σ

T
Y (t).

So we may define the process Ŵ by

Ŵ (t) =

∫ t

0

Q−1
Y (s) dY (s)−

∫ t

0

Q−1
Y (s)[bY (s) +AY (s)Ẑ(s)] ds,

where we set AY = (AY X ,AY Y ) and Ẑ = (X̂, Y ). Since X̂(t) = E[X(t)|FY
t ], t ≥ 0, the

process Ŵ is FY -adapted. We then note that

dY (t)− [bY (t) +AY (t)Ẑ(t)] dt = AY X(t)[X(t)− X̂(t)] dt+ΣY dW (t),

where we set W = (WX ,W Y ). In particular, we have that

Ŵ (t+ h)− Ŵ (t) =

∫ t+h

t

Q−1
Y (s)AY X(s)[X(s)− X̂(s)] ds+

∫ t+h

t

Q−1
Y (s)ΣY (s) dW (s).

So we obtain that E[Ŵ (t+ h)− Ŵ (t)|FY
t ] = 0, which implies that Ŵ is a local martingale.

On the other hand, we have that

⟨Ŵ , ŴT⟩t = ⟨Q−1
Y ΣYW,WTΣT

Y (Q
−1
Y )T⟩t = Q−1

Y ΣY ⟨W,WT⟩tΣT
Y (Q

−1
Y )T = tI,

where the last identity follows from Q−1
Y ΣYΣ

T
Y (Q

−1
Y )T = Q−1

Y QYQ
T
Y (Q

T
Y )

−1 = I. In particu-
lar, we have that ⟨Ŵ k, Ŵ l⟩t = δklt. Hence, Ŵ is a Wiener process by Lévy’s characterization
of Brownian motion. ■

In a next step, we are interested in how the matrices Qn and Qai,n of the filters Ĝn and
Ĝai,n actually look like. We have the following result.
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Lemma C.12. The matrices Qn and Qai,n are given by

Qn =

(
σD 0

0 (µ2
nσ

2
G + σ2

ξ,n)
1/2

)
,

and

Qai,n =


σD 0 0

0
(µ̃2ai,nσ

2
G+σ̃

2
ai,n

)1/2mai,n+µ
2
nσ

2
G+σ

2
ξ,n

λ
1/2
ai,n,+

+λ
1/2
ai,n,−

µnνai,nσ
2
G+w(ai)m

2
ai,n

λ
1/2
ai,n,+

+λ
1/2
ai,n,−

0
µnνai,nσ

2
G+w(ai)m

2
ai,n

λ
1/2
ai,n,+

+λ
1/2
ai,n,−

(µ̃2ai,nσ
2
G+σ̃

2
ai,n

)1/2mai,n+ν
2
ai,n

σ2
G+m

2
ai,n

λ
1/2
ai,n,+

+λ
1/2
ai,n,−

 ,

with

λai,n,± =
(µ2n+ν

2
ai,n

)σ2
G+σ

2
ξ,n+m

2
ai,n

±
√

((µ2n−ν2ai,n)σ
2
G+σ

2
ξ,n−m2

ai,n
)2+4(µnνai,nσ

2
G+w(ai)m

2
ai,n

)2

2
.

Moreover, they both converge to the “same” matrix Q as n→ ∞, i.e.,

lim
n→∞

Qai,n =

 Q
0

0

0 0 0

 , lim
n→∞

Qn = Q =:

(
σD 0

0 (µ2σ2
G + σ2

ξ )
1/2

)
.

Proof. From Lemma C.11 we know that the matrix Q is symmetric and non-singular, satis-
fying QQT = ΣYΣ

T
Y . In the case of the public filter, we obtain from the proof of Lemma C.2

that

QnQn =

(
σ2
D 0

0 µ2
nσ

2
G + σ2

ξ,n

)
.

On the other hand, from the proof of Lemma C.1, we know that

Qai,nQai,n =

σ2
D 0 0

0 µ2
nσ

2
G + σ2

ξ,n µnνai,nσ
2
G + w(ai)m

2
ai,n

0 µnνai,nσ
2
G + w(ai)m

2
ai,n

ν2ai,nσ
2
G +m2

ai,n

 .

To see how the matrices Qn and Qai,n can be defined, let us consider a symmetric positive
semi-definite matrix A ∈ R2×2 with diagonal entries a and c and the off-diagonal element
given by b. The eigenvalues of A are given by

λ1 =
a+ c+

√
(a− c)2 + 4b2

2
, λ2 =

a+ c−
√
(a− c)2 + 4b2

2
.
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We then define

U :=

(
b

((λ1−a)2+b2)1/2
−(λ1−a)

((λ1−a)2+b2)1/2
λ1−a

((λ1−a)2+b2)1/2
b

((λ1−a)2+b2)1/2

)
, D :=

(√
λ1 0

0
√
λ2

)
,

so that

UUT = UTU =

(
1 0

0 1

)
, DD =

(
λ1 0

0 λ2

)
,

and therefore UDUT(UDUT)T = UDUTUDUT = UDDUT, with

UDDUT =

(
b

((λ1−a)2+b2)1/2
−(λ1−a)

((λ1−a)2+b2)1/2
λ1−a

((λ1−a)2+b2)1/2
b

((λ1−a)2+b2)1/2

)(
λ1 0

0 λ2

)(
b

((λ1−a)2+b2)1/2
λ1−a

((λ1−a)2+b2)1/2
−(λ1−a)

((λ1−a)2+b2)1/2
b

((λ1−a)2+b2)1/2

)

=

(
b

((λ1−a)2+b2)1/2
−(λ1−a)

((λ1−a)2+b2)1/2
λ1−a

((λ1−a)2+b2)1/2
b

((λ1−a)2+b2)1/2

)(
λ1b

((λ1−a)2+b2)1/2
λ1(λ1−a)

((λ1−a)2+b2)1/2
−λ2(λ1−a)

((λ1−a)2+b2)1/2
λ2b

((λ1−a)2+b2)1/2

)

=

(
λ1b2+λ2(λ1−a)2

(λ1−a)2+b2
λ1b(λ1−a)−λ2b(λ1−a)

(λ1−a)2+b2
λ1b(λ1−a)−λ2b(λ1−a)

(λ1−a)2+b2
λ2b2+λ1(λ1−a)2

(λ1−a)2+b2

)
.

However, we may notice that

λ1b(λ1 − a)− λ2b(λ1 − a)

(λ1 − a)2 + b2
=

(λ1 − a)(λ1 − λ2)

(λ1 − a)2 + b2
b =

(λ1 − a)
√
(a− c)2 + 4b2

(λ1 − a)2 + b2
b,

which together with

(λ1 − a)2 + b2 =
(c− a)2 + 2(c− a)

√
(a− c)2 + 4b2 + (a− c)2 + 4b2

4
+ b2

=
(c− a)2 + 4b2 + (c− a)

√
(a− c)2 + 4b2

2

=
√
(a− c)2 + 4b2

c− a+
√
(c− a)2 + 4b2

2
= (λ1 − a)

√
(a− c)2 + 4b2,

yields
λ1b(λ1 − a)− λ2b(λ1 − a)

(λ1 − a)2 + b2
= b.

On the other hand, we have λ1 + λ2 = a+ c and λ1 − λ2 =
√

(a− c)2 + 4b2, so that

λ1b
2 + λ2(λ1 − a)2 = λ1b

2 + λ1(λ1 − a)2 − (λ1 − λ2)(λ1 − a)2

= λ1(b
2 + (λ1 − a)2)−

√
(a− c)2 + 4b2(λ1 − a)2

= λ1(b
2 + (λ1 − a)2)− (λ1 − a)(b2 + (λ1 − a)2) = a(b2 + (λ1 − a)2),

64



as well as

λ2b
2 + λ1(λ1 − a)2 = λ2b

2 + λ2(λ1 − a)2 + (λ1 − λ2)(λ1 − a)2

= λ2(b
2 + (λ1 − a)2)− (λ1 − a)

√
(a− c)2 + 4b2(λ2 − c)

= λ2(b
2 + (λ1 − a)2)− (λ2 − c)(b2 + (λ1 − a)2) = c(b2 + (λ1 − a)2).

Therefore, we eventually obtain UDDUT = A. In particular, we have

UDUT

=

 λ
1/2
1 b2+λ

1/2
2 (λ1−a)2

(λ1−a)2+b2
λ
1/2
1 b(λ1−a)−λ1/22 b(λ1−a)

(λ1−a)2+b2
λ
1/2
1 b(λ1−a)−λ1/22 b(λ1−a)

(λ1−a)2+b2
λ
1/2
2 b2+λ

1/2
1 (λ1−a)2

(λ1−a)2+b2


=

λ
1/2
1 b2+λ

1/2
1 (λ1−a)2

(λ1−a)2+b2 − (λ1−λ2)(λ1−a)
(λ1−a)2+b2 · λ1−a

λ
1/2
1 +λ

1/2
2

(λ1−a)(λ1−λ2)
(λ1−a)2+b2 · b

λ
1/2
1 +λ

1/2
2

(λ1−a)(λ1−λ2)
(λ1−a)2+b2 · b

λ
1/2
1 +λ

1/2
2

λ
1/2
2 b2+λ

1/2
2 (λ1−a)2

(λ1−a)2+b2 − (λ2−λ1)(λ1−a)
(λ1−a)2+b2 · λ1−a

λ
1/2
1 +λ

1/2
2


=

λ1/21 − λ1−a
λ
1/2
1 +λ

1/2
2

b

λ
1/2
1 +λ

1/2
2

b

λ
1/2
1 +λ

1/2
2

λ
1/2
2 − λ2−c

λ
1/2
1 +λ

1/2
2

 =

det(A)1/2+a

λ
1/2
1 +λ

1/2
2

b

λ
1/2
1 +λ

1/2
2

b

λ
1/2
1 +λ

1/2
2

det(A)1/2+c

λ
1/2
1 +λ

1/2
2

 .

Hence, we may use such a procedure, which in essence uses the eigenvalue decomposition of
a matrix, to obtain Qai,n of the form

Qai,n =


σD 0 0

0 (ancn−b2n)1/2+an
λ
1/2
1,n+λ

1/2
2,n

bn

λ
1/2
1,n+λ

1/2
2,n

0 bn

λ
1/2
1,n+λ

1/2
2,n

(ancn−b2n)1/2+cn
λ
1/2
1n

+λ
1/2
2,n

 ,

with an = µ2
nσ

2
G + σ2

ξ,n, bn = µnνai,nσ
2
G + w(ai)m

2
ai,n

, and cn = ν2ai,nσ
2
G + m2

ai,n
, and the

eigenvalues λ1,n and λ2,n as defined above. In the limit as n → ∞, we then observe that
an → µ2σ2

G + σ2
ξ , bn → 0 and cn → 0, so that λ1,n → µ2σ2

G + σ2
ξ and λ2,n → 0, and therefore

lim
n→∞

Qai,n =

σD 0 0

0 (µ2σ2
G + σ2

ξ )
1/2 0

0 0 0

 =

 Q
0

0

0 0 0

 ,

where the matrix Q is the limit of Qn as n→ ∞, which comes from the public filter, i.e.,

Q := lim
n→∞

Qn = lim
n→∞

(
σD 0

0 (µ2
nσ

2
G + σ2

ξ,n)
1/2

)
.

This concludes the proof. ■
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D. Measure changes

Our goal here is to establish the equivalent probability measure P ai,n ≈ P of investor ai in
the discrete market with n investors. We do this by first constructing the measure P ai,n on
a finite time interval [0, T ] and then extend it to the positive half-line.

D.1. The finite time horizon

Here we focus on finite time horizons [0, T ] for some arbitrary T ≥ 0.

Proposition D.1. Fix T ≥ 0 and consider the vector functions

b(ai, ·) : R → R3×1, t 7→ b(ai, t), θ(ai, ·) : R → R3×1, t 7→ θ(ai, t),

for some ai ∈ [0, 1). Assume that∫ T

0

θT(ai, t)θ(ai, t) dt <∞, sup
0≤t≤T

(θT(ai, t)b(ai, t))
2 <∞, sup

0≤t≤T
bT(ai, t)b(ai, t) <∞.

Then the probability measure dP ai,n = Zai,n
T dP , where

Zai,n
T = e

∫ T
0 (θ(ai,s)+Λ

ai,n
s b(ai,s))

T dŴ
ai,n
s − 1

2

∫ T
0 (θ(ai,s)+Λ

ai,n
s b(ai,s))

T(θ(ai,s)+Λ
ai,n
s b(ai,s)) ds,

is equivalent to P , and the process W̃ ai,n = (W̃ ai,n
t )0≤t≤T , defined as

W̃ ai,n
t = Ŵ ai,n

t −
∫ t

0

(θ(ai, s) + Λai,ns b(ai, s)) ds,

is an R3-valued Brownian motion under P ai,n.

Proof. From Corollary C.3 together with Lemma C.11 we know that the stochastic process
Λai,n = (Λai,nt )t≥0 satisfies the stochastic differential equation

dΛai,nt = −αnΛ(t)Λ
ai,n
t dt+

(
Γai,nt −

(
Γnt 0

))
Qai,n dŴ ai,n(t),

where αnΛ(t), Γai,nt and Γnt are defined as in Lemma C.1, Lemma C.2 and Corollary C.3,
respectively. From Itô’s lemma we thus obtain

d
(
e
∫ t
0 α

n
Λ(s) ds Λai,nt

)
= αnΛ(t) e

∫ t
0 α

n
Λ(s) ds Λai,nt dt+ e

∫ t
0 α

n
Λ(s) ds dΛai,nt

= e
∫ t
0 αΛ(s) ds

(
Γai,nt −

(
Γnt 0

))
Qai,n dŴ ai,n

t ,
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which implies

Λai,nt = Λai,n0 e−
∫ t
0 α

n
Λ(s) ds+

∫ t

0

e−
∫ t
s α

n
Λ(u) du

(
Γai,ns −

(
Γns 0

))
Qai,n dŴ ai,n

s .

Since the private signal at t = 0 is equal to zero because ζai,n0 = ∆1W
ξ
(ai,0)

, the above equation
reduces to

Λai,nt =

∫ t

0

e−
∫ t
s α

n
Λ(u) du

(
Γai,ns −

(
Γns 0

))
Qai,n dŴ ai,n

s .

As a result, we obtain

E[(Λai,nt )2] =

∫ t

0

e−2
∫ t
s α

n
Λ(u) du ηai,nΛΛ (s) ds,

where we denote

ηai,nΛΛ (t) =
(
Γai,nt −

(
Γnt 0

))
Qai,nQai,n

(
Γai,nt −

(
Γnt 0

))T
.

The function ηai,nΛΛ only depends on t via Γai,nt and Γnt , which themselves only depend on t via
the mean squared errors γai,nt and γnt , respectively. Since γai,nt and γnt are increasing in t with
γai,n = limt→∞ γai,nt and γn = limt→∞ γnt finite, we thus obtain that sup0≤t≤T η

ai,n
ΛΛ (t) < ∞

for each T ≥ 0. On the other hand, we know from Corollary C.3 that αnΛ(t) > 0 is increasing
in t with limt→∞ αnΛ(t) finite. Therefore, we find that

E[(Λai,nt )2] ≤ sup
0≤s≤t

ηai,nΛΛ (s)

∫ t

0

e−2
∫ t
s α

n
Λ(u) du ds ≤ sup

0≤s≤t
ηai,nΛΛ (s)

∫ t

0

e−2(t−s) inf0≤u≤T αnΛ(u) ds

= sup
0≤s≤t

ηai,nΛΛ (s)
1− e−2t inf0≤u≤T α

n
Λ(u)

2 inf0≤u≤T αnΛ(u)
≤ sup

0≤s≤t

ηai,nΛΛ (s)

2αnΛ(0)
<∞,

which eventually yields

E[(Λai,nt )2]bT(ai, t)b(ai, t) ≤ sup
0≤s≤T

ηai,nΛΛ (s)

2αnΛ(0)
sup

0≤s≤T
bT(ai, s)b(ai, s) ∀ 0 ≤ t ≤ T.

Now, define the processes Lai,n = (Lai,nt )0≤t≤T and Zai,n = (Zai,n
t )0≤t≤T via

Lai,nt :=

∫ t

0

(θ(ai, s) + Λai,ns b(ai, s))
T dŴ ai,n

s , Lai,n0 = 0,
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and Zai,n
t := E(Lai,n)t the stochastic exponential of Lai,n, that is

Zai,n
t = exp

(
Lai,nt − 1

2
⟨Lai,n, Lai,n⟩t

)
= e

∫ t
0 (θ(ai,s)+Λ

ai,n
s b(ai,s))

T dŴ
ai,n
s − 1

2

∫ t
0 (θ(ai,s)+Λ

ai,n
s b(ai,s))

T(θ(ai,s)+Λ
ai,n
s b(ai,s)) ds .

By assumption, we have∫ T

0

θT(ai, s)θ(ai, s) ds <∞,

∫ T

0

bT(ai, s)b(ai, s)) ds <∞,

and therefore

E[⟨Lai,n, Lai,n⟩T ]

=

∫ T

0

(θT(ai, s)θ(ai, s) + 2θT(ai, s)b(ai, s) E[Λ
ai,n
s ] + E[(Λai,ns )2]bT(ai, s)b(ai, s)) ds

≤
∫ T

0

θT(ai, s)θ(ai, s) ds+ sup
0≤s≤T

ηai,nΛΛ (s)

2αΛ(0)

∫ T

0

bT(ai, s)b(ai, s)) ds <∞.

Hence, by Corollary IV.1.25 of Revuz and Yor (1999), the process Lai,n is an L2(P )-bounded
martingale. In fact, we obtain by Markov’s inequality

P [⟨Lai,n, Lai,n⟩T ≥ k] ≤ E[⟨Lai,n, Lai,n⟩T ]
k

≤ 1

k

(∫ T

0

θT(ai, s)θ(ai, s) ds+ sup
0≤s≤T

ηai,nΛΛ (s)

2αnΛ(0)

∫ T

0

bT(ai, s)b(ai, s)) ds

)
,

which implies P [⟨Lai,n, Lai,n⟩T < ∞] = 1 and therefore Zai,n
T > 0 P -a.s. On the other hand,

we note that
E

[
exp

(
1

2
⟨Lai,n, Lai,n⟩T

)]
<∞, (D.1)

and therefore Zai,n is a P -martingale with E[Zai,n
T ] = 1 (see Theorem 6.1 in Liptser and

Shiryaev (2001)). The strict inequality (D.1) can be proven as follows. We first note that
Λai,nt ∼ N (mai,n

t , vai,nt ), where

mai,n
t := E[Λai,n0 ] e−

∫ t
0 α

n
Λ(s) ds, vai,nt := Var[Λai,n0 ] e−2

∫ t
0 α

n
Λ(s) ds+

∫ t

0

e−2
∫ t
s α

n
Λ(u) du ηai,nΛΛ (s) ds.
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Hence, for any αai,nt ∈ R and any βai,nt > 0 satisfying βai,nt vai,nt < 1
2

we obtain

E[eα
ai,n
t Λ

ai,n
t +β

ai,n
t (Λ

ai,n
t )2 ]

= E

[
exp

(
αai,nt (vai,nt )1/2

Λai,nt

(vai,nt )1/2
+ βai,nt vai,nt

(Λai,nt )2

vai,nt

)]
=

1√
2π

∫ ∞

−∞
eα

ai,n
t (v

ai,n
t )1/2x+β

ai,n
t v

ai,n
t x2 e−

1
2
(x−mai,nt /(v

ai,n
t )1/2)2 dx

=
e−

1
2
(m

ai,n
t )2/(v

ai,n
t )

√
2π

∫ ∞

−∞
e(α

ai,n
t (v

ai,n
t )1/2+m

ai,n
t /(v

ai,n
t )1/2)x− 1

2
(1−2β

ai,n
t v

ai,n
t )x2 dx

=
e−

1
2
(m

ai,n
t )2/(v

ai,n
t )

(1− 2βai,nt vai,nt )1/2
e

(α
ai,n
t (v

ai,n
t )1/2+m

ai,n
t /(v

ai,n
t )1/2)2

2(1−2β
ai,n
t v

ai,n
t ) .

However, as discussed before, it holds that Λai,n0 = 0, so that the above equation reduces to

E[eα
ai,n
t Λ

ai,n
t +β

ai,n
t (Λ

ai,n
t )2 ] =

e
(α
ai,n
t )2v

ai,n
t

2(1−2β
ai,n
t v

ai,n
t )

(1− 2βai,nt vai,nt )1/2
=

e
(α
ai,n
t )2 E[(Λ

ai,n
t )2]

2(1−2β
ai,n
t E[(Λ

ai,n
t )2])

(1− 2βai,nt E[(Λai,nt )2])1/2
.

By using Jensen’s inequality and Fubini’s theorem, we thus obtain

E
[
e

1
2
⟨Lai,n,Lai,n⟩T

]
= E

[
e

1
2

∫ T
0 (θT(ai,t)θ(ai,t)+2θT(ai,t)b(ai,t)Λ

ai,n
t +(Λ

ai,n
t )2bT(ai,t)b(ai,t)) dt

]
= e

1
2

∫ T
0 θT(ai,t)θ(ai,t) dt E

[
e

1
T

∫ T
0 T (θT(ai,t)b(ai,t)Λ

ai,n
t + 1

2
(Λ
ai,n
t )2bT(ai,t)b(ai,t)) dt

]
≤ e

1
2

∫ T
0 θT(ai,t)θ(ai,t) dt

T

∫ T

0

E
[
eTθ

T(ai,t)b(ai,t)Λ
ai,n
t +T

2
(Λ
ai,n
t )2bT(ai,t)b(ai,t)

]
dt

≤ e
1
2

∫ T
0 θT(ai,t)θ(ai,t) dt+

T2 sup0≤t≤T (θT(ai,t)b(ai,t))
2 E[(Λ

ai,n
t )2]

2(1−T sup0≤t≤T bT(ai,t)b(ai,t) E[(Λ
ai,n
t )2])

(1− T sup0≤t≤T b
T(ai, t)b(ai, t) E[(Λ

ai,n
t )2])1/2

<∞

for all
T <

1

sup0≤t≤T b
T(ai, t)b(ai, t) E[(Λ

ai,n
t )2]

=: δ(T ).

Hence, for any T < δ(T ) it holds that E[Zai,n
T ] = E[E(Lai,n)T ] = 1 by Theorem 6.1 of Liptser

and Shiryaev (2001) (Novikov’s condition). On the other hand, if T ≥ δ(T ), we may write

Zai,n
T = E(Lai,n)T =

m−1∏
j=0

E(Lai,n)tj+1

tj , 0 = t0 < t1 < · · · < tm = T,

where E(Lai,n)tj+1

tj
:= E(Lai,ntj+1

− Lai,ntj ), and max0≤j≤m−1(tj+1 − tj) < δ(T ). Then, similarly
as before, we find E[E(Lai,n)tj+1

tj ] = 1, and E[E(Lai,n)tj+1

tj |Fai,n
tj ] = E[E(Lai,n)tj+1

tj ] = 1 which
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follows by independence, and which eventually implies

E[Zai,n
T ] = E[E[Zai,n

T |Fai,n
tm−1

]] = E[Zai,n
tm−1

] = · · · = E[Zai,n
t1 ] = 1.

As a result, the multivariate version of Girsanov’s theorem (see, e.g., Theorem 6.4 of Liptser
and Shiryaev (2001)) ensures that P ai,n defined via dPai,n

dP
=: Zai,n

T is a probability measure
that is equivalent to P , i.e., P ai,n ≈ P , and that the process

W̃ ai,n
t = Ŵ ai,n

t −
∫ t

0

(θ(ai, s) + Λai,ns b(ais) ds, 0 ≤ t ≤ T,

is a Brownian motion under the probability measure P ai,n. This concludes the proof. ■

D.2. The infinite time horizon

The construction of P ai,n for a finite time horizon T would also work for an infinite time
horizon, if the P -martingale Zai,n was uniformly integrable. Unfortunately, this is not the
case here, and so we proceed differently. In particular, we use a similar approach as in
Section 1.7 of Karatzas and Shreve (1998). For this purpose, we first recall the defini-
tion Gai,nt = σ(Ds,Ξ

n
s , ζ

ai,n
s ; 0 ≤ s ≤ t) and that Ŵ ai,n

t is Gai,nt -measurable, which implies
σ(Ŵ ai,n

s : 0 ≤ s ≤ t) ⊆ Gai,nt . On the other hand, we know that the process D = (Dt)t≥0 is a
strong solution to the stochastic differential equation

dDt = αD(Ĝ
ai,n
t −Dt) dt+

(
1 0 0

)
Qai,n dŴ ai,n

t ,

which implies that Dt is σ(Ŵ ai,n
s : 0 ≤ s ≤ t)-measurable. Furthermore, we know that the

process Ξn = (Ξnt )t≥0 is a strong solution to the stochastic differential equation

dΞnt = µnαG(g − Ĝai,n
t ) dt+

(
0 1 0

)
Qai,n dŴ ai,n

t ,

which implies that also Ξnt is σ(Ŵ ai,n
s : 0 ≤ s ≤ t)-measurable. Finally, the discrete-economy

signal process ζai,n = (ζai,nt )t≥0 is a strong solution to the stochastic differential equation

dζai,nt = νai,nαG(g − Ĝai,n
t ) dt+

(
0 0 1

)
Qai,n dŴ ai,n

t ,

so that ζai,nt is also σ(Ŵ ai,n(s) : 0 ≤ s ≤ t)-measurable, and therefore we eventually find that
Gai,nt = σ(Ŵ ai,n(s) : 0 ≤ s ≤ t) for each t ≥ 0.

To proceed, our goal is to work with the Wiener measure on the space of continuous,
R3-valued functions C([0,∞),R3). In particular, we consider the Brownian motion Ŵ ai,n as
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a mapping from Ω to the function space C([0,∞),R3), i.e.,

Ŵ ai,n : Ω → C([0,∞),R3), ω 7→ (ω(t))t≥0.

Then, we may consider Ŵ ai,n
t as the coordinate map

Ŵ ai,n
t : C([0,∞),R3) → R3, (ω(t))t≥0 7→ ω(t).

We then define the σ-field Gai,n∞ by

Gai,n∞ := σ

( ⋃
0≤t<∞

Gai,nt

)
= σ

( ⋃
0≤t<∞

σ(Ŵ ai,n
s ; s ≤ t)

)
,

so that (C([0,∞),R3),Gai,n∞ ) becomes a measurable space. In order to get a probability space
we equip (C([0,∞),R3),Gai,n∞ ) with the Wiener measure λai,n := P ◦ (Ŵ ai,n)−1. Moreover,
to work with a complete probability space, we denote the set of λai,n-nullsets by N ai,n, i.e.,

N ai,n := {N ⊆ C([0,∞),R3) : ∃A ∈ Gai,n∞ , s.t.N ⊆ A and λai,n(A) = 0},

and we define Gai,n∞ := σ(Gai,n∞ ∪N ai,n). Hence, (C([0,∞),R3),Gai,n∞ , λai,n) is a complete prob-
ability space. Similarly, we define for each T ≥ 0 the subspaces (C([0,∞),R3),Gai,nT , λai,nT ),
where λai,nT is the restriction of λai,n to Gai,nT , and where Gai,nT is the λai,n-completion of Gai,nT .
In other words, we define the restriction of N ai,n to Gai,nT -nullsets by

N ai,n
T := {N ⊆ C([0,∞),R3) : ∃A ∈ Gai,nT , s.t.N ⊆ A and λai,n(A) = 0},

so that Gai,nT = σ(Gai,nT ∪ N ai,n
T ). Further, the augmented filtration Gai,n,T

= (Gai,n,Tt )0≤t≤T ,
is defined as Gai,n,Tt := σ(Gai,nt ∪N ai,n

T ).
Now, we consider the processes Zai,n = (Zai,n

t )t≥0 and W̃ ai,n = (W̃ ai,n
t )t≥0, defined via

Zai,n
t = e

∫ t
0 (θ(ai,s)+Λ

ai,n
s b(ai,s))

T dŴ
ai,n
s − 1

2

∫ t
0 (θ(ai,s)+Λ

ai,n
s b(ai,s))

T(θ(ai,s)+Λ
ai,n
s b(ai,s)) ds,

and

W̃ ai,n
t = Ŵ ai,n

t −
∫ t

0

(θ(ai, s) + Λai,ns b(ai, s)) ds.

By Proposition D.1 we know that the probability measure P ai,n
T defined via dP ai,n

T = Zai,n
T dP

is equivalent to P , and that the restricted process W̃ ai,n,T = (W̃ ai,n
t )0≤t≤T is a Brownian

motion under P ai,n
T . In fact, for 0 ≤ t ≤ T , the probability measure κai,nT := P ai,n

T ◦(W̃ ai,n,T )−1
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is equivalent to λai,n on Gai,n,Tt because for any A ∈ Gai,n,Tt it holds that

κai,nT (A) = P ai,n
T [{ω ∈ Ω: W̃ ai,n,T (ω) ∈ A}] = P ai,n

T [(W̃ ai,n,T )−1(A)]

=

∫
(W̃ai,n,T )−1(A)

dP ai,n
T =

∫
Ω

(1A ◦ W̃ ai,n,T ) dP ai,n
T =

∫
Ω

(1A ◦ W̃ ai,n,T )Zai,n
T dP

=

∫
Ω

(1A ◦ W̃ ai,n,TZai,n
T ) dP =

∫
Ω

(1A ◦ Ŵ ai,n,T ) dP =

∫
(Ŵai,n,T )−1(A)

dP = λai,n(A),

so that κai,nT ≈ λai,n on Gai,nT . According to Proposition 1.7.4 in Karatzas and Shreve (1998)
there exists a unique probability measure κai,n = P ai,n ◦ (W̃ ai,n)−1 on Gai,n∞ , such that κai,n

agrees with κai,nT on Gai,nT , for each T <∞. In particular, W̃ ai,n is a Brownian motion under
the probability measure P ai,n.

D.3. Obtaining the disagreement via measure changes

To obtain the price dynamics (B.3) from (B.2) we use a density process of the form

Zai,n
t := exp

(∫ t

0

b(ai)
TΛai,ns dŴ ai,n

s − 1

2

∫ t

0

(Λai,ns )2b(ai)
Tb(ai) ds

)
,

where b(ai) ∈ R3×1 is a vector function of the form

b(ai) =

b1(ai)b2(ai)

b3(ai)

 .

By Proposition D.1 and the subsequent extension to an infinite time horizon, the price
process Sn in the discrete economy thus satisfies

dSnt =


sGαGg

−sDαD
sDαD − sGαG
sGα

n
Λ + β̂n(ai)


T

1

Dt

Ĝai,n
t

Λai,nt

 dt+

sD + sGΓ
n
1

sGΓ
n
2

0


T

Qai,n dW̃ ai,n
t ,

where we denote
β̂n(ai) :=

(
sD + sGΓ

n
1 sGΓ

n
2 0

)
Qai,nb(ai).

The P ai,n-Brownian motion W̃ ai,n = (W̃ ai,n
t )t≥0 is given by

dW̃ ai,n
t = dŴ ai,n

t − b(ai)Λ
ai,n
s dt.

Hence, the function β̃n(ai) satisfies β̃n(ai) = sGα
n
Λ + β̂n(ai).
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Remark D.2. The coefficient β̃n is the loading of the inference wedge in the drift of the price,
whereas the belief βn of the main text is its loading in the drift of the excess return. The
two are related by

βn(ai) = sGr + β̃n(ai),

and likewise β(ai) = sGr + β̃(ai) in the limit. The additional term sGr appears because
investors trade the excess return (2.11), which carries the drift term −rSnt dt on top of dSnt ;
see (2.12). Neither β̂n nor β̃n appears in the main text, where individual beliefs are expressed
only through β.

When we derive the HJB equation we also have to apply the measure change to the
inference wedge Λai,n. For this purpose, note that under P the inference wedge satisfies (see
Corollary C.3)

dΛai,nt = −αai,nΛ Λai,nt +
(
Γai,n −

(
Γn 0

))
Qai,n dŴ ai,n

t ,

which under P ai,n then becomes

dΛai,nt = (β̄n(ai)− αai,nΛ )Λai,nt +
(
Γai,n −

(
Γn 0

))
Qai,n dW̃ ai,n

t ,

where we denote
β̄n(ai) :=

(
Γai,n −

(
Γn 0

))
Qai,nb(ai).

To avoid confusion and misunderstanding we summarize the different versions of β’s in the
following list:

Symbol Origin Relation

β̂n additional loading of Λai,n in drift of Sn under P ai,n

β̃n total loading of Λai,n in drift of Sn under P ai,n β̃n = sGα
n
Λ + β̂n

βn total loading of Λai,n in drift of Rn under P ai,n βn = sGr + β̃n

β̄n additional loading of Λai,n in drift of Λai,n under P ai,n

β∗
n total loading of Λai,n in drift of Rn under P β∗

n = βn − β̂n

E. Utility maximization in the discrete economy

In this appendix, we formulate the individual utility maximization problem in the discrete
economy at the level of viscosity solutions. This is consistent with the analysis of HJB
equations in the literature (e.g., Fleming and Soner (2006)) and does not assume from the
outset that the value function is twice differentiable in the spatial variables.
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The outline is as follows: In Section E.1 we introduce the notation for this appendix
and provide the standing assumptions. In Section E.2 we derive the HJB equation in the
discrete economy, and its pointwise maximizers. In Section E.3 we then give a verification
theorem to ensure that these candidates are indeed optimal. In Section E.4 we derive the
convergence of the discrete value functions under certain regularity assumptions. Section E.5
is then dedicated to a comparison Lemma required to prove the local uniform convergence
of the discrete value functions. In Section E.6 we show the convergence of the first partial
derivatives without imposing any new assumptions. Then, in Section E.7 we show local
uniform convergence of first and second order partial derivatives of the value functions, which
requires one additional assumption. In Section E.8 we derive the limiting HJB equation that
describes investors’ individual utility maximization problem in the limit, and we provide some
additional convergence results. Section E.9 summarizes the assumptions of this appendix.

E.1. Assumptions for this appendix

Throughout this appendix, fix n ∈ N and an investor type ai ∈ Πn. We write

ρ̃n := −rρ
n
, mn(y) := ρ̃n +

(
sGr + β̃n(ai)

)
y, bn(y) :=

(
β̄n(ai)− αnΛ

)
y,

and we further denote

ηai,nV V :=
(
sD + sGΓ

n
1 sGΓ

n
2 0

)
Qai,nQai,n

(
sD + sGΓ

n
1 sGΓ

n
2 0

)T
,

ηai,nV Λ :=
(
sD + sGΓ

n
1 sGΓ

n
2 0

)
Qai,nQai,n

(
Γai,n −

(
Γn 0

))T
,

ηai,nΛΛ :=
(
Γai,n −

(
Γn 0

))
Qai,nQai,n

(
Γai,n −

(
Γn 0

))T (E.1)

Recall that the investor’s wealth process satisfies (2.14) and that the investor solves the
optimization problem (2.15). We denote by

Jn(t, x, y) = e−rt Jai,n(t, x, y)

the associated value function when the current state is (V ai,n
t ,Λai,nt ) = (x, y), and when the

value function is normalized at time 0, i.e., Jn(t, x, y) = e−rt Jai,n(t, x, y) with Jai,n the value
function associated with (2.15). Since e−rt is deterministic and strictly positive, the two
problems have the same admissible set and the same optimizers.

Standing assumptions for Appendix E. We shall work under the following assumptions.

(A.E.1) For the fixed investor type ai, the utility function U(ai, ·) : R → R is of class
C2, strictly increasing, and strictly concave. Moreover, for every admissible control pair
(cai,n, Hai,n) ∈ A(v0(ai)), the discounted utility functional in (2.15) is well defined and finite.
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(A.E.2) Under P ai,n, the state process Xn
t := (V ai,n

t ,Λai,nt ) is a time-inhomogeneous con-
trolled Markov diffusion on E := (0,∞) × R with control process (ct, Ht)t≥0 ∈ R × R, and
the dynamic programming principle holds for bounded stopping times. In particular, for
each T > 0 and every initial condition (t, x, y) ∈ [0, T ] × E, admissible controls may be
concatenated at bounded stopping times.

(A.E.3) The value function Jn is finite and continuous on [0,∞)× E.

(A.E.4) Whenever we invoke the explicit feedback formulas below, we additionally assume
that U ′(ai, ·) : R → (0,∞) is onto, so that (U ′(ai, ·))−1 is well defined on (0,∞).

E.2. Statement of the discrete HJB equations

Proposition E.1. Let Assumptions (A.E.1)–(A.E.3) hold true. Then the value function Jn
is a continuous viscosity solution of the HJB equation

0 = −Jn,t(t, x, y)− rx Jn,x(t, x, y)− bn(y) Jn,y(t, x, y)−
ηai,nΛΛ

2
Jn,yy(t, x, y)

− sup
c∈R

(
e−rt U(ai, c)− c Jn,x(t, x, y)

)
− sup

h∈R

(
hmn(y) Jn,x(t, x, y) + h ηai,nV Λ Jn,xy(t, x, y) +

1

2
h2ηai,nV V Jn,xx(t, x, y)

)
,

(E.2)

on [0,∞)× E.
If, in addition, Assumption (A.E.4) holds and Jn is a classical solution of (E.2) with

Jn ∈ C1,2
(
[0,∞)× E

)
, Jn,xx(t, x, y) < 0 for all (t, x, y) ∈ [0,∞)× E,

then the pointwise maximizers in (E.2) are given by

c∗n(t, x, y) =
(
U ′(ai, ·)

)−1(
ert Jn,x(t, x, y)

)
, (E.3)

and
h∗n(t, x, y) = −mn(y) Jn,x(t, x, y) + ηai,nV Λ Jn,xy(t, x, y)

ηai,nV V Jn,xx(t, x, y)
. (E.4)

Consequently, Jn also satisfies the reduced HJB equation

−Jn,t = rx Jn,x + bn(y) Jn,y +
ηai,nΛΛ

2
Jn,yy −

(
mn(y) Jn,x + ηai,nV Λ Jn,xy

)2
2ηai,nV V Jn,xx

+ e−rt U
(
ai,
(
U ′(ai, ·)

)−1
(ert Jn,x)

)
−
(
U ′(ai, ·)

)−1
(ert Jn,x) Jn,x.

(E.5)

Proof. By Assumptions (A.E.1)–(A.E.3), the optimization problem (2.15) is a well-posed
infinite-horizon controlled Markov diffusion problem, the value function is finite and contin-
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uous, and the dynamic programming principle holds for bounded stopping times. Hence,
by the standard dynamic-programming-to-viscosity-solution result for controlled diffusions,
Jn is a viscosity solution of the associated Bellman equation; see Fleming and Soner 2006,
Chapter II, Theorem 5.1. This yields (E.2).

Now assume in addition that Jn is classical and Jn,xx < 0 everywhere. Then the Hamil-
tonian in the control variable h is strictly concave, and the first-order condition gives

0 = mn(y) Jn,x(t, x, y) + ηai,nV Λ Jn,xy(t, x, y) + h ηai,nV V Jn,xx(t, x, y),

which yields (E.4). Likewise, by strict concavity of U(ai, ·) and the surjectivity of U ′(ai, ·),
the first-order condition for the consumption Hamiltonian is

e−rtU ′(ai, c)− Jn,x(t, x, y) = 0,

which yields (E.3). Substituting the two maximizers into (E.2) gives (E.5). ■

Remark E.2. Proposition E.1 should be read in two layers. The first part is the viscosity-
level result that is natural for the control problem (2.15). The second part is a smooth-
case consequence which recovers the feedback formulas used formally in the main text. In
particular, the explicit portfolio formula (E.4) requires pointwise existence of Jn,xx and Jn,xy
and strict negativity of Jn,xx, and therefore should not be interpreted as part of the viscosity
statement itself.

E.3. A verification theorem

For simplicity, let us define the processes M = (Mt)t≥0 and N = (Nt)t≥0 via

dMt =
(
sD + sGΓ

n
1 sGΓ

n
2 0

)
Qai,n dW̃ ai,n

t , dNt =
(
Γai,n −

(
Γn 0

))
Qai,n dW̃ ai,n

t ,

so that ⟨M,M⟩t = ηai,nV V t, ⟨M,N⟩ = ηai,nV Λ t, and ⟨N,N⟩t = ηai,nΛΛ t. The dynamics of the
processes V ai,n and Λai,n can then be written as

dV ai,n
t = (rV ai,n

t − cai,nt +Hai,n
t mn(t,Λ

ai,n
t )) dt+Hai,n dMt, dΛai,nt = bn(Λ

ai,n
t ) dt+ dNt.

Now, consider a function φ ∈ C1,2([0,∞) × E) and let c, h ∈ R. Define the infinitesimal
generator Lc,h of the system governed by V ai,n and Λai,n, i.e.,

Lc,hφ(t, x, y) := (rx− c+ hmn(y))φx + bn(y)φy + h ηai,nV Λ φxy +
1

2
h2ηai,nV V φxx +

ηai,nΛΛ

2
φyy,

so that (E.2) reads as −Jn,t = supc,h
[
Lc,hJn+e−rtU(ai, c)

]
. For a fixed W ∈ C1,2([0,∞)×E)

consider the following assumptions:
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(A.E.5) Let c∗n(t, x, y) and h∗n(t, x, y) denote the maximizers of (E.2) associated to W given
by equations (E.3) and (E.4), respectively, with Jn replaced by W . The stochastic differential
equation

dV ∗
s = (rV ∗

s − c∗n(s, V
∗
s ,Λs) + h∗n(s, V

∗
s ,Λs)mn(s,Λs)) ds+ h∗n(s, V

∗
s ,Λs) dMs, V ∗

t = x,

alongside dΛS = bn(Λs) ds + dNs, Λt = y, admits for every (t, x, y) ∈ [0,∞) × E a unique
strong solution V ∗ = (V ∗

s )s≥t with V ∗
s > 0 P ai,n-a.s for every s ≥ t, and (c∗n, H

∗
n) ∈ A(v0(ai))

where (c∗n, H
∗
n) := (c∗n(s, V

∗
s ,Λs), h

∗
n(s, V

∗
s ,Λs))s≥t.

(A.E.6) For every (t, x, y) ∈ [0,∞)×E, every (c,H) ∈ A(v0(ai)) with induced state process
(V,Λ) started at (t, x, y), and every T > t, define the stopping time

τk := inf{s ≥ t : Vs /∈ (1/k, k) or |Λs| ≥ k} ∧ T.

Then, the following two assertions hold true:

(i) both stochastic integrals(∫ s∧τk

t

Wx(u, Vu,Λu)Hu dMu

)
s≥t
,

(∫ s∧τk

t

Wy(u, Vu,Λu) dNu)

)
s≥t

are true martingales for each k ∈ N;

(ii) and τk → T P ai,n-a.s. as k → ∞, and the family (W (τk, Vτk ,Λτk))k∈N is uniformly
integrable.

(A.E.7) For every (t, x, y) ∈ [0,∞) × E it holds that lim infT→∞ E[W (T, VT ,ΛT )] ≥ 0 for
every (c,H) ∈ A(v0(ai)) with the induced state process (V,Λ) started at (t, x, y), and with
limT→∞ E[W (T, V ∗

T ,ΛT )] = 0 along the path where (c∗n, H
∗
n) satisfies Assumption (A.E.5).

Proposition E.3. Let (A.E.1) and (A.E.4) hold, and assume W ∈ C1,2([0,∞)×E) satisfies:

(i) Wx(t, x, y) > 0 and Wxx(t, x, y) < 0 for every (t, x, y) ∈ [0,∞)× E;

(ii) W is a classical solution to the HJB equation (E.2) on [0,∞)×E, with the supremum
in (E.2) attained at c∗n(t, x, y) and h∗n(t, x, y) defined as in (E.3) and (E.4), respectively;

(iii) W satisfies Assumptions (A.E.5)–(A.E.7).

Then, it holds W (t, x, y) = Jn(t, x, y) for every (t, x, y) ∈ [0,∞) × E, so that ertW (t, x, y)

coincides with the value function of (2.15) at state (V ai,n
t ,Λai,nt ) = (x, y). Moreover, the

feedback pair (c∗n, H
∗
n) defined as in Assumption (A.E.5) is v0(ai)-admissible and attains the

essential supremum in (2.15), which implies that (c∗n, H∗
n) is optimal.
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Proof. Throughout the proof let us fix (t, x, y) ∈ [0,∞) × E. We first note that the HJB
equation (E.2) can be written as Wt(t, x, y) + sup(c,h)∈R2

[
Lc,hW (t, x, y) + e−rtU(ai, c)

]
= 0,

so that for every (c, h) ∈ R2 it holds that

Wt(t, x, y) + Lc,hW (t, x, y) + e−rtU(ai, c) ≤ 0, (E.6)

with equality in (E.6) if and only if (c, h) = (c∗n, h
∗
n).

Now, let (c,H) ∈ A(v0(ai)) be an arbitrary consumption-trading pair with induced state
process (V,Λ), (Vt,Λt) = (x, y), and fix T > t. With τk defined as in assumption (A.E.6), the
entire trajectory remains inside the compact subset [1/k, k]× [−k, k] ⊆ E on [t, τk]. Hence,
we may apply Itô’s lemma, so that

W (τk, Vτk ,Λτk) =W (t, x, y) +

∫ τk

t

(Wt(s, Vs,Λs) + Lc,hW (s, Vs,Λs)) ds

+

∫ τk

t

Wx(s, Vs,Λs)Hs dMs +

∫ τk

t

Wy(s, Vs,Λs) dNs.

From (E.6) we know that Wt(s, Vs,Λs)+Lc,hW (s, Vs,Λs) ≤ −e−rsU(ai, cs), and by Assump-
tion (A.E.6).(i) both stochastic integrals in the above equation are true martingales so that

E[W (τk, Vτk ,Λτk)] + E

[ ∫ τk

t

e−rsU(ai, cs) ds

]
≤ W (t, x, y) ∀ k ∈ N.

By Assumption (A.E.6).(ii) it holds that τk → T P ai,n-a.s. as k → ∞, which by continuity of
W implies W (τk, Vτk ,Λτk) → W (T, VT ,ΛT ) P

ai,n-a.s., and thus in probability. Moreover, also
by Assumption (A.E.6).(ii), the family (W (τk, Vτk ,Λτk))k∈N is uniformly integrable, so that
Theorem 13.7 in Williams (1991) implies E[W (τk, Vτk ,Λτk)] → E[W (T, VT ,ΛT )] as k → ∞.
On the other hand, since the utility function U is finite for every control pair (c,H) ∈
A(v0(ai)) by Assumption (A.E.1), it holds that

E

[ ∫ τk

t

e−rsU(ai, cs) ds

]
→ E

[ ∫ T

t

e−rsU(ai, cs) ds

]
as k → ∞,

and therefore

E[W (T, VT ,ΛT )] + E

[ ∫ T

t

e−rsU(ai, cs) ds

]
≤ W (t, x, y) ∀T > t.

Hence, by letting T → ∞ and by using Assumptions (A.E.1) and (A.E.7), we find that

E

[ ∫ ∞

t

e−rsU(ai, cs) ds

]
≤ W (t, x, y)− lim inf

T→∞
E[W (T, VT ,ΛT )] ≤W (t, x, y).
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Since (c,H) ∈ A(v0(ai)) was arbitrary, we may take the essential supremum over the ad-
missible consumption-trading pairs conditional on Gai,nt on the left-hand side of the above
inequality, which eventually gives Jn(t, x, y) ≤ W (t, x, y).

To prove the reverse inequality Jn(t, x, y) ≥ W (t, x, y) we apply the exact same argu-
mentation as before, but now with the pair (c∗n, H

∗
n) ∈ A(v0(ai)) from Assumption (A.E.5)

and with the unique strong solution V ∗. Since (E.6) now holds with equality along this
trajectory, every inequality in the previous step above is an equality. More precisely, it holds
that

E[W (T, V ∗
T ,ΛT )] + E

[ ∫ T

t

e−rsU(ai, c
∗
s(s, V

∗
s ,Λs)) ds

]
= W (t, x, y) ∀T > t.

Hence, by letting T → ∞ Assumption (A.E.7) implies

E

[ ∫ ∞

t

e−rsU(ai, c
∗
s(s, V

∗
s ,Λs)) ds

]
= W (t, x, y).

Now, the left-hand side of the above identity is one particular admissible value of the condi-
tional expectation whose essential supremum defines Jn(t, x, y), and therefore it holds that
Jn(t, x, y) ≥ W (t, x, y). Hence, we have proven that Jn(t, x, y) = W (t, x, y), and in particular
by this last step the optimal value is attained at (c∗n, H

∗
n). This concludes the proof. ■

E.4. Convergence of the discrete HJB equations

We now formulate a convergence result for the discrete HJB equations in the viscosity sense.
The proof uses the half-relaxed-limits method and therefore does not require an explicit
representation of the value functions Jn = e−rt Jai,n.

By setting
an := ηai,nΛΛ , dn := ηai,nV Λ , σn := ηai,nV V ,

the Bellman operator corresponding to (E.2) is

Fn(t, x, y, q, p,X) := −q − rx px − bn(y) py −
an
2
Xyy − sup

c∈R

(
e−rt U(ai, c)− c px

)
− sup

h∈R

(
hmn(y) px + h dnXxy +

1

2
h2σnXxx

)
,

(E.7)

for (t, x, y) ∈ [0,∞) × (0,∞) × R, q ∈ R, p = (px, py) ∈ R2, and X =
(
Xxx Xxy
Xxy Xyy

)
∈ S2. For

simplicity, let us further denote the consumption Hamiltonian

Cn(t, p) := sup
c∈R

(
e−rt U(ai, c)− c px

)
,
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and the demand Hamiltonian

Hn(t, y, p,X) := sup
h∈R

(
hmn(y) px + h dnXxy +

1
2
h2σnXxx

)
,

so that the Bellman operator Fn(·) from (E.7) reads as

Fn(t, x, y, q, p,X) = −q − rx px − bn(y) py −
an
2
Xyy − Cn(t, p)−Hn(t, y, p,X).

We denote the lower- and upper semicontinuous envelope of Fn by (Fn)∗ and F ∗
n , respectively,

that is

(Fn)∗(t, x, y, q, p,X) := sup
{
G(t, x, y, q, p,X) : G is lower semicontinuous and G ≤ Fn

}
,

F ∗
n(t, x, y, q, p,X) := inf

{
G(t, x, y, q, p,X) : G is upper semicontinuous and G ≥ Fn

}
,

and we use the same convention for the limiting operator F by writing F∗ and F ∗.

Lemma E.4. The function (p,X) 7→ Hn(t, y, p,X) is convex and lower semicontinuous,
real-valued and continuous on {Xxx < 0}, and its upper semicontinuous envelope H∗

n is equal
to +∞ on {Xxx ≥ 0}. Moreover, it holds that

Hn(t, y, p,X) =


− (mn(y) px+dnXxy)2

2σnXxx
, Xxx < 0,

0, Xxx = 0, mn(y) px + dnXxy = 0,

+∞, otherwise,

with Hn(t, y, p,X) ∈ [0,∞) on {Xxx < 0}.

Proof. The first order condition reads as mn(y) px + dnXxy + hσnXxx = 0, and the second
order condition is given by σnXxx < 0. Since σn > 0 the supremum is attained at

h∗ = −mn(y) px + dnXxy

σnXxx

whenever Xxx < 0, so that Hn(t, y, p,X) = − (mn(y)px+dnXxy)2

2σnXxx
on the set {Xxx < 0}. More-

over, if Xxx > 0 or Xxx = 0 and mn(y) px + dnXxy ̸= 0, then Hn(t, x, y, p,X) = +∞, and
if Xxx = mn(y) px + dnXxy = 0 it follows that Hn(t, y, p,X) = 0. Then, it follows immedi-
ately that (p,X) 7→ Hn(t, y, p,X) is continuous and real-valued on {Xxx < 0}. Convexity of
(p,X) 7→ Hn(t, y, p,X) follows from the fact that Hn(t, y, p,X) is the supremum of a family
of affine functions in (p,X) indexed by h, and lower semicontinuity follows from the very
same fact and Theorem 12.1 in Rockafellar (1970). The statement about the upper semicon-
tinuous envelope follows from Hn(t, y, p,X) = +∞ on {Xxx > 0}, so that the supremum on
an open neighbourhood at Xxx = 0 is +∞. This concludes the proof. ■
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Lemma E.5. The function p 7→ Cn(t, p) is convex, lower semicontinuous, continuous and
finite on {px > 0}, and +∞ on {px < 0}.

Proof. Convexity and lower semicontinuity follow as in the proof of Lemma E.4 from the fact
that p 7→ Cn(t, p) is the supremum of affine functions, and together with Theorem 12.1 in
Rockafellar (1970). Finiteness on {px > 0} follows from assumption (A.E.1), and continuity
on {px > 0} follows from the fact that a finite convex function on an open interval is
continuous (see Theorem 10.1 together with Corollary 10.1.1 in Rockafellar (1970)). ■

Corollary E.6. The function (q, p,X) 7→ Fn(t, x, y, q, p,X) as defined in (E.7) is upper
semicontinuous and therefore satisfies Fn = F ∗

n . Its lower semicontinuous envelope satisfies

(Fn)∗(t, x, y, q, p,X) =

Fn(t, x, y, q, p,X) if px > 0 and Xxx < 0,

−∞ otherwise,

and the same holds true for the limiting operator F .

Proof. We write (E.7) in the form

Fn(t, x, y, q, p,X) = −q − rx px − bn(y) py −
an
2
Xyy − Cn(t, p)−Hn(t, y, p,X).

Since (q, p,X) 7→ −q − rx px − bn(y) py − an
2
Xyy is continuous it is both upper and lower

semicontinuous. Further, the functions (p,X) 7→ −Hn(t, y, p,X) and p 7→ −Cn(t, p) are
upper semicontinuous because they are the negative of lower semicontinuous functions, which
follows from Lemma E.4 and Lemma E.5, respectively. Hence (q, p,X) 7→ Fn(t, x, y, q, p,X)

is upper semicontinuous as a sum of upper semicontinuous functions. The fact that the
lower semicontinuous envelope satisfies (Fn)∗ = −∞ outside of {px > 0}∩{Xxx < 0} follows
from the fact that the upper semicontinuous envelope of (p,X) 7→ Hn(t, y, p,X) is +∞ on
{Xxx ≥ 0} by Lemma E.4, and the same argumentation holds for p 7→ Cn(t, p) on {px ≤ 0}
which is a consequence of Lemma E.5. ■

Throughout, the limiting equation is understood in the sense of discontinuous viscosity
solutions (see Crandall, Ishii, and Lions (1992)): a locally bounded upper semicontinuous
function u is a subsolution if F∗(t, x, y, ϕt, Dϕ,D

2ϕ) ≤ 0 at every point where u − ϕ has a
local maximum, and a locally bounded lower semicontinuous function v is a supersolution
if F ∗ = F ≥ 0 at every point where v − ψ has a local minimum. By Corollary E.6 the
subsolution requirement is void unless ϕx > 0 and ϕxx < 0. The supersolution requirement
is unchanged.

Theorem E.7. Let Assumptions (A.E.1)–(A.E.3) hold true, and assume the following con-
ditions are satisfied:
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(A.E.8) There exist continuous functions b : [0,∞)×E → R and m : [0,∞)×E → R, and
constants a ≥ 0, d ∈ R, and σ > 0, such that for every T > 0 and every compact interval
Iy ⊂ R, the following assertions hold true:

sup
y∈Iy

|bn(y)− b(·, y)| −→ 0, (E.8)

sup
(t,y)∈[0,T ]×Iy

|mn(y)−m(t, ·, y)| −→ 0, (E.9)

an → a, dn → d, σn → σ. (E.10)

The limiting coefficients further satisfy d = 0, the maps b and m are locally Lipschitz in y,
uniformly in t on compacts, and 2b(t, y)y ≤ ry2 for all (t, y).

(A.E.9) There exists σ > 0 such that σn = ηai,nV V ≥ σ for all n ∈ N.

(A.E.10) There is κ ∈ [0, 2) such that for every compact interval Ix ⊂ (0,∞),

sup
n≥1

sup
(t,x,y)∈[0,∞)×Ix×R

ert
∣∣Jn(t, x, y)∣∣
ϱ(y)

< ∞, ϱ(y) = 1 + |y|κ.

(A.E.11) For every T > 0 and every compact set K ⊂ (0,∞)×R, there exist λT,K > 0 and
cT,K > 0 such that for every n ∈ N and every (t, y) with (t, x, y) ∈ [0, T ] × K for some x,
the map

x 7→ Jn(t, x, y) +
λT,K
2

x2

is concave on each x-section of K, and the map

x 7→ Jn(t, x, y)− cT,Kx

is non-decreasing on each x-section of K.

(A.E.12) Let ϱ be as in Assumption (A.E.10), and assume that J and J , defined via

J(t, x, y) := lim
ε↘0

sup
{
Jn(s, ξ, η) : n ≥ ε−1, |s− t|+ |ξ − x|+ |η − y| < ε

}
,

J(t, x, y) := lim
ε↘0

inf
{
Jn(s, ξ, η) : n ≥ ε−1, |s− t|+ |ξ − x|+ |η − y| < ε

}
,

satisfy

lim
x↘0

sup
(t,y)∈[0,∞)×R

ert(J − J)+(t, x, y)

ϱ(y)
= 0, lim

x→∞
sup

(t,y)∈[0,∞)×R

ert(J − J)+(t, x, y)

ϱ(y)
= 0.
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Then there exists a unique continuous viscosity solution

J : [0,∞)× (0,∞)× R → R

of the limiting HJB equation

F (t, x, y, Jt, DJ,D
2J) = 0,

which is obtained from (E.7) by replacing (bn,mn, an, dn, σn) with (b,m, a, d, σ), and

Jn → J locally uniformly on [0,∞)× (0,∞)× R.

To eventually prove Theorem E.7 we first need to establish some auxiliary results. For
a function u : Rn → R, let us denote the second-order subjet of u at x by J 2,−u(x), that is
the set of pairs (p,X) ∈ Rn × Sn such that

u(y) ≥ u(x) + pT(y − x) +
1

2
(y − x)TX(y − x) + o(∥y − x∥2) as y → x.

Lemma E.8. Let Assumption (A.E.11) hold true. If (p,X) ∈ J 2,−Jn(t0, x0, y0) for some
(t0, x0, y0) ∈ [0, T ]×K, then Xxx ≤ −λT,K, and px ≥ cT,K > 0.

Proof. By Assumption (A.E.11) the function g(x) = Jn(t0, x, y0) +
λT,K
2
x2 is concave. Let

q ∈ R be a supergradient of g at x0, so that g(x) ≤ g(x0) + q(x − x0) near x0. Now, the
second-order subjet expansion restricted to the x-line yields

Jn(t0, x, y0) ≥ Jn(t0, x0, y0) + px(x− x0) +
1

2
(x− x0)

2Xxx + o(|x− x0|2).

Then, by substituting Jn = g − λT,K
2
x2 into this expansion, and by taking x = x0 ± h, we

find that
±h(q − λT,Kx0)−

λT,K
2

h2 ≥ ±h px +
1

2
h2Xxx + o(h2).

By summing up the two inequalities, i.e., the “+” and the “−” inequality, and by dividing
by h2 yields −λT,K ≥ Xxx + 2o(h2)/h2 ≥ Xxx.

For the second assertion, note that since x 7→ Jn(t0, x, y0) − cT,Kx is non-decreasing by
Assumption (A.E.11), we have for each h < 0 that Jn(t0, x0 + h, y0)− Jn(t0, x0, y0) ≤ cT,Kh.
The subjet expansion restricted to the x-line then gives

Jn(t0, x0 + h, y0)− Jn(t0, x0, y0) ≥ pxh+
1

2
Xxxh

2 + o(h2).

Hence, we have pxh+ 1
2
Xxxh

2 + o(h2) ≤ cT,Kh, so that dividing by h < 0 and letting h↗ 0

yields px ≥ cT,K . This concludes the proof. ■
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Lemma E.9. Under Assumptions (A.E.10) and (A.E.11) it holds that for every T > 0 and
every compact subset K ′ ⊂ int(K) there exists LT,K,K′ <∞ with

|Jn(t, x, y)− Jn(t, x
′, y)| ≤ LT,K,K′|x− x′|

for all n ∈ N and all (t, x, y), (t, x′, y) ∈ [0, T ]×K ′.

Proof. A concave function bounded on a convex compact set is Lipschitz on any interior
compact subset, and its Lipschitz constant depends only on the bound of the function and
on the distance between K ′ and ∂K. Indeed, let g be concave on K, and assume that
|g| ≤ M on K. Since −g is convex, the local Lipschitz estimate follows from Theorem 10.4
in Rockafellar (1970) and its proof. Applying this fact to g : x 7→ Jn(t, x, y) +

λT,K
2
x2, which

is uniformly bounded by Assumption (A.E.10) yields

|Jn(t, x, y)− Jn(t, x
′, y)| ≤ |g(x)− g(x′)|+ λT,K

2
|x2 − (x′)2|

≤
(
L̃K,K′ + λT,K sup

x∈K
|x|
)
|x− x′|,

which concludes the proof. ■

Lemma E.10. Let Assumptions (A.E.10) and (A.E.11) hold, and let

J(t, x, y) := lim
ε↘0

inf
{
Jn(s, ξ, η) : n ≥ ε−1, |s− t|+ |ξ − x|+ |η − y| < ε

}
.

Then for every (t, y) such that (t, x, y) ∈ [0, T ]× int(K), the map x 7→ J(t, x, y) +
λT,K
2
x2 is

concave on each x-section of int(K), and the map x 7→ J(t, x, y) − cT,Kx is non-decreasing
on each x-section of int(K).

Proof. Let LT,K,K′ be the Lipschitz constant from Lemma E.9. For ε > 0 set

Iε(t, x, y) := inf
{
Jn(s, x, η) : n ≥ ε−1, |s− t|+ |η − y| < ε

}
.

From Lemma E.9 it follows that replacing x by any ξ with |ξ − x| < ε changes Jn(s, ξ, η)
by at most εLT,K,K′ , and thus by definition

∣∣J(t, x, y) − limε↘0 Iε(t, x, y)
∣∣ = 0. Now, for a

fixed (s, η) and n, the map x 7→ Jn(s, x, η)+
λT,K
2
x2 is concave by Assumption (A.E.11), and

because an infimum of concave functions is concave, it follows that x 7→ Iε(t, x, y) +
λT,K
2
x2

is concave for each ε, and so is its pointwise limit as ε↘ 0.
On the other hand, for a fixed (s, η) and n the map x 7→ Jn(s, x, η) − cT,Kx is non-

decreasing by Assumption (A.E.11) because an infimum of non-decreasing functions is non-
decreasing. Hence the map x 7→ Iε(t, x, y) − cT,Kx is non-decreasing for each ε, which
eventually implies that its pointwise limit as ε↘ 0 is non-decreasing. ■
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Lemma E.11. Let u be an upper semicontinuous subsolution and v a lower semicontinuous
supersolution, and assume that x 7→ v(t, x, y)+

λT,K
2
x2 is concave. Let (p,X) ∈ J 2,+u(t, x, y)

and (p, Y ) ∈ J 2−v(t′, x′, y′) with X ≤ Y (i.e., Y − X is positive semi-definite). Then
Xxx ≤ Yxx ≤ −λT,K < 0.

Proof. Since Y −X is positive semi-definite it holds that aT(Y −X)a ≥ 0 for every vector
a ∈ R2, so that (

1 0
)
(Y −X)

(
1

0

)
= Yxx −Xxx ≥ 0,

and therefore Xxx ≤ Yxx. The fact that Yxx ≤ −λT,K follows from Lemma E.8. ■

With these results in hand we are now ready to give the proof to Theorem E.7.

Proof of Theorem E.7. Fix T > 0 and a compact set K ⊂ (0,∞)×R. We work on [0, T ]×K.

Step 1: definition of the half-relaxed limits. By Assumption (A.E.10), the upper and lower
half-relaxed limits of the sequence (Jn) are well defined:

J(t, x, y) := lim sup
n→∞

∗Jn(t, x, y), J(t, x, y) := lim inf
n→∞ ∗Jn(t, x, y),

that is,

J(t, x, y) = lim
ε↓0

sup
{
Jn(s, ξ, η) : n ≥ ε−1, |s− t|+ |ξ − x|+ |η − y| < ε

}
,

and
J(t, x, y) = lim

ε↓0
inf
{
Jn(s, ξ, η) : n ≥ ε−1, |s− t|+ |ξ − x|+ |η − y| < ε

}
.

The function J is upper semicontinuous, the function J is lower semicontinuous, and

J ≤ J.

Step 2: J is a viscosity subsolution of the limiting equation. Let ϕ ∈ C1,2 be such that J −ϕ

attains a strict local maximum at (t0, x0, y0) ∈ (0, T )× int(K) and

(J − ϕ)(t0, x0, y0) = 0.

By the standard half-relaxed-limits argument of Crandall, Ishii, and Lions 1992, Lemma 6.1
and Remark 6.3, there exist integers nk → ∞ and points

(tk, xk, yk) → (t0, x0, y0)
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such that
Jnk(tk, xk, yk) → J(t0, x0, y0),

and Jnk − ϕ attains a local maximum at (tk, xk, yk).
Since each Jnk is a viscosity subsolution of

Fnk(t, x, y, Jnk,t, DJnk , D
2Jnk) = 0,

we have
Fnk
(
tk, xk, yk, ϕt(tk, xk, yk), Dϕ(tk, xk, yk), D

2ϕ(tk, xk, yk)
)
≤ 0.

On {ϕx(t0, x0, y0) ≤ 0} ∪ {ϕxx(t0, x0, y0) ≥ 0} we know from Corollary E.6 that

F∗
(
t0, x0, y0, ϕt(t0, x0, y0), Dϕ(t0, x0, y0), D

2ϕ(t0, x0, y0)
)
= −∞ ≤ 0,

and so there is nothing to prove. So assume without loss of generality that ϕx(t0, x0, y0) > 0

and ϕxx(t0, x0, y0) < 0. By assumption ϕ ∈ C1,2, so that ϕx and ϕxx are both continuous,
and because (tk, xk, yk) → (t0, x0, y0) there exists k0 ∈ N, such that for all k ≥ k0 it holds
that

ϕx(tk, xk, yk) ≥
1

2
ϕx(t0, x0, y0) > 0, ϕxx(tk, xk, yk) ≤

1

2
ϕxx(t0, x0, y0) < 0.

Indeed, for all δ > 0 there is k0 ∈ N so that for all k ≥ k0: ∥(tk, xk, yk) − (t0, x0, y0)∥ < δ.
Moreover, for every ε > 0 there exists δ > 0 such that for all ∥(tk, xk, yk)− (t0, x0, y0)∥ < δ it
holds |ϕx(tk, xk, yk)− ϕx(t0, x0, y0)| < ε. Hence, for a fixed ε > 0 we find δ > 0, and for this
particular δ > 0 we find k0 ∈ N, such that for all k ≥ k0 it holds ∥(tk, xk, yk)−(t0, x0, y0)∥ < δ

and thus ϕx(tk, xk, yk) − ϕx(t0, x0, y0) ∈ (−ε,+ε). Moreover, since ϕx(t0, x0, y0) > 0 there
exists ε′ > 0 so that ϕx(t0, x0, y0) ≥ ε′, and by taking ε = ε′

2
we find that

ϕx(tk, xk, yk)− ϕx(t0, x0, y0) +
1

2
ϕx(t0, x0, y0) > −ε

′

2
+
ε′

2
= 0,

which suffices to conclude ϕx(tk, xk, yk) ≥ 1
2
ϕx(t0, x0, y0). The second inequality follows by

a similar argument. On the region {ϕx(t0, x0, y0) > 0} ∩ {ϕxx(t0, x0, y0) < 0} the maps Hn

and Cn are real-valued and continuous by Lemma E.4 and Lemma E.5, respectively. In fact,
on {ϕx(t0, x0, y0) > 0} ∩ {ϕxx(t0, x0, y0) < 0} both Hn and Cn are uniformly continuous in
n because their coefficients converge locally uniformly by Assumption (A.E.8) and because
σn ≥ σ > 0 by Assumption (A.E.9). Hence, we may pass to the limit in the operator:

Fnk
(
tk, xk, yk, ϕt, Dϕ,D

2ϕ
)
−→ F

(
t0, x0, y0, ϕt(t0, x0, y0), Dϕ(t0, x0, y0), D

2ϕ(t0, x0, y0)
)
,
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so that
F∗
(
t0, x0, y0, ϕt(t0, x0, y0), Dϕ(t0, x0, y0), D

2ϕ(t0, x0, y0)
)
≤ 0.

Thus J is a viscosity subsolution of the limiting HJB equation.

Step 3: J is a viscosity supersolution of the limiting equation. Let ψ ∈ C1,2 be such that
J − ψ attains a strict local minimum at (t0, x0, y0) ∈ (0, T )× int(K) and

(J − ψ)(t0, x0, y0) = 0.

Applying again the half-relaxed-limits argument of Crandall, Ishii, and Lions 1992, Lemma 6.1
and Remark 6.3, we find integers nk → ∞ and points

(tk, xk, yk) → (t0, x0, y0)

such that
Jnk(tk, xk, yk) → J(t0, x0, y0),

and Jnk − ψ attains a local minimum at (tk, xk, yk).
Since each Jnk is a viscosity supersolution, we have

Fnk
(
tk, xk, yk, ψt(tk, xk, yk), Dψ(tk, xk, yk), D

2ψ(tk, xk, yk)
)
≥ 0. (E.11)

We first note that the above inequality (E.11) implies

Hnk

(
tk, xk, yk, Dψ(tk, xk, yk), D

2ψ(tk, xk, yk)
)
<∞, Cnk(tk, Dψ(tk, xk, yk)) <∞,

since otherwise the left-hand side in (E.11) is −∞. By Lemma E.4 and Lemma E.5 this fact
implies ψx(tk, xk, yk) ≥ 0 and ψxx(tk, xk, yk) ≤ 0. Now, we may rewrite (E.11) as

Cnk(tk, Dψ(tk, xk, yk)) +Hnk

(
tk, xk, yk, Dψ(tk, xk, yk), D

2ψ(tk, xk, yk)
)

≤ −ψt(tk, xk, yk)− rxk ψx(tk, xk, yk)− bnk(yk)ψy(tk, xk, yk)−
ank
2
ψyy(tk, xk, yk),

whose right-hand side converges to

−ψt(t0, x0, y0)− rx0 ψx(t0, x0, y0)− b(t0, y0)ψy(t0, x0, y0)−
a

2
ψyy(t0, x0, y0)

by Assumption (A.E.8) and the fact that ψ ∈ C1,2. From Lemma E.4 and Lemma E.5
together with Assumptions (A.E.8) and (A.E.9) the Hamiltonians are suprema of affine
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functions whose coefficients converge, and therefore

lim inf
k→∞

Cnk(tk, ψx) = lim inf
k→∞

sup
c∈R

(
e−rt U(ai, c)− c ψx(tk, xk, yk)

)
≥ sup

c∈R
lim inf
k→∞

(
e−rt U(ai, c)− c ψx(tk, xk, yk)

)
= C(t0, Dψ(t0, x0, y0)),

and similarly

lim inf
k→∞

Hnk

(
tk, xk, yk, Dψ,D

2ψ
)
≥ H

(
t0, x0, y0, Dψ(t0, x0, y0), D

2ψ(t0, x0, y0)
)
,

so that

lim inf
k→∞

(
Cnk(tk, Dψ(tk, xk, yk)) +Hnk

(
tk, xk, yk, Dψ(tk, xk, yk), D

2ψ(tk, xk, yk)
))

≥ lim inf
k→∞

Cnk(tk, Dψ(tk, xk, yk)) + lim inf
k→∞

Hnk

(
tk, xk, yk, Dψ(tk, xk, yk), D

2ψ(tk, xk, yk)
)

≥ C(t0, Dψ(t0, x0, y0)) +H
(
t0, x0, y0, Dψ(t0, x0, y0), D

2ψ(t0, x0, y0)
)
,

which together with the above eventually implies

F
(
t0, x0, y0, ψt(t0, x0, y0), Dψ(t0, x0, y0), D

2ψ(t0, x0, y0)
)
≥ 0.

Hence J is a viscosity supersolution of the limiting HJB equation.

Step 4: comparison and identification of the limit. The goal of this step is to conclude J ≤ J .
The idea is to apply the comparison principle, which is proven in Lemma E.14 below, to the
pair (J, J). To do so we have to show that the assumptions of Lemma E.14 are satisfied.

(a) The first requirement is that J is an upper semicontinuous subsolution of F∗ = 0. Upper
semicontinuity is proven in Step 1, and the subsolution property is confirmed in Step 2.
Recall from Corollary E.6 that the inequality is asserted only at jets with ϕx > 0 and
ϕxx < 0; by (d) below this is harmless.

(b) The second requirement is that J is a lower semicontinuous supersolution of F = 0.
Again, lower semicontinuity is proven in Step 1, and the supersolution property is confirmed
in Step 3.

(c) Both, J and J , must satisfy the growth bound of Lemma E.14. By assumption (A.E.10)
this requirement is satisfied since ert |Jn|

ϱ
is bounded on [0,∞) × Ix × R uniformly in n and

both half-relaxed limits inherit that bound. Assumption (iii) of Lemma E.14 is covered by
Assumption (A.E.12).

(d) Finally, we need that J is uniformly strictly concave in wealth. This requirement is
covered by Lemma E.10, which uses Lemma E.9, and Assumptions (A.E.10)–(A.E.11).
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Hence Lemma E.14 applies and yields J ≤ J on [0,∞) × E. Since always J ≤ J by
Step 1, we conclude

J = J =: J on [0,∞)× E,

so that J is both upper and lower semicontinuous, hence continuous, and is a viscosity
solution of the limiting equation. Moreover J = J is uniformly strictly concave in wealth
on compacts, and uniqueness of J in that class follows from Lemma E.14 applied to two
solutions. ■

E.5. Comparison lemma

By Assumption (A.E.8) the limiting operator is

F (t, x, y, q, p,X) = −q − rx px − b(t, y) py −
a

2
Xyy − C(t, px)−H(t, y, px, Xxx), (E.12)

with C(t, px) = supc∈R(e
−rt U(ai, c)− cpx) and, since d = 0, H = − (m(t,y)px)2

2σXxx
on {Xxx < 0}.

We first prove that the limiting operator F is proper in the sense of condition (0.1) in
Crandall, Ishii, and Lions (1992).

Lemma E.12. Let Assumption (A.E.8) hold. Then the operator F defined in (E.12) is
proper, i.e.,

F (t, x, y, q, p,X) ≤ F (t, x, y, q, p, Y ) ∀Y ≤ X.

Proof. Note that X − Y is positive semi-definite by definition of Y ≤ X, and therefore

(
1 0

)(Xxx − Yxx Xxy − Yxy
Xxy − Yxy Xyy − Yyy

)(
1

0

)
= Xxx − Yxx ≥ 0,

and similarly (
0 1

)(Xxx − Yxx Xxy − Yxy
Xxy − Yxy Xyy − Yyy

)(
0

1

)
= Xyy − Yyy ≥ 0.

Consequently, it holds

hm(t, y) +
1

2
h2σXxx ≥ hm(t, y) +

1

2
h2σYxx ∀h ∈ R,

so that H(t, x, y, q, p,X) ≥ H(t, x, y, q, p, Y ). Hence, since a ≥ 0 by (A.E.8), we eventually
obtain from

F (t, x, y, q, p,X)−F (t, x, y, q, p, Y ) = −a
2
(Xyy−Yyy)−(H(t, x, y, q, p,X)−H(t, x, y, q, p, Y ))

that F (t, x, y, q, p,X)− F (t, x, y, q, p, Y ) ≤ 0, and this concludes the proof. ■
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Note that Lemma E.12 only requires Y ≤ X, but not also r ≤ s as in condition (0.1) of
Crandall, Ishii, and Lions (1992). The reason is that the limiting operator F only depends
on first and second order partial derivatives, but not on the zeroth order.

Next, we prove that the limiting operator F satisfies condition (3.14) in Crandall, Ishii,
and Lions (1992).

Lemma E.13. Let Assumptions (A.E.8) and (A.E.9) hold, and let u be an upper semicon-
tinuous subsolution of F∗ = 0, and v a lower semicontinuous supersolution of F = 0 on
(0,∞)× E, and assume that the following assertions are satisfied:

(i) for every compact interval Ix ⊂ (0,∞), it holds sup[0,∞)×Ix×R
ert(|u|+|v|)

ϱ(y)
< ∞, where

ϱ(y) = 1 + |y|κ for some κ ∈ [0, 2) as in Assumption (A.E.10);

(ii) for every T > 0 and every compact K ⊂ (0,∞)× R there are cT,K > 0 and λT,K > 0

such that x 7→ v(t, x, y)−cT,Kx is non-decreasing and x 7→ v(t, x, y)+
λT,K
2
x2 is concave

on the x-sections of K, for all t ∈ [0, T ];

(iii) limx↓0 sup(t,y)
ert(u−v)+

ϱ(y)
= limx→∞ sup(t,y)

ert(u−v)+
ϱ(y)

= 0, with ϱ(y) = 1 + |y|κ for some
κ ∈ [0, 2) as in (i).

Let K ⊆ E be a compact subset of E. If α > 0 and (t, z1), (t, z2) ∈ [0, T ]× int(K) are such
that

(α(z1 − z2), X) ∈ J 2,+
u(t, z1), and (α(z1 − z2), Y ) ∈ J 2,−

v(t, z2),

with X, Y ∈ S2 satisfying

−3α

(
I 0

0 I

)
≤

(
X 0

0 −Y

)
≤ 3α

(
I −I
−I I

)
, (E.13)

then there exists a constant cT,K,K′ ∈ (0,∞) such that

F (t, z2, α(z1 − z2), Y )− F (t, z1, α(z1 − z2), X) ≤ cT,K,K′(α∥z1 − z2∥2 + ∥z1 − z2∥).

Proof. Let us first note that the following facts hold:

(a) Since the function v satisfies assertion (ii), which is the analogue of Assumption (A.E.11),
we can adopt the proof of Lemma E.8 to show that Yxx ≤ −λT,K and px ≥ cT,K .

(b) By the comment after condition (3.10) in Crandall, Ishii, and Lions (1992), it follows
from (E.13) that X ≤ Y . Hence, in the same spirit as in the proof of Lemma E.12 we find
that Yxx −Xxx ≥ 0, and thus by assertion (a) it holds Xxx ≤ Yxx ≤ −λT,K < 0.

(c) Since assumptions (i) and (ii) are the analogues of Assumptions (A.E.10) and (A.E.11),
we may adopt the proof of Lemma E.9 to show that for every T > 0 and every compact
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subset K ′ ⊂ int(K) there exists LT,K,K′ <∞ with

|v(t, x, y)− v(t, x′, y)| ≤ LT,K,K′|x− x′| ∀ (t, x, y), (t, x′, y) ∈ [0, T ]×K ′.

Now, by the definition of the subjet it holds that

v(t, z) ≥ v(t, z2) + α(z1 − z2)
T(z − z2) +

1

2
(z − z2)

TY (z − z2) + o(∥z − z2∥2) z → z2,

and by taking z = (x2 + h, y2) for h small this inequality becomes

v(t, x2 + h, y2) ≥ v(t, x2, y2) + α(x1 − x2)h+ 1
2
h2Yxx + o(|h|2),

and so together with the fact that v is Lipschitz in x we eventually have

α(x1 − x2)h+ 1
2
h2Yxx + o(|h|2) ≤ v(t, x2 + h, y2)− v(t, x2, y2) ≤ LT,K,K′|h|.

Now, if x1 − x2 ≤ 0 take h < 0, and if x1 − x2 ≥ 0 take h > 0, so that in both cases we have

α|x1 − x2| · |h|+ 1
2
h2Yxx + o(|h|2) ≤ LT,K,K′ |h|.

Hence, dividing first by |h|, and then letting either h ↗ 0 if h < 0 or h ↘ 0 if h > 0, we
eventually obtain α|x1 − x2| ≤ LT,K,K′ , and therefore |px| ≤ 2LT,K,K′ .

Now, let us analyze the difference of the operators. In particular, we have

F (t, z2, α(z1 − z2), Y )− F (t, z1, α(z1 − z2), X)

= r(x1 − x2)px + (b(t, y1)− b(t, y2))py +
a

2
(Xyy − Yyy) +H(t, z1, p,X)−H(t, z2, p, Y ),

and we analyze this difference term by term.

(1) To analyze the term r(x1−x2)px+(b(t, y1)−b(t, y2))py, let us first note that by assumption
p = (px, py) = α(z1 − z2), and thus px = α(x1 − x2) and py = α(y1 − y2). Therefore, it holds

r(x1 − x2)px + (b(t, y1)− b(t, y2))py = rα(x1 − x2)
2 + (b(t, y1)− b(t, y2))α(y1 − y2)

≤ (r + Lip(b))α∥z1 − z2∥2,

where we use from Assumption (A.E.8) that b is locally Lipschitz-continuous, uniformly in t
on compacts.

(2) To analyze the difference a
2
(Xyy − Yyy) we note as in the proof of Lemma E.12 that

X ≤ Y implies Yyy − Xyy ≥ 0, which together with a ≥ 0 by Assumption (A.E.8) implies
the upper bound a

2
(Xyy − Yyy) ≤ 0.
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(3) Note that the consumption Hamiltonian C(t, px) cancels exactly because the doubling
is in space only, which means that t and px are common to the two sides. In particular no
regularity of t 7→ C(t, ·) is needed.

(4) Finally, for the portfolio Hamiltonian H(·) compare the suprema for each h. For this pur-
pose, we first note that by Assumption (A.E.8) the function m is locally Lipschitz-continuous
in y, uniformly in t, so that

m(t, y1)−m(t, y2) ≤ |m(t, y1)−m(t, y2)| ≤ Lip(m)|y1 − y2|.

Then, since by assertion (b) it holds Xxx ≤ Yxx, we find that

hm(t, y1)px +
h2

2
σXxx ≤ hm(t, y2)px +

h2

2
σYxx + |h|Lip(m)|y1 − y2| · |px| ∀h ∈ R.

From assertion (c) we further know that

|h|Lip(m)|y1 − y2| · |px| = |h|Lip(m)|y1 − y2| · α|x1 − x2| ≤ |h|Lip(m)|y1 − y2|2LT,K,K′ .

However, since Xxx ≤ Yxx ≤ −λT,K < 0 by assertion (a), the portfolio Hamiltonian H(·)
on the left-hand side above satisfies H = − (m(t,y1)px)2

2σXxx
. More precisely, on the left-hand side

above, the supremum is attained at h = −m(t,y1)px
σXxx

, which implies

|h| = |m(t, y1)| · |px|
σ|Xxx|

≤ sup
(x,y)∈K

Lip(m)|y|2LT,K,K′

σλT,K,K′
=: c̃T,K,K′

Therefore, we eventually find that

H(t, z1, p,X) ≤ H(t, z2, p, Y ) + c̃T,K,K′ Lip(m)|y1 − y2|2LT,K,K′ .

By combining assertions (1)–(4) we find that

F (t, z2, α(z1 − z2), Y )− F (t, z1, α(z1 − z2), X)

≤ (r + Lip(b))α∥z1 − z2∥2 + 2c̃T,K,K′LT,K,K′ Lip(m)∥z1 − z2∥
≤ (r + Lip(b) + 2c̃T,K,K′LT,K,K′ Lip(m))(α∥z1 − z2∥2 + ∥z1 − z2∥),

and setting cT,K,K′ := r+Lip(b)+2c̃T,K,K′LT,K,K′ Lip(m) is enough to conclude the proof. ■

With Lemma E.12 and Lemma E.13 in hand we can now state and prove the comparison
result needed for the proof of Theorem E.7.

Lemma E.14. Let Assumptions (A.E.8) and (A.E.9) hold, and let u be an upper semicon-
tinuous subsolution of F∗ = 0, and v a lower semicontinuous supersolution of F = 0 on
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(0,∞)× E, and assume the following assertions hold true:

(i) for every compact interval Ix ⊂ (0,∞), it holds sup[0,∞)×Ix×R
ert(|u|+|v|)

ϱ(y)
< ∞, where

ϱ(y) = 1 + |y|κ for some κ ∈ [0, 2) as in Assumption (A.E.10);

(ii) for every T > 0 and every compact K ⊂ (0,∞)× R there are cT,K > 0 and λT,K > 0

such that x 7→ v(t, x, y)−cT,Kx is non-decreasing and x 7→ v(t, x, y)+
λT,K
2
x2 is concave

on the x-sections of K, for all t ∈ [0, T ];

(iii) limx↓0 sup(t,y)
ert(u−v)+

ϱ(y)
= limx→∞ sup(t,y)

ert(u−v)+
ϱ(y)

= 0, with ϱ(y) = 1 + |y|κ for some
κ ∈ [0, 2) as in (i).

Then u ≤ v on [0,∞)× E.

Proof. Fix ε > 0 and δ > 0. By assumption (iii) there are 0 < x− < x+ <∞, such that

u(t, x, y)− v(t, x, y) ≤ ε e−rt ϱ(y) for all x ≤ x− or x ≥ x+. (E.14)

Moreover, by letting Ix := [x−, x+] and

ι := sup
(t,x,y)∈[0,∞)×Ix×R

ert(|u(t, x, y)|+ |v(t, x, y)|)
ϱ(y)

<∞,

it holds that ι <∞ by assumption (i), and further

ι e−rt ϱ(y) ≥ (|u(t, x, y)|+ |v(t, x, y)|) ≥ u(t, x, y)− v(t, x, y). (E.15)

Now, let us fix M0 >
a
r

and set

χ(t, y) := e−rt(M0 + y2), vδ := v + δχ.

Since χ does not depend on x, we have χx = χxx = χxy = 0, so C and H in (E.12) are
unchanged by the perturbation, and vδ still satisfies (ii). Moreover, for every subjet of v at
the point (t, x, y), it holds that

F (·, ψt + δχt, Dψ + δDχ,D2ψ + δD2χ) = F (·, ψt, Dψ,D2ψ) + δ
r(M0 + y2)− 2b(t, y)y − a

ert
,

and by Assumption (A.E.8) it also holds that 2b(t, y)y ≤ ry2, so the numerator in the second
term of the right-hand side in the above equation is at least rM0−a > 0. The strict inequality
here holds by our initial assumption M0 >

a
r
. Hence vδ is again a supersolution, and vδ ≥ v.

Since ϱ(y) = 1 + |y|κ with κ < 2, there is R = Rδ such that δy2 > 2ιϱ(y) for all |y| ≥ R.
Indeed, dividing both sides by y2 yields

δ > 2ι
ϱ(y)

y2
= 2ι(y−2 + |y|κ−2) → 0 as y → ∞,
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since κ < 2 by assumption (iii). By choosing R large enough, it holds that δ > 2ι(y−2+yκ−2)

for all |y| ≥ R. Hence, together with (E.15) it holds that

u− vδ ≤ 2ι e−rt ϱ(y)− δ e−rt(M0 + y2) < 0 on [0,∞)× Ix × {|y| ≥ R}. (E.16)

We already know from (E.15) that u− v ≤ 2ι e−rt ϱ(y) on [0,∞)× Ix × R. Now, choose
T > 0 with 2ι e−rT ϱ(R) ≤ ε, so that

u− vδ ≤ u− v ≤ ε on {T} × Ix × [−R,R]. (E.17)

Then, consider the set

Q := (0, T )× (x−, x+)× (−R,R).

Since the operator (E.12) contains no zeroth-order term, vδ + ε′ is again a supersolution for
every constant ε′. For our purpose, set ε′ := εϱ(R). By combining (E.14), (E.16) and (E.17),
we thus obtain u ≤ vδ + ε′ on the whole parabolic boundary of Q (the two lateral faces in
x, the two lateral faces in y, and the terminal face t = T ). On Q the functions u and vδ are
bounded, vδ satisfies (ii) with a single constant λ := λT,Q, and by the same argumentation
as in the proof of Lemma E.9 it is Lipschitz-continuous in x, uniformly in (t, y), with a
Lipschitz-constant LT,Q. In particular, if (p,X) ∈ J 2,−vδ(t, x, y), then it follows by the
same argumentation as in Lemma E.8 that Xxx ≤ −λT,Q. The reason is that vδ satisfies
assumption (ii) which is the analogue of (A.E.11) for the limiting operator. On the other
hand, by the subjet inequality evaluated at (t, x′, y) it holds that

vδ(t, x
′, y)− vδ(t, x, y) ≥ px(x

′ − x) +
1

2
(x′ − x)2Xxx + o(|x′ − x|2),

so that letting x′ = x+ h yields

vδ(t, x+ h, y)− vδ(t, x, y) ≥ pxh+
1

2
h2Xxx + o(|h|2).

However, we may note that by assumption (ii) there is cT,Q̄ > 0 so that

vδ(t, x+ h, y)− vδ(t, x, y) = v(t, x+ h, y)− v(t, x, y) ≤ cT,Q̄h ∀h < 0.

Consequently, we find that pxh+ 1
2
h2Xxx+ o(|h|2) ≤ cT,Q̄h for all h < 0, so that dividing by

h and letting h↗ 0 yields px ≥ cT,Q̄. As a consequence, the operator F (·) is only needed on
a set {Xxx ≤ −λT,Q̄} ∩ {px ≥ cT,Q̄} on which it is continuous. The assertion follows by the
same argumentation as in the proofs of Lemma E.4, Lemma E.5, and Corollary E.6. The fact
that F is not globally continuous is therefore immaterial, and the distinction between F and
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F∗ disappears at the doubled points. Together with Lemma E.12 and Lemma E.13, which
show that F is proper and satisfies condition (3.14) in Crandall, Ishii, and Lions (1992), we
may thus adapt the proof of Theorem 8.2 in Crandall, Ishii, and Lions (1992) to conclude
that

u ≤ vδ + εϱ(R) on Q.

Together with (E.14), (E.16) and the bound u−v ≤ 2ι e−rt ϱ(y) for t ≥ T , the same inequality
holds on all of [0,∞)× E.

Letting δ ↘ 0 gives u ≤ v + εϱ(R) pointwise. Here it is worth noting that R was chosen
before δ. Then, by letting ε↘ 0 we obtain u ≤ v, and this concludes the proof. ■

E.6. Convergence of the first order partial derivatives

We use the following standard definitions. A vector x∗ ∈ Rn is a supergradient of the function
f : C ⊆ Rn → R at x, if for all y ∈ C it holds f(y) ≤ f(x)+ ⟨x∗, y−x⟩. The superdifferential
of f at x is then the set of all supergradients of f at x, and we write

∂+f(x) :=
{
x∗ ∈ Rn : f(y) ≤ f(x) + ⟨x∗, y − x⟩ ∀y ∈ C

}
.

We have the following result.

Lemma E.15. Let Assumption (A.E.11) hold on [0, T ] ×K and let Jn → J uniformly on
[0, T ] × K, with J(t, ·, y) continuously differentiable on the x-sections of int(K), uniformly
in (t, y). Then for every compact K ′ ⊂ int(K),

sup
[0,T ]×K′

∣∣∂xJn(t, x, y)− ∂xJ(t, x, y)
∣∣→ 0, as n→ ∞.

where ∂xJn may be read as any selection of the (nonempty) x-superdifferential of the semi-
concave function x 7→ Jn(t, x, y).

Proof. Write λ = λT,K and gn(t, ·, y) = Jn(t, ·, y) + λ
2
x2, which is concave by Assump-

tion (A.E.11). Concavity of gn implies for any α ∈ [0, 1] and any x, x′ ∈ K that

Jn(t, αx+ (1− α)x′, y) + λ
2
(αx+ (1− α)x′)2

≥ αJn(t, x, y) + (1− α)Jn(t, x
′, y) + λ

2
(αx2 + (1− α)(x′)2),

which together with convexity of x 7→ x2 implies that Jn(t, ·, y) is concave. Hence, by
Theorem 23.4 in Rockafellar (1970), for a point (x, y) ∈ K ′ ⊂ int(K) the x-superdifferential
of Jn(t, ·, y) at x is non-empty, i.e., there exists a supergradient pn ∈ R of Jn(t, ·, y) at x and
therefore satisfies

Jn(t, x̃, y) ≤ Jn(t, x, y) + pn(x̃− x) ∀ (x̃, y) ∈ K.
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Now, by taking x̃ = x± h for some h > 0 small, we find that

Jn(t, x+ h, y)− Jn(t, x, y)

h
≤ pn ≤ Jn(t, x, y)− Jn(t, x− h, y)

h
. (E.18)

Since Jn → J locally uniformly on [0,∞)× E, it follows from (E.18) that

J(t, x+ h, y)− J(t, x, y)

h
≤ lim inf

n→∞
pn ≤ lim sup

n→∞
pn ≤ J(t, x, y)− J(t, x− h, y)

h
.

Moreover, since J(t, ·, y) is continuously differentiable by assumption, letting h ↘ 0 then
yields

lim
h↘0

J(t, x+ h, y)− J(t, x, y)

h
= Jx(t, x, y) = lim

h↘0

J(t, x, y)− J(t, x− h, y)

h
.

Hence, the two limits agree. Uniform convergence then follows from Theorem 25.7 in Rock-
afellar (1970). This concludes the proof. ■

E.7. Convergence of the second order partial derivatives

(A.E.13) For every T > 0 and every compact subset K ⊆ E the functions (Jn)n∈N belong to
C1,2([0, T ]×K), and the families (Jt,n)n∈N, (DJn)n∈N, and (D2Jn)n∈N are uniformly bounded
and equicontinuous on [0, T ]×K.

Proposition E.16. Let the assumptions of Theorem E.7 hold, and assume that (A.E.4) and
(A.E.13) hold as well. Then the limit J in Theorem E.7 is in C1,2([0,∞)×E), is a classical
solution to the limiting HJB equation, and

Jn,t → Jt, DJn → DJ, D2Jn → D2J locally uniformly on [0,∞)× E.

In particular, Jn,x → Jx, Jn,y → Jy, Jn,xx → Jxx, Jn,xy → Jxy, and Jn,yy → Jyy locally
uniformly, and Jxx ≤ −λT,K < 0 on [0, T ]×K.

Proof. The idea is to apply the Arzelà-Ascoli Theorem, which is possible due to Assump-
tion (A.E.13). In particular, there exists a subsequence (nk)k∈N such that each member of
the family of functions (Jn, Jn,t, DJn, D2Jn)n∈N converges uniformly to a continuous function
in C1,2([0, T ]×K). Since every sequence has a further subsequence with the same limit, the
whole sequence converges. Now, uniform convergence of a sequence of functions together with
uniform convergence of their partial derivatives implies that the limit is differentiable with
the corresponding derivatives. In other words, if (Jnk , Jnk,t, DJnk , D2Jnk) → (v, v0, v1, v2),
then it must hold that (v, v0, v1, v2) = (v, vt, Dv,D

2v). From Theorem E.7 we know that
Jn → J locally uniformly, thus uniformly on [0, T ]×K, which implies that v = J and thus
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J ∈ C1,2([0, T ] × K). Consequently, we have (v, vt, Dv,D
2v) = (J, Jt, DJ,D

2J), which is
enough to prove local uniform convergence.

It remains to prove that J is a classical solution to the limiting HJB equation. We obtain
this fact by using Assumption (A.E.11) which states that x 7→ Jn(t, x, y)+

λT,K
2
x2 is concave

for some λT,K > 0 on every x-section of K. Hence, we find that Jn,xx(t, x, y)+λT,K ≤ 0, and
thus Jn,xx(t, x, y) ≤ −λT,K < 0. On the other hand, Jn(t, x, y) is a classical solution, and so
by Lemma E.5 we must have Jn,x(t, x, y) ≥ 0 for the consumption Hamiltonian to be finite.
Together with the fact that (U ′)−1 is defined on (0,∞) the case Jn,x(t, x, y) = 0 is excluded,
which implies Jn,x(t, x, y) > 0. Taking the pointwise limit yields Jxx < 0 and Jx > 0, and by
Corollary E.6 the function F (t, x, y, Jt, DJ,D

2J) is continuous on {Jxx < 0} ∩ {Jx > 0} so
that Fn → F . This concludes the proof. ■

Corollary E.17. Let the assumptions from Proposition E.16 hold. Then the feedback maps
defined in (E.3) and (E.4) converge locally uniformly on [0,∞)× E, that is

c∗n → c∗ =
(
U ′(ai, ·)

)−1
(ert Jx), h∗n → h∗ = −m(t, y)Jx + dJxy

σJxx
= −m(t, y)Jx

σJxx
,

and in particular

Jn,x
Jn,xx

→ Jx
Jxx

,
Jn,xy
Jn,xx

→ Jxy
Jxx

locally uniformly on [0,∞)× E.

Proof. By Proposition E.16 all of Jn,xx → Jxx, Jn,xy → Jxy, and Jn,yy → Jyy converge locally
uniformly on [0,∞)× E, and for a compact subset K ⊆ E and a finite time T > 0 we have
|Jn,xx| ≥ λT,K > 0, which implies that Jn,x

Jn,xx
→ Jx

Jxx
and Jn,xy

Jn,xx
→ Jxy

Jxx
locally uniformly on

[0,∞) × E. On the other hand, it holds by (A.E.8) that mn → m, dn → 0, and σn → σ

which imply h∗n → h∗. For c∗n → c∗ we use (A.E.1) and (A.E.4), which imply that (U ′)−1 is
continuous on (0,∞), together with ert Jn,x → ert Jx locally uniformly with ert Jx > 0. ■

E.8. The solution to the limiting HJB equation

We now derive the solution to the limiting HJB equation, if such a limit exists.

Lemma E.18. The HJB equation (E.2) in Proposition E.1 satisfies Assumptions (A.E.8)
and (A.E.9) of Theorem E.7.

Proof. Let us first prove that Assumption (A.E.8) of Theorem E.7 is satisfied. For this
purpose we prove the three sub-conditions given by equations (E.8), (E.9), and (E.10). To
prove equation (E.8), recall that bn(y) =

(
β̄n(ai)− αnΛ

)
y, where

β̄n(ai) :=
(
Γai,n −

(
Γn 0

))
Qai,nb(ai).
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The vector b(ai) ∈ R3×1 is exogenous and comes from the measure change (see Section D.3).
From Lemma C.6 we know that limn→∞(Γai,n1 − Γn1 ) = 0 and limn→∞(Γai,n2 − Γn2 ) = 0, which
together with Lemma C.12 yields limn→∞ β̄n(ai) = 0. On the other hand, it holds that
limn→∞ αnΛ = αΛ (see Corollary C.3) with

αΛ :=
α2
Dγ

σ2
D

+
αGσ

2
ξ + µ2α2

Gγ

µ2σ2
G + σ2

ξ

.

Therefore, by letting b(y) = −αΛy, it holds that supy∈Iy |bn(y)− b(y)| → 0 for every compact
interval Iy ⊂ R, and thus equation (E.8) is satisfied. Since b is linear in y it is Lipschitz
continuous in y, and we further have 2b(y)y = −2αΛy

2 ≤ 0 ≤ ry2 since αΛ ≥ 0 by Corol-
lary C.3.

To prove equation (E.9), recall that mn(y) = ρ̃n +
(
sGr + β̃n(ai)

)
y, where

ρ̃n = −rρ
n
, β̃n(ai) = sGα

n
Λ +

(
sD + sGΓ

n
1 sGΓ

n
2 0

)
Qai,nb(ai).

Again, the vector b(ai) ∈ R3×1 comes from the measure change (see Section D.3). Hence, we
may define

β̃(ai) := sGαΛ +
(
sD + sGΓ1 sGΓ2 0

)
Qb(ai),

where Γ1 = limn→∞ Γn1 , Γ2 = limn→∞ Γn2 , and Q = limn→∞ Qai,n (see Lemma C.12). As a
result, by letting m(y) = β(ai)y, it holds that sup(t,y)∈[0,T ]×Iy |mn(t, y)−m(y)| → 0 for every
T > 0 and every compact interval Iy ⊂ R. This proves equation (E.9). Since m is linear in
y it is also Lipschitz continuous in y.

Finally, to prove equation (E.10), it suffices to note that

ηV V = lim
n→∞

ηai,nV V = σ2
D(sD + sGΓ1)

2 + (µ2σ2
G + σ2

ξ )s
2
G(Γ2)

2 > 0,

as well as limn→∞ ηai,nΛΛ = 0, and limn→∞ ηai,nV Λ = 0. All three limits follow by definition (see
(E.1)) together with Lemma C.12. Hence, equation (E.10) is satisfied with a = 0, d = 0,
and σ = ηV V .

Next, we prove that Assumption (A.E.9) of Theorem E.7 is satisfied. For this purpose,
it is enough to note that

ηai,nV V = σ2
D(sD + sGΓ

n
1 )

2 + (µ2
nσ

2
G + σ2

ξ,n)s
2
G(Γ

n
2 )

2,

which follows from the definition ηai,nV V in (E.1) together with Lemma C.12. From Lemma C.1
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we further know that

Γn1 =
αDγ

ai,n

σ2
D

, Γn2 =
(µn − w(ai)νai,n)(σ

2
G − αGγ

ai,n)

µ̃2
ai,n

σ2
G + σ̃2

ai,n

.

Since sD = 1
r+αD

and sG = sDαD
r+αG

it is enough to note that γai,n ≥ 0 for all n ∈ N, as well as
αG > 0, which implies

ηai,nV V = s2Dσ
2
D

(
1 +

α2
D

σ2
D(r + αG)

γai,n
)2

+ (µ2
nσ

2
G + σ2

ξ,n)s
2
G(Γ

n
2 )

2 ≥ s2Dσ
2
D > 0 ∀n ∈ N.

This proves that Assumption (A.E.9) is satisfied. ■

Lemma E.19. The coefficients ηai,nV Λ and ηai,nΛΛ defined in (E.1) satisfy limn→∞
η
ai,n
V Λ√
η
ai,n
ΛΛ

= 0.

Proof. From the definition of ηai,nΛΛ (see (E.1)) we know that

ηai,nΛΛ =
(
Γai,n −

(
Γn 0

))
Qai,nQai,n

(
Γai,n −

(
Γn 0

))T
= σ2

D(Γ
ai,n
1 − Γn1 )

2 + (µ2
nσ

2
G + σ2

ξ,n)(Γ
ai,n
2 − Γn2 )

2 + (ν2ai,nσ
2
G +m2

ai,n
)(Γai,n3 )2

+ 2(µnνai,nσ
2
G + w(ai)m

2
ai,n

)(Γai,n2 − Γn2 )Γ
ai,n
3 .

By definition we have mai,n = (∆ai)
1/2 and νai,n = ν(ai)∆ai. Moreover, we know from

Lemma C.6 that Γai,n1 − Γn1 and Γai,n2 − Γn2 both are of order ∆ai. Hence, ηai,nΛΛ is of the form
α∆ai + β(∆ai)

2 for some constants α, β ∈ R with β > 0. On the other hand, we know that
(see again (E.1))

ηai,nV Λ =
(
sD + sGΓ

n
1 sGΓ

n
2 0

)
Qai,nQai,n

(
Γai,n −

(
Γn 0

))T
= σ2

D(sD + sGΓ
n
1 )(Γ

ai,n
1 − Γn1 ) + (µ2

nσ
2
G + σ2

ξ,n)sGΓ
n
2 (Γ

ai,n
2 − Γn2 )

+ (µnνai,nσ
2
G + w(ai)m

2
ai,n

)sGΓ
n
2Γ

ai,n
3 ,

which implies that ηai,nV Λ is of the form γ∆ai for a constant γ ∈ R. This implies that
limn→∞

η
ai,n
V Λ√
η
ai,n
ΛΛ

= 0. ■

Proposition E.20. Assume that Assumptions (A.E.1)–(A.E.4) hold true, and that Assump-
tions (A.E.10)–(A.E.12) of Theorem E.7 are satisfied as well. Consider the rescaled problem
where the variable y is replaced by z(ηai,nΛΛ )1/2, and let J̃n(t, x, z) := Jn(t, x, z(η

ai,n
ΛΛ )1/2). Then

a limiting solution J̃ in the sense of Theorem E.7 exists, and satisfies

J̃(t, x, z) = e−rt
1

r
U(ai, rx).

The feedback control of the limiting problem are c̃∗(t, x, z) = rx and h̃∗(t, x, z) = 0.
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Proof. Instead of solving the HJB equation (E.2) directly in (t, x, y), let us do a change of
variables. In particular, we set z = δai,ny with δai,n = (ηai,nΛΛ )−1/2, so that (E.2) becomes

0 = −J̃n,t(t, x, z)− rx J̃n,x(t, x, z)− bn
(

z
δai,n

)
δai,n J̃n,z(t, x, z)−

ηai,nΛΛ

2
(δai,n)2J̃n,zz(t, x, z)

− sup
c∈R

(
e−rtU(ai, c)− c J̃n,x(t, x, z)

)
− sup

h∈R

(
hmn

(
t, z
δai,n

)
J̃n,x(t, x, z) + h ηai,nV Λ δ

ai,nJ̃n,xz(t, x, z) +
1

2
h2ηai,nV V J̃n,xx(t, x, z)

)
,

where J̃n(t, x, z) = Jn(t, x, z/δ
ai,n). Since by definition bn(y) = (β̄n(ai) − αnΛ)y we find that

bn(
z

δai,n
)δai,n = bn(z). However, in contrast to the proof of Lemma E.18, it now holds that

(see Lemma E.19)

lim
n→∞

ηai,nΛΛ (δai,n)2 = 1, lim
n→∞

mn

(
t, z
δai,n

)
= 0, lim

n→∞
ηai,nV Λ δ

ai,n = 0.

Hence, if the Assumptions (A.E.10)–(A.E.12) of Theorem E.7 are satisfied there exists a
unique continuous viscosity solution J̃ satisfying the limiting HJB equation

F (t, x, z, J̃t, DJ̃,D
2J̃) = 0,

with the Bellman operator F satisfying

F (t, x, z, q, p,X) := −q − rx px + αΛz pz − 1
2
Xzz − sup

c∈R

(U(ai,c)
ert

− c px
)
− sup

h∈R

h2

2
ηV V Xxx.

More explicitly, we have

J̃t = −rx J̃x + αΛz J̃z −
1

2
J̃zz − sup

c∈R

(
e−rt U(ai, c)− c J̃x

)
− sup

h∈R

h2

2
ηV V J̃xx,

and J̃n → J̃ locally uniformly on [0,∞)× E.
It therefore suffices to exhibit one solution of F (t, x, z, J̃t, DJ̃,D2J̃) = 0 inside the unique-

ness class of Theorem E.7. For this purpose, let

Ĵ(t, x, z) := e−rt
1

r
U(ai, rx),

which is of class C1,2 with Ĵz = Ĵzz = Ĵxz = 0, and

Ĵt = − e−rt U(ai, rx), Ĵx = e−rt U ′(ai, rx), Ĵxx = r e−rt U ′′(ai, rx) < 0.

By strict concavity of U(ai, ·) and (A.E.4), the supremum over c in F (t, x, z, J̃t, DJ̃,D2J̃) = 0

100



is attained at the unique c with e−rt U ′(ai, c) = Ĵx, i.e. at c = rx, with value

e−rt U(ai, rx)− rx e−rt U ′(ai, rx).

Moreover, since Ĵxx < 0, the supremum over h is attained at h = 0 with value 0. Substituting,
these expressions back into F (t, x, z, J̃t, DJ̃,D2J̃) = 0 finally yields

F
(
t, x, z, Ĵt, DĴ,D

2Ĵ
)

= e−rt U(ai, rx)− rx e−rt U ′(ai, rx)−
(
e−rt U(ai, rx)− rx e−rt U ′(ai, rx)

)
= 0.

Hence Ĵ is a classical, and thus a viscosity solution of F (t, x, z, J̃t, DJ̃,D2J̃) = 0, with
maximizers c̃ ∗(t, x, z) = rx and h̃ ∗(t, x, z) = 0.

It remains to check that Ĵ lies in the class in which Theorem E.7 asserts uniqueness,
i.e., that it satisfies conditions (i)–(iii) of Lemma E.14. Since ert |Ĵ(t, x, z)| = 1

r
|U(ai, rx)|

does not depend on z, it is bounded on [0,∞) × Ix × R for every compact Ix ⊂ (0,∞)

and ϱ ≥ 1, which gives (i) and (iii). For (ii), fix T > 0 and a compact K ⊂ (0,∞) × R
and let Ix be its projection onto the x-axis. Then cT,K := minx∈Ix e

−rT U ′(ai, rx) > 0

and λT,K := minx∈Ix
(
− r e−rT U ′′(ai, rx)

)
> 0, so x 7→ Ĵ − cT,Kx is non-decreasing and

x 7→ Ĵ +
λT,K
2
x2 is concave on the x-sections of K, for every t ∈ [0, T ]. Hence Lemma E.14

applies to the pair (J̃ , Ĵ) in both orders and yields J̃ = Ĵ . ■

In order to connect the limiting solution J̃(t, x, z) from Proposition E.20 to the value
function J(t, x, y) of the limiting HJB equation of Theorem E.7, we need the following
result.

Lemma E.21. Let Assumptions (A.E.1)–(A.E.4) and (A.E.10)–(A.E.12) of Theorem E.7
hold. Then a limiting solution J(t, x, y) to the original HJB equation (E.2) in the sense of
Theorem E.7 exists and satisfies the following assertions:

(1) J(t, x, y) = J(t, x,−y) for all (t, x) ∈ [0,∞)× (0,∞);

(2) J(t, x, 0) = e−rt 1
r
U(ai, rx) for all (t, x) ∈ [0,∞)× (0,∞).

Moreover, if in addition Assumption (A.E.13) holds, so that J ∈ C1,2([0,∞)×E) by Propo-
sition E.16, then

(3) for all (t, x) ∈ [0,∞)× (0,∞), it holds that

Jx(t, x, 0) =
U ′(ai, rx)

ert
, Jxx(t, x, 0) =

rU ′′(ai, rx)

ert
< 0, Jy(t, x, 0) = Jxy(t, x, 0) = 0,

and consequently

Jx(t, x, 0)

Jxx(t, x, 0)
= − 1

rψ(ai, rx)
,

Jxy(t, x, 0)

Jxx(t, x, 0)
= 0.
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Proof. Together with Lemma E.18 we may apply Theorem E.7, so that the limiting HJB
equation reads as

0 = −Jt(t, x, y)− rx Jx(t, x, y)− αΛy Jy(t, x, y)

− sup
c∈R

(
e−rtU(ai, c)− c Jx(t, x, y)

)
− sup

h∈R

(
hβ(ai)y Jx(t, x, y) +

1

2
h2ηV V Jxx(t, x, y)

)
.

Now, the substitution y′ = −y yields ∂
∂y

= − ∂
∂y′

, and therefore

−y′ ∂
∂y′

J(x, y′) = y
∂

∂y′
J(x, y′) = −y ∂

∂y
J(x,−y),

which together with

sup
h∈R

(
h sGry

′ Jx(t, x, y
′) +

1

2
h2ηV V Jxx(t, x, y

′)
)

= sup
h∈R

(
(−h) sGry Jx(t, x,−y) +

1

2
(−h)2ηV V Jxx(t, x,−y)

)
,

implies that the HJB equation is invariant under the substitution y′ = −y, and thus we have
J(t, x, y) = J(t, x,−y). Since the conditions (i)–(iii) of Lemma E.14 are conditions on the
x-sections, uniform over compacts in y, the function J−, defined via J−(t, x, y) = J(t, x,−y),
lies in the same uniqueness class as J . Uniqueness in Theorem E.7 therefore gives J− = J ,
which is assertion (1).

By construction J̃n(t, x, z) = Jn(t, x, z(η
ai,n
ΛΛ )1/2), and in particular

J̃n(t, x, 0) = Jn(t, x, 0) for every n ∈ N.

Theorem E.7 gives Jn → J locally uniformly, so Jn(t, x, 0) → J(t, x, 0). Proposition E.20
gives J̃n → J̃ locally uniformly, so J̃n(t, x, 0) → J̃(t, x, 0) = e−rt 1

r
U(ai, rx). The two limits

of one and the same sequence coincide, which is assertion (2).
Under Assumption (A.E.13), Proposition E.16 gives J ∈ C1,2([0,∞)×E). Assertion (2)

is an identity between two functions of x on the open set (0,∞), so it may be differentiated
in x, which yields Jx(t, x, 0) = e−rt U ′(ai, rx) and Jxx(t, x, 0) = r e−rt U ′′(ai, rx); the latter is
strictly negative by strict concavity of U(ai, ·). By assertion (1) the map y 7→ J(t, x, y) is
even and differentiable, hence Jy(t, x, 0) = 0 for every x ∈ (0,∞); differentiating this identity
in x gives Jxy(t, x, 0) = 0. Finally, we obtain

Jx(t, x, 0)

Jxx(t, x, 0)
=

e−rt U ′(ai, rx)

r e−rt U ′′(ai, rx)
=

U ′(ai, rx)

rU ′′(ai, rx)
= − 1

rψ(ai, rx)
,
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which concludes the proof. ■

Corollary E.22. Let the assumptions from Proposition E.16 hold, and let J be as in
Lemma E.21. In addition, assume that for each fixed t ≥ 0 it holds (V ai,n

t ,Λai,nt ) → (v0(ai), 0)

in probability as n→ ∞. Then, it holds that

Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

→ Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
=

U ′(ai, rv0(ai))

rU ′′(ai, rv0(ai))
= − 1

rψ(ai, rv0(ai))
,

as well as
Jai,nxy (t, V ai,n

t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

→ Jxy(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
= 0,

both in probability as n→ ∞. If in addition each of the two sequences of ratios(
Jai,nx (t, V ai,n

t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

)
n∈N

and
(
Jai,nxy (t, V ai,n

t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

)
n∈N

is uniformly integrable, then the convergence holds true in L1(P ).

Proof. For each M > 0, we define the compact subset KM ⊆ E = (0,∞)× R via

KM :=
{
(x, y) ∈ E : 1

M
≤ x ≤M, |y| ≤M

}
.

For simplicity we further denote

Xai,n
t :=

Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

, Xai
t :=

Jx(t, V
ai,n
t ,Λai,nt )

Jxx(t, V
ai,n
t ,Λai,nt )

, xait :=
Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
.

For a fixed η > 0 and M0 > 0 with (v0(ai), 0) ∈ int(KM0), there exists N ∈ N such that
for all n ≥ N it holds P

[
(V ai,n

t ,Λai,nt ) /∈ KM0

]
≤ η. This fact is a direct consequence of

(V ai,n
t ,Λai,nt ) → (v0(ai), 0) in probability as n→ ∞ for each fixed t ≥ 0. On the other hand,

for each of the finitely many n < N the random variable (V ai,n
t ,Λai,nt ) takes values in E almost

surely, and we have KM ↗ E. Hence there is M ≥M0 with P
[
(V ai,n

t ,Λai,nt ) /∈ KM

]
≤ η for

all n < N , and because KM0 ⊆ KM it holds supn∈N P
[
(V ai,n

t ,Λai,nt ) /∈ KM

]
≤ η.

Now, on the event {(V ai,n
t ,Λai,nt ) ∈ KM} we have

|Xai,n
t −Xai

t | ≤ sup
(t,x,y)∈[0,T ]×KM

∣∣∣∣Jai,nx (t, x, y)

Jai,nxx (t, x, y)
− Jx(t, x, y)

Jxx(t, x, y)

∣∣∣∣ =: δT,M ,
and therefore, for an arbitrary ε > 0, it holds that

P
[
|Xai,n

t −Xai
t | > ε

]
≤ P [δT,M > ε] + P

[
(V ai,n

t ,Λai,nt ) /∈ KM

]
.

Since KM is a compact subset of E, it follows from Corollary E.17 that δT,M → 0 as n→ ∞
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for each fixed M . Hence, given η > 0, choose M > 0 such that P
[
(V ai,n

t ,Λai,nt ) /∈ KM

]
≤ η,

so that lim supn→∞ P
[
|Xai,n

t − Xai
t | > ε

]
≤ η. Since η > 0 is arbitrary let η ↘ 0, which

eventually yields limn→∞ P
[
|Xai,n

t −Xai
t | > ε

]
= 0.

On the other hand, we have by Proposition E.16 that J ∈ C1,2 with Jxx ≤ −λT,K < 0

on compact subsets [0, T ] × K, which implies that Jx
Jxx

is continuous on [0,∞) × E. Since
(V ai,n

t ,Λai,nt ) → (v0(ai), 0) in probability as n → ∞ for each fixed t ≥ 0 by assumption, it
therefore follows by continuity Jx

Jxx
that

lim
n→∞

P
[
|Xai

t − xait | > ε
]
= lim

n→∞
P

[∣∣∣∣ Jx(t, V ai,n
t ,Λai,nt )

Jxx(t, V
ai,n
t ,Λai,nt )

− Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)

∣∣∣∣ > ε

]
= 0.

Since |Xai,n
t − xait | ≤ |Xai,n

t −Xai
t |+ |Xai

t − xait | this is enough to prove that∣∣∣∣Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

− Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)

∣∣∣∣→ 0

in probability as n→ ∞. The argument for Jxy
Jxx

is analogue.
To conclude the proof, let us first recall from Lemma E.21 that

Jx(t, x, 0) = e−rt U ′(ai, rx), Jxx(t, x, 0) = r e−rt U ′′(ai, rx), Jxy(t, x, 0) = 0

for every x ∈ (0,∞). Evaluating at v0(ai) yields

Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
=

U ′(ai, rv0(ai))

rU ′′(ai, rv0(ai))
= − 1

rψ(ai, rv0(ai))
,

Jxy(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
= 0.

To conclude the proof, note that convergence in probability together with uniform inte-
grability of the family of ratios gives convergence in L1(P ). ■

E.9. Summary

To conclude this section, let us give a brief overview of the assumptions we have used
throughout Appendix E. The table below summarizes the assumption numbers and shows
their main purpose including the first result they are used.
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Assumption Main purpose First occurrence Dependency
(A.E.1)

Existence of viscosity
solutions

Proposition E.1
Utility function

(A.E.2) Model
(A.E.3) Value function
(A.E.4) Feedback formulas Proposition E.1 Utility function
(A.E.5)

Verification of
optimality

Proposition E.3
Model & U(ai, ·)

(A.E.6) Model & U(ai, ·)
(A.E.7) Model & U(ai, ·)
(A.E.8)

Convergence of
viscosity solutions

Theorem E.7

Model
(A.E.9) Model
(A.E.10) Value function
(A.E.11) Value function
(A.E.12) Value function
(A.E.13) Convergence of partials Proposition E.16 Value function

As can be seen from the above table, there are essentially four groups of assumptions.
The first group is (A.E.1)–(A.E.3) which is used to derive the existence of a viscosity solution
to the HJB equation in the discrete case. Assumption (A.E.4) is used to invoke the feedback
formulas. The second group (A.E.5)–(A.E.7) is used to verify that the existing candidate is
indeed optimal. The third group is (A.E.8)–(A.E.12), which ensures that the limiting HJB
equation has a solution and that the discrete solutions converge to it. Finally, (A.E.13) is
used for classical solutions and ensures that the solution as well as its derivatives converge
to a classical solution in the limit.

We prove in Lemma E.18 that (A.E.8) and (A.E.9) are satisfied in our setup. Moreover,
(A.E.2) is also satisfied in our setup. The remaining assumptions, namely (A.E.1), (A.E.3)–
(A.E.7), and (A.E.10)–(A.E.13) depend either explicitly or implicitly on the choice of the
utility function U , and can thus only be checked on a case by case basis. In fact, (A.E.1)
and (A.E.4) explicitly depend on U , and can thus be checked easily. However, all of the
remaining assumptions depend on the solution to the HJB equation (E.2) in one way or the
other and can therefore not be checked directly.

F. Market clearing

In this section we give the proofs of all the results in Section 3. Section F.1 covers the proof
about the aggregate demand function (3.3), and we give the proof of the convergence of
nE[(Hai,n

t )∗] and nVar[(Hai,n
t )∗] under an additional assumption. In Section F.2 we discuss

the risk premium. In Section F.3 we give the proofs of Proposition 3.1 and Proposition 3.2
which characterize the weight functions in a trivial and non-trivial equilibrium, respectively.
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Finally, in Section F.4 we give the existence proof that a non-trivial equilibrium exists.

F.1. Demand function

The following result is used in the main text to provide some interpretation about the optimal
trading strategy in the continuous economy.

Proposition F.1. Assume that Jai,n is a classical solution to the HJB equation (E.2). Fur-
ther, assume that Assumptions (A.E.1)–(A.E.4) hold true, and that Assumptions (A.E.10)–
(A.E.12) of Theorem E.7 are satisfied as well. Then, the optimal trading strategy of investor
ai in the n-th discrete economy is of the form

(Hai,n
t )∗ = −

(− rρ
n
+ βn(ai)Λ

ai,n
t )Jai,nx (t, V ai,n

t ,Λai,nt ) + ηai,nV Λ J
ai,n
xy (t, V ai,n

t ,Λai,nt )

ηai,nV V J
ai,n
xx (t, V ai,n

t ,Λai,nt )
.

Under the additional Assumption (A.E.13), and if the following three conditions hold true
for each t ≥ 0:

(i) (V ai,n
t ,Λai,nt ) → (v0(ai), 0) in probability as n→ ∞;

(ii) supn∈N

(∥∥∥Jai,nx (t,V
ai,n
t ,Λ

ai,n
t )

J
ai,n
xx (t,V

ai,n
t ,Λ

ai,n
t )

∥∥∥
L4(P )

+
∥∥∥Jai,nxy (t,V

ai,n
t ,Λ

ai,n
t )

J
ai,n
xx (t,V

ai,n
t ,Λ

ai,n
t )

∥∥∥
L4(P )

)
<∞;

(iii) limn→∞
√
n
∥∥∥Jai,nx (t,V

ai,n
t ,Λ

ai,n
t )

J
ai,n
xx (t,V

ai,n
t ,Λ

ai,n
t )

− Jx(t,v0(ai),0)
Jxx(t,v0(ai),0)

∥∥∥
L2(P )

= 0;

the optimal trading strategy (Hai,n
t )∗ has the following limiting properties:

(1) limn→∞ nE[(Hai,n
t )∗] =

θ 1
ψ(ai,rv0(ai))∫ 1

0
1

ψ(a,rv0(a))
da

and limn→∞ nVar[(Hai,n
t )∗] = w(ai)

2

σ2
ξ

V2
(1,t)

1−e−2αΛt

2αΛ
.

(2) The random variable 1√
n

(
n(Hai,n

t )∗ −
θ 1
ψ(ai,rv0(ai))∫ 1

0
1

ψ(a,rv0(a))
da

)
converges in distribution to a nor-

mal distribution with mean zero and variance w(ai)
2

σ2
ξ

V2
(1,t)

1−e−2αΛt

2αΛ
.

(3) In steady state,

1√
n

(
n(Hai,n

t )∗ −
θ 1
ψ(ai,rv0(ai))∫ 1

0
1

ψ(u,rv0(u))
du

)
D−−−→

n→∞
N

(
0, w2(ai)

V2
(1,t)

2αΛσ2
ξ

)
.

Proof. As in the proof of Corollary E.22 we denote

Xai,n
t :=

Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

, Xai
t :=

Jx(t, V
ai,n
t ,Λai,nt )

Jxx(t, V
ai,n
t ,Λai,nt )

, xait :=
Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
,
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and here additionally

Y ai,n
t :=

Jai,nxy (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

, Y ai
t :=

Jxy(t, V
ai,n
t ,Λai,nt )

Jxx(t, V
ai,n
t ,Λai,nt )

.

By assumption (i) it follows from Corollary E.22 that Xai,n
t → xait and Y ai,n

t → 0 in prob-
ability as n → ∞ for each fixed t ≥ 0. Together with assumption (ii) the families of ratios
(Xai,n

t )n∈N and (Y ai,n
t )n∈N are uniformly integrable (see Theorem 13.3 in Williams (1991)).

Moreover, Hölder’s inequality with exponents 4
p

and 1/(1− p
4
) = 4

4−p implies

E[|Xai,n
t − xait |p] ≤ εp + E

[
|Xai,n

t − xait |p1{|Xai,n
t −xait |>ε}

]
≤ εp + E

[
|Xai,n

t − xait |4
]p/4

P
[
|Xai,n

t − xait | > ε
]1−p/4

≤ εp + ∥Xai,n
t − xait ∥

p
L4(P )P

[
|Xai,n

t − xait | > ε
]1−p/4

,

so that assumptions (i) and (ii) further imply that Xai,n
t → xait in Lp(P ) for every p < 4.

The same holds true for Y ai,n
t → 0 by the exact same argumentation.

Proof of property (1): We first note that

nE[(Hai,n
t )∗] =

rρ

ηai,nV V

E[Xai,n
t ] +

βn(ai)

ηai,nV V

nE[Λai,nt Xai,n
t ] +

ηai,nV Λ

ηai,nV V

nE[Y ai,n
t ].

By the argumentation above we know that E[Xai,n
t ] → xait , so that

rρ

ηai,nV V

E[Xai,n
t ] → rρ

ηV V
· Jx(t, v0(ai), 0)
Jxx(t, v0(ai), 0)

=
ρ

ηV V ψ(ai, rv0(ai))
,

since Jx(t,v0(ai),0)
Jxx(t,v0(ai),0)

= − 1
rψ(ai,rv0(ai))

by Corollary E.22, and where we denote ηV V = limn→∞ ηai,nV V .
For the second term, we use that E[Λai,nt ] = 0, so that

E[Λai,nt Xai,n
t ] = E[Λai,nt (Xai,n

t − xait )] + E[Λai,nt ]xait = E[Λai,nt (Xai,n
t − xait )],

and therefore∣∣nE[Λai,nt Xai,n
t ]

∣∣ ≤ (√nE[|Λai,nt |2]1/2
)(√

nE[|Xai,n
t − xait |2]1/2

)
→ 0

by assumption (iii) and the fact that E[(Λai,nt )2] =
η
ai,n
ΛΛ

2αnΛ
(1 − e−2αnΛt) with nηai,nΛΛ converging

to a constant as n→ ∞ (see below). Finally, the fact that nηai,nV Λ converges to a constant as
n→ ∞ (see the proof of Lemma E.19 together with Lemma C.6 and the definitions of mai,n

and νai,n in Appendix B), together with E[Y ai,n
t ] → 0 implies nηai.nV Λ E[Y ai,n

t ] → 0 as n→ ∞.
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As we show in Proposition F.4, the risk premium ρ satisfies

ρ = − ηV V θ∫ 1

0
1

ψ(a,rv0(a))
da
,

and therefore

lim
n→∞

nE[(Hai,n
t )∗] =

θ 1
ψ(ai,rv0(ai))∫ 1

0
1

ψ(a,rv0(a))
da
.

This proves the first part of property (1).
To analyze the second limit limn→∞ nVar[(Hai,n

t )∗], we observe from previous calculations
that limn→∞ nE[(Hai,n

t )∗]2 = 0, and therefore limn→∞ nVar[(Hai,n
t )∗] = limn→∞ nE[((Hai,n

t )∗)2].
Consequently, it holds that

nVar[(Hai,n
t )∗] =

1

n(ηai,nV V )2
E
[(
(−rρ+ βn(ai)nΛ

ai,n
t )Xai,n

t + ηai,nV Λ nY
ai,n
t

)2]
.

In fact, by expanding the square only one of the six different terms remains. Indeed,
Minkowski’s inequality yields

E[(Xai,n
t )2] = E[(Xai,n

t − xait + xait )
2] ≤

(
E[(Xai,n

t − xait )
2]1/2 + E[(xait )

2]1/2
)2
,

so that limn→∞
r2ρ2

n(η
ai,n
V V )2

E[(Xai,n
t )2] = 0. Then, by the same argumentation as above we have

n(ηai,nV Λ )2 E[(Y ai,n
t )2] =

√
n(ηai,nV Λ )2

√
nE[(Y ai,n

t )2] → 0,

which implies limn→∞
n2(η

ai,n
V Λ )2 E[(Y

ai,n
t )2]

n(η
ai,n
V V )2

= 0. Next, it holds

|ηai,nV Λ E[Xai,n
t Y ai,n

t ]| ≤ |ηai,nV Λ |E[(Xai,n
t )2]1/2 E[(Y ai,n

t )2]1/2 → 0 as n→ ∞,

so that limn→∞
−2rρ

(η
ai
V V )2

E[Xai,n
t Y ai,n

t ] = 0. Similarly, we have

|nηai,nV Λ E[Λai,nt Xai,n
t Y ai,n

t ]| ≤ n|ηai,nV Λ |E[(Λai,nt )2]1/2 E[(Xai,n
t )4]1/4 E[(Y ai,n

t )4]1/4,

which together with assumption (ii) and the fact that nηai,nV Λ converges to a constant and
E[(Λai,nt )2]1/2 → 0 implies limn→∞

2n2βn(ai)η
ai,n
V Λ E[Λ

ai,n
t X

ai,n
t Y

ai,n
t ]

n(η
ai,n
V V )2

= 0. Finally, from assumption

(ii), the fact that E[(Λai,nt )2]1/2 → 0, and because

|E[Λai,nt (Xai,n
t )2]| ≤ E[(Λai,nt )2]1/2 E[(Xai,n

t )4]1/2,
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it follows that limn→∞
−2rρnβn(ai) E[Λ

ai,n
t (X

ai,n
t )2]

n(η
ai,n
V V )2

= 0. Consequently, it holds that

lim
n→∞

nVar[(Hai,n
t )∗] = lim

n→∞

βn(ai)
2

(ηai,nV V )2
nE

[
(Λai,nt )2(Xai,n

t )2
]
.

Since
√
nΛai,nt ∼ N (0, n

η
ai,n
ΛΛ

2αnΛ
(1− e−2αnΛt)), it holds that

E[(
√
nΛai,nt )6] = 15E[(

√
nΛai,nt )2]3 = 15

(
n
ηai,nΛΛ

2αnΛ
(1− e−2αnΛt)

)3

,

and therefore∣∣nE [(Λai,nt )2
(
(Xai,n

t )2 − (xait )
2
)]∣∣ ≤ nE[(Λai,nt )6]1/3 E[|Xai,n

t − xait |3]1/3 E[|X
ai,n
t + xait |3]1/3

implies together with the discussion at the beginning of the proof that

lim
n→∞

nE
[
(Λai,nt )2

(
(Xai,n

t )2 − (xait )
2
)]

= 0,

and thus
lim
n→∞

nE
[
(Λai,nt )2(Xai,n

t )2
]
= lim

n→∞
nE

[
(Λai,nt )2

]
(xait )

2.

By the definition of ηai,nΛΛ given in (E.1), it follows from Lemma C.6 and Lemma C.12 that

lim
n→∞

nηai,nΛΛ =
(ν(ai)σ

2
ξ − w(ai)µ)

2(σ2
G − αGγ)

2

(µ2σ2
G + σ2

ξ )
2

,

and therefore together with Jx(t,v0(ai),0)
Jxx(t,v0(ai),0)

= − 1
rψ(ai,rv0(ai))

by Corollary E.22 we find

lim
n→∞

nVar[(Hai,n
t )∗] =

β(ai)
2

η2V V r
2ψ(ai, rv0(ai))2

·
(ν(ai)σ

2
ξ − w(ai)µ)

2(σ2
G − αGγ)

2

2αΛ(µ2σ2
G + σ2

ξ )
2

(1− e−2αΛt).

We thus observe that in a trivial equilibrium it holds that limn→∞ nVar[(Hai,n
t )∗] = 0 (see

Proposition 3.1). In a non-trivial equilibrium, however, we know that (see Proposition 3.2)

(ν(ai)σ
2
ξ − w(ai)µ) = κw(ai)

ψ(ai, rv0(ai))

β(ai)
, κ ̸= 0,

and therefore

lim
n→∞

nVar[(Hai,n
t )∗] =

w(ai)
2

2αΛ

· κ2(σ2
G − αGγ)

2

η2V V r
2(µ2σ2

G + σ2
ξ )

2
(1− e−2αΛt).

By using (4.1), we may conclude the proof of property (1).
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Proof of property (2): Let us first note that

√
n(Hai,n

t )∗ = − 1

(ηai,nV V )2

((
− rρ√

n
+ βn(ai)

√
nΛai,nt

)
Xai,n
t +

√
nηai,nV Λ Y

ai,n
t

)
.

Together with Corollary E.22 it holds

1

(ηai,nV V )2

(
− rρ√

n
Xai,n
t +

√
nηai,nV Λ Y

ai,n
t

)
→ 0

in probability as n→ ∞. Moreover, again by Corollary E.22, we have

βn(ai)

ηai,nV V

Xai,n
t → −β(ai)

ηV V
· 1

rψ(ai, rv0(ai))

in probability as n→ ∞. On the other hand, note that

lim
n→∞

1√
n
·

θ 1
ψ(ai,rv0(ai))∫ 1

0
1

ψ(a,rv0(a))
da

= 0.

Since
√
nΛai,nt ∼ N (0, n

η
ai,n
ΛΛ

2αnΛ
(1 − e−2αnΛt)) converges in distribution to a centered Gaussian

random variable with variance

(ν(ai)σ
2
ξ − w(ai)µ)

2(σ2
G − αGγ)

2

2αΛ(µ2σ2
G + σ2

ξ )
2

(1− e−2αΛt),

it follows by Slutsky’s theorem that

1√
n

(
n(Hai,n

t )∗ −
θ 1
ψ(ai,rv0(ai))∫ 1

0
1

ψ(a,rv0(a))
da

)

converges in distribution to a centered Gaussian random variable with variance

(ν(ai)σ
2
ξ − w(ai)µ)

2(σ2
G − αGγ)

2

2αΛ(µ2σ2
G + σ2

ξ )
2

(1− e−2αΛt) · β(ai)
2

η2V V r
2ψ(ai, rv0(ai))2

.

Again, the conclusion follows together with (4.1).

Proof of property (3): The result follows from (1) and (2) as t→ ∞. ■

Next we prove the market clearing equation (3.3).

Proposition F.2. Let the assumptions of Proposition E.16 hold, and assume additionally
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that
1√
n

n−1∑
i=0

∥∥∥∥Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

− Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)

∥∥∥∥
L2(P )

→ 0,

and

sup
0≤i≤n−1

∣∣∣∣Jai,nxy (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

∣∣∣∣→ 0

in probability as n→ ∞. Then the sum

Xn
(a,t) :=

∑
0≤i≤n−1,
ai<a

(Hai,n
t )∗, (a, t) ∈ [0, 1)× R+

converges to X(a,t) uniformly on compacts in probability as n→ ∞, where X(a,t) satisfies

X(a,t) = −
∫ a

0

ρ(1 + αΛt)

ηV V ψ(u, rv0(u))
du− αΛ

∫ t

0

X(a,s) ds

+

∫ a

0

β(u)(w(u)µ− ν(u)σ2
ξ )

2

ηV V rψ(u, rv0(u))
du

∫ t

0

df1(Ds, Ĝs,Ξs)

+

∫
[(0,0),(a,t))

β(u)(ν(u)σ2
ξ − w(u)µ)

ηV V rψ(u, rv0(u))
df2(ξ(u,s), Ĝs,Ξs).

The functions f1 and f2 are defined as in Theorem C.9.

Proof. For simplicity, let us denote

Y ai,n
t :=

Jai,nxy (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

, Zai,n
t :=

Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

, zait :=
Jx(t, v0(ai), 0)

Jxx(t, v0(ai), 0)
.

Since the optimal trading strategy in the n-th discrete economy is given by

(Hai,n
t )∗ = −

(− rρ
n
+ βn(ai)Λ

ai,n
t )Jai,nx (t, V ai,n

t ,Λai,nt ) + ηai,nV Λ J
ai,n
xy (t, V ai,n

t ,Λai,nt )

ηai,nV V J
ai,n
xx (t, V ai,n

t ,Λai,nt )
,

the reduced notational form reads as

(Hai,n
t )∗ = Zai,n

t

rρ

ηai,nV V

· 1
n
− Zai,n

t

βn(ai)Λ
ai,n
t

ηai,nV V

− Y ai,n
t

ηai,nV Λ

ηai,nV V

.

Since ηai,nV V does not depend on ai (see the proof of Lemma E.18), and by applying Hölder’s
inequality, we find that

E

[∣∣∣∣ ∑
0≤i≤n−1,
ai<a

(Zai,n
t − zait )

rρ

ηai,nV V

· 1
n

∣∣∣∣] ≤ r|ρ|
ηai,nV V

· 1
n

∑
0≤i≤n−1,
ai<a

∥Zai,n
t − zait ∥L2(P ).
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By assumption we thus obtain for each fixed t ≥ 0 that∑
0≤i≤n−1,
ai<a

(Zai,n
t − zait )

rρ

ηai,nV V

· 1
n
→ 0

converges in L1(P ) and thus in probability as n → ∞. On the other hand, by continuity of
a 7→ Jx(t,v0(a),0)

Jxx(t,v0(a),0)
it follows for each fixed t ≥ 0 that

∑
0≤i≤n−1,
ai<a

zait
rρ

ηai,nV V

· 1
n
→ rρ

ηV V

∫ a

0

Jx(t, v0(a), 0)

Jxx(t, v0(a), 0)
da

in probability as n→ ∞, and thus by Corollary E.22 we eventually find that

∑
0≤i≤n−1,
ai<a

Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

· rρ

ηai,nV V

· 1
n
→ −

∫ a

0

ρ

ηV V ψ(u, rv0(u))
du

in probability as n→ ∞, for each fixed t ≥ 0.
Similarly, we know from Corollary E.22 that Y ai,n

t → 0 in probability, and by assumption
now also sup0≤i≤n−1 |Y

ai,n
t | → 0 in probability as n→ ∞ for each fixed t ≥ 0. Since∣∣∣∣ ∑

0≤i≤n−1,
ai<a

Y ai,n
t

ηai,nV Λ

ηai,nV V

∣∣∣∣ ≤ sup
0≤i≤n−1,
ai<a

|Y ai,n
t |

∑
0≤i≤n−1,
ai<a

|ηai,nV Λ |
ηai,nV V

and because ηai,nV Λ = η̃ai,nV Λ ∆ai for some constant η̃ai,nV Λ → η̃aiV Λ (see Lemma E.19) with η̃aiV Λ

being the evaluation of some continuous function η̃V Λ : [0, 1) → R at ai ∈ [0, 1), it holds that

∑
0≤i≤n−1,
ai<a

|ηai,nV Λ |
ηai,nV V

=
∑

0≤i≤n−1,
ai<a

|η̃ai,nV Λ |
ηai,nV V

∆ai →
∫ a

0

|η̃V Λ(u)|
ηV V

du <∞

in probability. Therefore, we find that

∑
0≤i≤n−1,
ai<a

Jai,nxy (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

· η
ai,n
V Λ

ηai,nV V

→ 0

in probability as n→ ∞, for each fixed t ≥ 0.
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Finally, for the term including the inference wedge, let us first note that

E

[∣∣∣∣ ∑
0≤i≤n−1,
ai<a

(Zai,n
t − zait )

βn(ai)Λ
ai,n
t

ηai,nV V

∣∣∣∣] ≤ ∑
0≤i≤n−1,
ai<a

E
[
(Zai,n

t − zait )
2
]1/2 |βn(ai)|

ηai,nV V

E
[
(Λai,nt )2

]1/2
≤

∑
0≤i≤n−1,
ai<a

∥∥Zai,n
t − zait

∥∥
L2(P )

|βn(ai)|
ηai,nV V

· (η
ai,n
ΛΛ )1/2

(2αnΛ)
1/2

where we use that
E
[
(Λai,nt )2

]
=
ηai,nΛΛ

2αnΛ
(1− e−2αnΛt) ≤ ηai,nΛΛ

2αnΛ
.

Since ηai,nΛΛ is of order ∆ai with ∆ai =
1
n

and because

1

n

∑
0≤i≤n−1,
ai<a

√
n
∥∥Zai,n

t − zait
∥∥
L2(P )

→ 0 n→ ∞

by assumption, it follows that

∑
0≤i≤n−1,
ai<a

(Zai,n
t − zait )

βn(ai)Λ
ai,n
t

ηai,nV V

→ 0

in L1(P ), and thus in probability as n → ∞, for each fixed t ≥ 0. On the other hand,
Theorem C.9 implies

∑
0≤i≤n−1,
ai<a

zait
βn(ai)Λ

ai,n
t

ηai,nV V

→
(
β(·)
ηV V

· Jx(·, v0(·), 0)
Jxx(·, v0(·), 0)

∗ Λ
)

(a,t)

,

uniformly on compacts in probability, and so by Corollary E.22

−
∑

0≤i≤n−1,
ai<a

Jai,nx (t, V ai,n
t ,Λai,nt )

Jai,nxx (t, V ai,n
t ,Λai,nt )

· β
n(ai)Λ

ai,n
t

ηai,nV V

→
(

β(·)
ηV V rψ(·, rv0(·))

∗ Λ
)

(a,t)

uniformly on compacts in probability, where

(φ ∗ Λ)(a,t) + αΛ

∫ t

0

(φ ∗ Λ)(a,s) ds =
∫ a

0

φ(u)(w(u)µ− ν(u)σ2
ξ )

2 du

∫ t

0

df1(Ds, Ĝs,Ξs)

+

∫
[(0,0),(a,t))

φ(u)(ν(u)σ2
ξ − w(u)µ) df2(ξ(u,s), Ĝs,Ξs)
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as in Theorem C.9. By defining

X(a,t) :=

(
β(·)

ηV V rψ(·, rv0(·))
∗ Λ
)

(a,t)

−
∫ a

0

ρ

ηV V ψ(u, rv0(u))
du,

it holds that

−
∫ a

0

ρ

ηV V ψ(u, rv0(u))
du− αΛ

∫ t

0

( β(·)
ηV V rψ(·,rv0(·))

∗ Λ
)
(a,s)

ds

= −
∫ a

0

ρ

ηV V ψ(u, rv0(u))
du− αΛ

∫ t

0

X(a,s) ds− αΛ

∫ t

0

∫ a

0

ρ

ηV V ψ(u, rv0(u))
du ds

= −
∫ a

0

(1 + αΛt)ρ

ηV V ψ(u, rv0(u))
du− αΛ

∫ t

0

X(a,s) ds,

and this concludes the proof. ■

Lemma F.3. Let Λai,nt and Λ
aj ,n
t be defined as in Corollary C.3. Then E[Λai,nt Λ

aj ,n
t ] is of

order max{(∆ai)2, (∆aj)2}.

Proof. By using Corollary C.3, applying Itô’s formula, and by noting that the private signal
at t = 0 is equal to zero because ζai,n0 = ∆1W

ξ
(ai,0)

and the fact that a Brownian sheet is zero
whenever one of its coordinate is zero, we find that the inference wedge Λai,n satisfies

Λai,nt =

∫ t

0

e−
∫ t
s α

n
Λ(u) du

Γai,n1 (s)− Γn1 (s)

Γai,n2 (s)− Γn2 (s)

Γai,n3 (s)


T dDs + αD(Ds − Ĝai,n

s ) ds

dΞns − µnαG(g − Ĝai,n
s ) ds

dζai,ns − νai,nαG(g − Ĝai,n
s ) ds

 . (F.1)

For our purpose, it is enough to look at the steady state Riccati solution, which essentially
means we can work with the constants αnΛ, Γai,n1 , Γai,n2 , and Γai,n3 . From Lemma C.6 we know
that both differences Γai,n1 − Γn1 and Γai,n2 − Γn2 are of order ∆ai. Moreover, we know from
Lemma C.1 that Γai,n3 is of order 1, and by definition νai,n = ν(ai)∆ai (see Appendix B). We
already know that

E[(Λai,nt )2] =
ηai,nΛΛ

2αnΛ
(1− e−2αnΛt) ≤ ηai,nΛΛ

2αnΛ
,

which together with Hölder’s inequality implies

E[|Λai,nt Λ
aj ,n
t |] ≤ E[|Λai,nt |2]1/2 E[|Λaj ,nt |2]1/2 ≤

(
ηai,nΛΛ

2αnΛ

)1/2(
η
aj ,n
ΛΛ

2αnΛ

)1/2

=
(ηai,nΛΛ )1/2(η

aj ,n
ΛΛ )1/2

2αnΛ
.

So E[Λai,nt Λ
aj ,n
t ] is bounded above by a term that is at least of order (∆ai)

1/2(∆aj)
1/2. To

prove the statement we shall show that the mixed terms of order less than ∆ai∆aj vanish.
It is clear from the representation of Λai,nt above, that all the terms appearing from the
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expected value E[Λai,nt Λ
aj ,n
t ] that include a product of the form

(Γai,nk − Γnk)(Γ
aj ,n
l − Γnl ) k, l ∈ {1, 2}

are of order ∆ai∆aj, by the argumentation above. For the remaining terms, let us first note
that ζai,n is of the form

dζai,nt = νai,n dGt +mai,n dW
ζai,n

t = ν(ai)∆ai dGt + (∆ai)
1/2 dW ζai,n

t ,

where (W ζai,n

t )0≤i≤n−1 is a collection of independent Brownian motions that is also inde-
pendent of WD and WG. Here, we use that by definition mai,n = (∆ai)

1/2 (see again
Appendix B). So the only term in Λai,nt that is not of order ∆ai is the term including W ζai,n ,
that is ∫ t

0

e−α
n
Λ(t−s) Γai,n3 (∆ai)

1/2 dW ζai,n

s .

Since WD and WG are independent of W ζai,n , so are D and G, which immediately implies

E

[(∫ t

0

e−α
n
Λ(t−s)

(
dDs + αDDs ds

))(∫ t

0

e−α
n
Λ(t−s) dW ζai,n

s

)]
= 0.

Likewise, since (W ζai,n

t )0≤i≤n−1 is a collection of independent Brownian motions it holds that

E

[(∫ t

0

e−α
n
Λ(t−s)

(
dζaj ,ns − νaj ,nαGg ds

))(∫ t

0

e−α
n
Λ(t−s) dW ζai,n

s

)]
= 0 ∀ i ̸= j.

Moreover, because the public signal satisfies

Ξn = µnGt +
n−1∑
i=0

w(ai)mai,nW
ζai ,n
t

we find that

E

[(∫ t

0

e−α
n
Λ(t−s)

(
dΞns − µnαGg ds

))(∫ t

0

e−α
n
Λ(t−s)mai,n dW

ζai,n

s

)]
= E

[(∫ t

0

e−α
n
Λ(t−s)w(ai)m

2
ai,n

dW ζai,n

s

)2]
= w(ai)

2∆ai

∫ t

0

e−2αnΛ(t−s) ds =
w(ai)

2∆ai
2αnΛ

(1− e−α
n
Λt).

Since Ξn is multiplied by Γai,n2 − Γn2 which is of order ∆ai by Lemma C.6 we still obtain
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∆ai∆aj here. It thus remains to consider the terms∫ t

0

e−α
n
Λ(t−s) Ĝai,n

s ds

in Λai,nt . For this purpose, let us first note that Lemma C.1 implies

dĜai,n
t = (αGg − (αai,nΛ − νai,nαGΓ

ai,n
3 )Ĝai,n

t ) dt+

Γai,n1

Γai,n2

Γai,n3


T dDt + αDDt dt

dΞnt − µnαGg dt

dζai,nt − νai,nαGg dt

 ,

where we denote αai,nΛ := αDΓ
ai,n
1 + αG(1− µnΓ

ai,n
2 ). By Itô’s formula we then have

Ĝai,n
t = Ĝai,n

0 e−(α
ai,n
Λ −νai,nαGΓ

ai,n
3 )t+αGg

∫ t

0

e−(α
ai,n
Λ −νai,nαGΓ

ai,n
3 )(t−s) ds

+

∫ t

0

e−(α
ai,n
Λ −νai,nαGΓ

ai,n
3 )(t−s)

Γai,n1

Γai,n2

Γai,n3


T dDs + αDDs ds

dΞns − µnαGg ds

dζai,ns − νai,nαGg ds

 .

Hence, by the exact same argumentation as above, we find that the only term contributing
anything here is Ξn, so that

E

[(∫ t

0

e−α
n
Λ(t−s) Ĝaj ,n

s ds

)(∫ t

0

e−α
n
Λ(t−s)mai,n dW

ζai,n

s

)]
=

Γai,n2 w(ai)∆ai
eα

n
Λt

E

[ ∫ t

0

eα
n
Λs

(∫ s

0

e−(α
ai,n
Λ −νai,nαGΓ

ai,n
3 )(s−u) dW ζai,n

u

)
ds

(∫ t

0

eα
n
Λs dW ζai,n

s

)]
.

Note that here Ξn does not enter with an additional factor Γai,n2 − Γn2 as above. However,
it can be seen from (F.1) that each term Ĝai,n dt is multiplied by a factor ∆ai, either via
Γai,n1 − Γn1 , Γ

ai,n
2 − Γn2 , or νai,n. This is enough to conclude the proof. ■

F.2. Risk Premium

Proposition F.4. The risk premium ρ satisfies

ρ = − ηV V θ∫ 1

0
1

ψ(a,rv0(a))
da
.

Proof. Let us assume that we have found a weight function w which reduces the cumulative
demand function X(1,t) to (MC′). Our goal is to derive the risk premium ρ. For this purpose,
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we substitute (MC) into (MC′), which yields

−rρ(1 + αΛt) =
rηV V θ(1 + αΛt)∫ 1

0
1

ψ(a,rv0(a))
da

. (F.2)

Solving equation (F.2) for ρ yields

ρ = − ηV V θ∫ 1

0
1

ψ(a,rv0(a))
da
,

and this concludes the proof. ■

F.3. Equilibrium conditions

We first give the proof of Proposition 3.1 which gives a necessary and sufficient condition for
a trivial equilibrium to exist.

Proof of Proposition 3.1. Let us assume that w : [0, 1) → R is a weight function that yields
a trivial equilibrium. By definition and from the cumulative demand function (3.3) it must
at least hold true that∫ a

0

β(u)(w(u)µ− ν(u)σ2
ξ )

2

rηV V ψ(u, rv0(u))
du = 0 ∀a ∈ [0, 1).

Hence, by the Lebesgue differentiation theorem, it must hold
β(a)(w(a)µ−ν(a)σ2

ξ )
2

rηV V ψ(a,rv0(a))
= 0 for any

a ∈ {β ̸= 0} , and therefore w(a)µ = ν(a)σ2
ξ . This implies w(a) = ν(a)σ2

ξ/µ for all
a ∈ {β ̸= 0}. To prove the reverse implication, let us assume that w(a) = ν(a)σ2

ξ/µ for all
a ∈ {β ̸= 0}. Hence, equation (3.3) reduces to

X(a,t) = −ρ (1 + αΛt)

ηV V

∫ a

0

1

ψ(u, rv0(u))
du− αΛ

∫ t

0

X(a,s) ds

for almost every a ∈ [0, 1), which by definition guarantees the existence of a trivial equilib-
rium. ■

Next, we give the proof of Proposition 3.2 which provides a characterization of the weight
function in a non-trivial equilibrium when it exists.

Proof of Proposition 3.2. In order to prove the statement, we prove the two implications
(1) =⇒ (2) and (2) =⇒ (1).

(1) =⇒ (2): Let us assume that there exists a non-trivial equilibrium, which means that there
exists a well-defined weight function w that clears the market, which is not proportional to ν
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on {β ̸= 0}. Furthermore, it means that {β ̸= 0} has positive Lebesgue measure. According
to equation (3.3), in order to have market clearing, the weight function must at least satisfy

β(a)(µw(a)− σ2
ξν(a))

2

ψ(a, rv0(a))
= f̃(a) for a.e. a ∈ [0, 1), (F.3)

for some non-zero function f̃ : [0, 1) → R satisfying
∫ 1

0
f̃(a) da = 0. The function f̃ must

be non-zero in order to obtain a non-trivial equilibrium, while the condition
∫ 1

0
f̃(a) da = 0

is required for the market to clear. A particular candidate for such a function is given by
f̃(a) = κw(a)(µw(a) − σ2

ξν(a)) for a.e. a ∈ [0, 1), for some coefficient κ ̸= 0. In fact, this
particular choice of f̃ is the only one that clears the market in a non-trivial way. Indeed, let
us denote ∫ 1

0

β(u)(µσ2
Gν(u) + w(u))(µw(u)− σ2

ξν(u))

ψ(u, rv0(u))(µ2σ2
G + σ2

ξ )
du =: κ0.

Then, in order to have market clearing, equation (3.3) implies (see the third and the fifth
terms on the right-hand side of (3.3))∫

[(0,0),(1,t))

(
κ0w(u)−

β(u)(µw(u)− ν(u)σ2
ξ )

ψ(u, rv0(u))

)
dW ξ

(u,s) = 0 P -a.s.,

and thus by the Itô isometry for Brownian sheets we obtain

E

[(∫
[(0,0),(1,t))

(
κ0w(u)−

β(u)(µw(u)− ν(u)σ2
ξ )

ψ(u, rv0(u))

)
dW ξ

(u,s)

)2]
= t

∫ 1

0

(
κ0w(u)−

β(u)(µw(u)− ν(u)σ2
ξ )

ψ(u, rv0(u))

)2

du = 0,

which holds true if and only if

κ0w(a)−
β(a)(µw(a)− σ2

ξν(a))

ψ(a, rv0(a))
= 0 for a.e. a ∈ [0, 1). (F.4)

Hence, we find from (F.3) and (F.4) that

β(a)(µw(a)− σ2
ξν(a))

ψ(a, rv0(a))
=

f̃(a)

µw(a)− σ2
ξν(a)

= κ0w(a),

which implies that f̃(a) = κ0w(a)(µw(a)− ν(a)σ2
ξ ). By letting

β(a)(µw(a)− σ2
ξν(a))

ψ(a, rv0(a))
= κw(a),
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for some general κ ̸= 0, we get

κ0 =

∫ 1

0

β(u)(µσ2
Gν(u) + w(u))(µw(u)− σ2

ξν(u))

ψ(u, rv0(u))(µ2σ2
G + σ2

ξ )
du

= κ

∫ 1

0

µσ2
Gw(u)ν(u) + w(u)2

µ2σ2
G + σ2

ξ

du = κ.

As a result, we obtain that the weight function must be of the general form

w(a) =
σ2
ξν(a)

µ+ κψ(a,rv0(a))
β(a)

=
σ2
ξν(a)β(a)

µβ(a) + κψ(a, rv0(a))
for a.e. a ∈ [0, 1), κ ̸= 0. (F.5)

From (F.5) we observe immediately that w(a) = 0 for all a ∈ {β = 0}.

(2) =⇒ (1): Let us now assume that the weight function is well-defined and of the form
(F.5), and that the set {β ̸= 0} has positive Lebesgue measure. We thus obtain that

β(a)(µw(a)− σ2
ξν(a))

ψ(a, rv0(a))
= −κw(a) for a.e. a ∈ [0, 1),

and therefore∫ 1

0

β(u)(µw(u)− σ2
ξν(u))

2

ψ(u, rv0(u))
du = κ

∫ 1

0

(σ2
ξν(u)w(u)− µw(u)2) du = 0.

Moreover, we find that(∫ 1

0

β(u)(µσ2
Gν(u) + w(u))(µw(u)− σ2

ξν(u))

ψ(u, rv0(u))(µ2σ2
G + σ2

ξ )
du

)(
Ξt − µαG

∫ t
0
(g − Ĝs) ds

)
+

∫
[(0,0),(1,t))

β(u)(ν(u)σ2
ξ − µw(u))

ψ(u, rv0(u))
(dξ(u,s) − ν(u)αG(g − Ĝs) du ds)

= κ
(
Ξt − µαG

∫ t
0
(g − Ĝs) ds

)
− κ
(
Ξt − µαG

∫ t
0
(g − Ĝs) ds

)
= 0,

which implies

X(1,t) = −ρ (1 + αΛt)

ηV V

∫ 1

0

1

ψ(a, rv0(a))
da− αΛ

∫ t

0

X(1,s) ds P -a.s.,

and so the market clears under the condition (MC′). ■

F.4. Existence of non-trivial equilibria

We first prove Proposition 3.4 which gives a necessary and sufficient condition for a non-
trivial equilibrium to exist.
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Proof of Proposition 3.4. If (3.6) holds, set w(a) = ν(a)

1+κ̃
ψ(a,rv0(a))

β(a)

1{β ̸=0}(a). We find that

σ2
ξ =

∫ 1

0

w(a)2 da =

∫
{β ̸=0}

ν(a)2(
1 + κ̃ψ(a,rv0(a))

β(a)

)2 da
=

∫
{β ̸=0}

ν(a)2(
1 + κ̃ψ(a,rv0(a))

β(a)

)2 da+ ∫
{β ̸=0}

ν(a)2(
1 + κ̃ψ(a,rv0(a))

β(a)

)2 · κ̃ψ(a, rv0(a))
β(a)

da

=

∫
{β ̸=0}

ν(a)2

1 + κ̃ψ(a,rv0(a))
β(a)

da =

∫ 1

0

ν(a)w(a) da = µ.

The condition that {β ̸= 0} has positive measure guarantees that
∫ 1

0
w(a)2 da > 0 and thus

σ2
ξ = µ > 0. Therefore, we can write

w(a) =
ν(a)

1 + κ̃ψ(a,rv0(a))
β(a)

1{β ̸=0}(a) =
σ2
ξν(a)

µ+ κψ(a,rv0(a))
β(a)

1{β ̸=0}(a)

for κ = µκ̃ ̸= 0, which shows that a non-trivial equilibrium exists by Proposition 3.2.
Conversely, Proposition 3.2 implies that the weight function is of the form

w(a) =
σ2
ξν(a)

µ+ κψ(a,rv0(a))
β(a)

1{β ̸=0}(a)

or some κ ̸= 0 and that {β ̸= 0} has positive measure. Hence, we find that

σ2
ξ =

∫ 1

0

w(a)2 da =

∫
{β ̸=0}

σ4
ξν(a)

2(
µ+ κψ(a,rv0(a))

β(a)

)2 da,
which implies ∫

{β ̸=0}

σ2
ξν(a)

2(
µ+ κψ(a,rv0(a))

β(a)

)2 da = 1. (F.6)

Moreover, we have

µ =

∫ 1

0

ν(a)w(a) da =

∫
{β ̸=0}

σ2
ξν(a)

2

µ+ κψ(a,rv0(a))
β(a)

da

= µ

∫
{β ̸=0}

σ2
ξν(a)

2(
µ+ κψ(a,rv0(a))

β(a)

)2 da+ ∫
{β ̸=0}

σ2
ξν(a)

2(
µ+ κψ(a,rv0(a))

β(a)

)2κψ(a, rv0(a))β(a)
da,
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which together with (F.6), yields∫
{β ̸=0}

σ2
ξν(a)

2(
µ+ κψ(a,rv0(a))

β(a)

)2κψ(a, rv0(a))β(a)
da = 0,

and thus ∫
{β ̸=0}

ν(a)2(
1 + κ

µ
· ψ(a,rv0(a))

β(a)

)2 · ψ(a, rv0(a))
β(a)

da = 0.

This is of the form (3.6) with κ̃ = κ/µ. ■

Next we prove the existence result of non-trivial equilibria given in Proposition 3.5.

Proof of Proposition 3.5. Consider the functions

I(κ̃) =

∫
{β>0}

ν(a)2(
1 + κ̃ψ(a,rv0(a))

β(a)

)2 · ψ(a, rv0(a))
β(a)

da,

J(κ̃) = −
∫
{β<0}

ν(a)2(
1 + κ̃ψ(a,rv0(a))

β(a)

)2 · ψ(a, rv0(a))
β(a)

da.

From (3.7), we know that I(0) ̸= J(0).
First assume that I(0) > J(0). We note that J(κ̃) is continuous on [0, s1), where s1 is

the first blow-up time to infinity. We next show that such blow-ups indeed happen. Fix
a1 ∈ (0, 1) with β(a1) < 0. Because β(a) and ψ(a, rv0(a)) are locally Lipschitz-continuous
on {β ̸= 0}, ψ(a, rv0(a))/β(a) is locally Lipschitz-continuous at a1; denote by L1 the related
Lipschitz constant. We have

J

(
−β(a1)

ψ(a1, rv0(a1))

)
= −

∫
{β<0}

ν(a)2(
1− β(a1)ψ(a,rv0(a))

ψ(a1,rv0(a1))β(a)

)2 · ψ(a, rv0(a))
β(a)

da

= −
∫
{β<0}

ψ(a1, rv0(a1))
2ν(a)2

β(a1)2
(ψ(a1,v0(a1))

β(a1)
− ψ(a,rv0(a))

β(a)

)2 · ψ(a, rv0(a))
β(a)

da

≥ −
∫ a1

a1−ϵ

ψ(a1, rv0(a1))
2ν(a)2

β(a1)2L2
1(a1 − a)2

· ψ(a, rv0(a))
β(a)

da

for a suitably chosen ϵ > 0. Because the integral of (a1 − a)−2 over (a1 − ϵ, a1) diverges,
we obtain J

( −β(a1)
ψ(a1,rv0(a1))

)
= ∞. Moreover, the assumption sup{β<0} β < 0 guarantees that

the blow-up does not happen immediately at zero, so s1 > 0. Since I(0) > J(0), I(κ̃) is
continuous and decreasing on [0,∞), and J(κ̃) is continuous on [0, s1) and diverges to ∞ at
s1, there exists κ̃⋆ ∈ (0, s1) such that I(κ̃⋆) = J(κ̃⋆).

Now assume that I(0) < J(0). We note that I(κ̃) is continuous on (s2, 0], where s2
is the last blow-up time to infinity before zero. We next show that such blow-ups indeed
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happen. Fix a2 ∈ (0, 1) with β(a2) > 0. Because β(a) and ψ(a, rv0(a)) are locally Lipschitz-
continuous on {β ̸= 0}, ψ(a, rv0(a))/β(a) is locally Lipschitz-continuous at a2; denote by L2

the related Lipschitz constant. We have

I

(
−β(a2)

ψ(a2, rv0(a2))

)
=

∫
{β>0}

ν(a)2(
1− β(a2)ψ(a,rv0(a))

ψ(a2,rv0(a2))β(a)

)2 · ψ(a, rv0(a))
β(a)

da

=

∫
{β>0}

ψ(a2, rv0(a2))
2ν(a)2

β(a2)2
(ψ(a2,rv0(a2))

β(a2)
− ψ(a,rv0(a))

β(a)

)2 · ψ(a, rv0(a))
β(a)

da

≥
∫ a2+ϵ

a2

ψ(a2, rv0(a2))
2ν(a)2

β(a2)2L2
2(a2 − a)2

· ψ(a, rv0(a))
β(a)

da

for a suitably chosen ϵ > 0. Because the integral of (a2 − a)−2 over (a2, a2 + ϵ) diverges,
we obtain I

( −β(a2)
ψ(a2,rv0(a2))

)
= ∞. Moreover, the assumption inf{β>0} β > 0 guarantees that

the blow-up does not happen immediately at zero, so s2 < 0. Since I(0) < J(0), J(κ̃) is
continuous and increasing on (−∞, 0], and I(κ̃) is continuous on (s2, 0] and diverges to ∞
at s2, there exists κ̃⋆ ∈ (s2, 0) such that I(κ̃⋆) = J(κ̃⋆).

In either case, we obtain∫
{β ̸=0}

ν(a)2(
1 + κ̃⋆ ψ(a,rv0(a))

β(a)

)2 · ψ(a, rv0(a))
β(a)

da = 0

for κ̃⋆ ̸= 0, which shows that a non-trivial equilibrium exists by Proposition 3.4. ■

G. Proofs of Sections 4 and 5

This appendix contains the proofs of the results and statements from Sections 4 and 5.
Appendix G.1 covers Section 4, while Appendix G.2 covers Section 5.

G.1. Key financial market measures

Proof of Proposition 4.1. The conditional variance is defined as Var[Gt|Gt] = E[(Gt−Ĝt)
2|Gt],

which implies E[Var[Gt|Gt]] = E[(Gt − Ĝt)
2] = γt. This is the mean squared filtering error

described by the Riccati equation (C.7). On the other hand, to compute the variance of Gt,
recall that dGt = αG(g −Gt) dt+ σG dWG

t , and so we obtain by Itô’s lemma that

Gt = e−αGtG0 + g(1− e−αGt) + σG

∫ t

0

eαG(s−t) dWG
s ,
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which implies Var(Gt) =
1−e−2αGt

2αG
σ2
G. Hence, we find that price informativeness satisfies

I = 1− lim
t→∞

E[Var[Gt|Gt]]
Var(Gt)

= 1− lim
t→∞

2αGγt
σ2
G(1− e−2αGt)

= 1− 2αGγ

σ2
G

.

Since the steady state mean squared filtering error satisfies

γ =
σD
√
(α2

Dσ
2
G + α2

Gσ
2
D)(τ

2σ2
G + 1)− αGσ

2
D

τ 2(α2
Dσ

2
G + α2

Gσ
2
D) + α2

D

, τ 2 :=
µ2

σ2
ξ

,

we thus obtain

I = 1− 2αG
σ2
G

·
σD
√

(α2
Dσ

2
G + α2

Gσ
2
D)(τ

2σ2
G + 1)− αGσ

2
D

τ 2(α2
Dσ

2
G + α2

Gσ
2
D) + α2

D

=
(τ 2σ2

G + 1)(α2
Dσ

2
G + α2

Gσ
2
D)− 2σDαG

√
(α2

Dσ
2
G + α2

Gσ
2
D)(τ

2σ2
G + 1) + α2

Gσ
2
D

τ 2σ2
G(α

2
Dσ

2
G + α2

Gσ
2
D) + α2

Dσ
2
G

=

(√
(α2

Dσ
2
G + α2

Gσ
2
D)(τ

2σ2
G + 1)− σDαG

)2
τ 2σ2

G(α
2
Dσ

2
G + α2

Gσ
2
D) + α2

Dσ
2
G

.

This concludes the proof. ■

Proof of Proposition 4.2. From the market clearing equation (3.3) we immediately get

⟨X,X⟩(a,t) =
(σ2

G − αGγ)
2

(µ2σ2
G + σ2

ξ )
2

∫
[(0,0),(a,t))

β(u)2(ν(u)σ2
ξ − w(u)µ)2

r2η2V V ψ(u, rv0(u))
2

du ds

=
(σ2

G − αGγ)
2

(µ2σ2
G + σ2

ξ )
2
t

∫ a

0

β(u)2(ν(u)σ2
ξ − w(u)µ)2

r2η2V V ψ(u, rv0(u))
2

du,

which implies

∂⟨X,X⟩(a,t)
∂t

=
(σ2

G − αGγ)
2

(µ2σ2
G + σ2

ξ )
2

∫ a

0

β(u)2(ν(u)σ2
ξ − w(u)µ)2

r2η2V V ψ(u, rv0(u))
2

du.

Taking the square root concludes the proof. ■

Proof of Proposition 4.4. Recall from Proposition 3.1 and Proposition 3.2 that the weight
function w that describes the equilibrium can be written as

w(a) =
σ2
ξν(a)

µ+ κψ(a,rv0(a))
β(a)

1{β ̸=0}(a), κ ∈ R.

Note that κ ∈ R, since we want to describe both, trivial and non-trivial equilibria. Solving
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for κ and then integrating over a from 0 to 1 thus yields

κ =

∫ 1

0

(
σ2
ξν(a)

w(a)
− µ

)
β(a)

ψ(a, rv0(a))
da =

∫
{β ̸=0}

(
σ2
ξν(a)

w(a)
− µ

)
β(a)

ψ(a, rv0(a))
da.

Since µ ̸= 0 by assumption, we may divide both sides of the above equation by µ, and thus
obtain

κ

µ
=

∫
{β ̸=0}

(
σ2
ξν(a)

µw(a)
− 1

)
β(a)

ψ(a, rv0(a))
da.

By denoting κ̃ = κ
µ
, and by realizing that the weight function in a trivial equilibrium is of

the form wtrivial(a) =
σ2
ξν(a)

µ
for any a ∈ {β ̸= 0} (see Proposition 3.1), we may thus write

κ̃ =

∫
{β ̸=0}

(
wtrivial(a)

w(a)
− 1

)
β(a)

ψ(a, rv0(a))
da.

Therefore, we see that the level of disagreement in the market satisfies

|κ̃| =
∣∣∣∣ ∫

{β ̸=0}

(
wtrivial(a)

w(a)
− 1

)
β(a)

ψ(a, rv0(a))
da

∣∣∣∣ = ∫
{β ̸=0}

∣∣∣∣wtrivial(a)

w(a)
− 1

∣∣∣∣ |β(a)|
ψ(a, rv0(a))

da.

The second identity follows from

κ̃ =

(
wtrivial(a)

w(a)
− 1

)
β(a)

ψ(a, rv0(a))
∀a ∈ {β ̸= 0}.

This concludes the proof. ■

Proof of Proposition 4.5. By assumption, there exists a non-trivial equilibrium for the belief-
function β. Hence, by Proposition 3.4 it holds that∫

{β ̸=0}

ν(a)2(
1 + κ̃ψ(a,rv0(a))

β(a)

)2 · ψ(a, rv0(a))
β(a)

da = 0

for some κ̃ ̸= 0. However, for any c ̸= 0 it holds that∫
{β′ ̸=0}

ν(a)2(
1 + κ̃′ ψ(a,rv0(a))

β′(a)

)2 · ψ(a, rv0(a))
β′(a)

da =
1

c

∫
{β ̸=0}

ν(a)2(
1 + κ̃′

c
· ψ(a,rv0(a))

β(a)

)2 · ψ(a, rv0(a))
β(a)

da,

which is equal to 0 if κ̃′

c
= κ̃, or equivalently κ̃′ = cκ̃. Hence, by Proposition 3.4 a non-trivial

equilibrium exists for the belief function β′ = cβ with κ̃′ = cκ̃. Its weight function satisfies

w′(a) =
(σ′

ξ)
2ν(a)

µ′ + κ′ ψ(a,rv0(a))
β′(a)

1{β′ ̸=0}(a) =
(σ′

ξ)
2

µ′ · ν(a)

1 + κ′

µ′
· ψ(a,rv0(a))

β′(a)

1{β′ ̸=0}(a) = w(a),
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where we use that
(σ′
ξ)

2

µ′
= 1, κ′

µ′
= κ̃′ = cκ̃ and {β′ ̸= 0} = {β ̸= 0}. Hence, the weight

function remains the same. ■

Proof of Corollary 4.6. This statement follows immediately from Proposition 4.5 by letting
β′ = 1

c
β, and keeping ψ as is. ■

G.2. Market quality, wealth effects and the role of beliefs

Proof of Proposition 5.1. To prove (1), we note that

∥wL∥1 =
∫
{β>0}

ν(a)∣∣1− |κ̃|ψ(a,rv0(a))|β(a)|

∣∣ da ≥
∫
{β>0}

ν(a)

|κ̃|ψ(a,rv0(a))|β(a)|

da,

as well as
∥wH∥1 =

∫
{β<0}

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

da ≤
∫
{β<0}

ν(a)

|κ̃|ψ(a,rv0(a))|β(a)|

da.

Since κ̃ < 0, the strict inequality in (5.3) holds true, which by assumption implies∫
{β>0}

ν(a)β(a)

ψ(a, rv0(a))
da > −

∫
{β<0}

ν(a)β(a)

ψ(a, rv0(a))
da,

and therefore ∥wL∥1 > ∥wH∥1.
Assertion (2) follows from (1) by replacing H with L and vice versa. ■

Proof of Proposition 5.2. Let us first assume that v0(a) ≥ v0(a
′) implies ν(a) ≥ ν(a′) and

|β(a)| ≥ |β(a′)| for all a, a′ ∈ [0, 1). Since in addition v0(a) > v0(a
′) implies ψ(a, rv0(a)) <

ψ(a′, rv0(a
′)) for all a, a′ ∈ [0, 1), we find that

ν(a)∣∣1− |κ̃|ψ(a,rv0(a))|β(a)|

∣∣ ≥ ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

>
ν(a′)

1 + |κ̃|ψ(a′,rv0(a′))|β(a′)|

(G.1)

for all κ̃ ∈ R. Now, if L+(β) = ∅ and κ̃ < 0 or L−(β) = ∅ and κ̃ > 0, then the weight
function of the less wealthy agents satisfies

wL(a) =
ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

1L(a), (G.2)

and it immediately follows from (G.1) that ∥wH∥1 > ∥wL∥1.
Now, let us assume that v0(a) ≥ v0(a

′) implies |β(a)| ≤ |β(a′)| for all a, a′ ∈ [0, 1).
Moreover, assume that

min
a∈L(β)

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

> max
a∈H(β)

ν(a)

1 + |κ̃|ψ(a,rv0(a))|β(a)|

.

125



Hence, the inequalities in (G.1) still hold true but with a, a′ ∈ [0, 1) such that v0(a′) > v0(a).
If H+(β) = ∅ and κ̃ < 0 or H−(β) = ∅ and κ̃ > 0, then the weight function of the wealthier
agents is of the form given in equation (G.2), which now implies ∥wL∥1 > ∥wH∥1. ■

Proof of Proposition 5.5. Under the assumptions of assertion (1a), total precision of the
initial wealth allocation is given by

µold =

∫
L(β)

ν(a)2

1− |κ̃old|ψ(a,rv
old
0 (a))

|β(a)|

da+

∫
H(β)

ν(a)2

1 + |κ̃old|ψ(a,rv
old
0 (a))

|β(a)|

da,

and total precision of the new wealth allocation is given by

µnew =

∫
L(β)

ν(a)2

1− |κ̃new|ψ(a,rv
new
0 (a))

|β(a)|

da+

∫
H(β)

ν(a)2

1 + |κ̃new|ψ(a,rv
new
0 (a))

|β(a)|

da.

Since all investors have DARA utilities we find that ψ(a, rvnew0 (a)) ≤ ψ(a, rvold0 (a)) for all
a ∈ L(β), whereas ψ(a, rvnew0 (a)) ≥ ψ(a, rvold0 (a)) for all a ∈ H(β). Hence, if 0 > κ̃new ≥ κ̃old,
it holds that |κ̃new| ≤ |κ̃old|, and thus by assumption we find for all a ∈ L(β) that

1− |κ̃new|ψ(a, rv
new
0 (a))

|β(a)|
≥ 1− |κ̃old|ψ(a, rv

old
0 (a))

|β(a)|
≥ 1− max

a∈L(β)
|κ̃old|ψ(a, rv

old
0 (a))

|β(a)|
> 0,

and therefore 0 < wnew
L (a) ≤ wold

L (a) for all a ∈ L(β). On the other hand, for all a ∈ H(β)

it holds by assumption that

1 + |κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≤ 1 + max

a∈H(β)
|κ̃old|ψ(a, rv

old
0 (a))

|β(a)|

≤ 1 + min
a∈H(β)

|κ̃new|ψ(a, rv
new
0 (a))

|β(a)|
≤ 1 + |κ̃new|ψ(a, rv

new
0 (a))

|β(a)|
,

and therefore 0 < wnew
H (a) ≤ wold

H (a) for all a ∈ H(β). Consequently it holds that µold ≥ µnew,
and thus by Proposition 4.1 it follows that Iold ≥ Inew.

To prove assertion (1b), we note that assumption κ̃old ≥ κ̃new together with κ̃old < 0

implies |κ̃old| ≤ |κ̃new|, and therefore

1 + |κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≤ 1 + |κ̃new|ψ(a, rv

new
0 (a))

|β(a)|
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for all a ∈ H(β). On the other hand, we have by assumption that

1− |κ̃new|ψ(a, rv
new
0 (a))

|β(a)|
≥ 1− max

a∈L(β)
|κ̃new|ψ(a, rv

new
0 (a))

|β(a)|

≥ 1− min
a∈L(β)

|κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≥ 1− max

a∈L(β)
|κ̃old|ψ(a, rv

old
0 (a))

|β(a)|
> 0,

for all a ∈ L(β). Hence, we find that wold(a) ≥ wnew(a) ≥ 0 for all a ∈ [0, 1) as before, and
so the same conclusion as in (1a) holds true.

Under the assumptions of assertion (2a), total precision of the initial wealth allocation is
given by

µold =

∫
L(β)

ν(a)2

1 + |κ̃old|ψ(a,rv
old
0 (a))

|β(a)|

da+

∫
H(β)

ν(a)2

1− |κ̃old|ψ(a,rv
old
0 (a))

|β(a)|

da,

and total precision of the new wealth allocation is given by

µnew =

∫
L(β)

ν(a)2

1 + |κ̃new|ψ(a,rv
new
0 (a))

|β(a)|

da+

∫
H(β)

ν(a)2

1− |κ̃new|ψ(a,rv
new
0 (a))

|β(a)|

da.

Since ψ(a, rvnew0 (a)) ≤ ψ(a, rvold0 (a)) for all a ∈ L(β), κ̃old ≤ κ̃new implies

1 + |κ̃new|ψ(a, rv
new
0 (a))

|β(a)|
≤ 1 + |κ̃old|ψ(a, rv

old
0 (a))

|β(a)|

for all a ∈ L(β). On the other hand, it holds that 1−maxa∈H(β) |κ̃new|ψ(a,rv
new
0 (a))

|β(a)| > 0 and

1− max
a∈H(β)

|κ̃new|ψ(a, rv
new
0 (a))

|β(a)|
≤ 1− min

a∈H(β)
|κ̃new|ψ(a, rv

new
0 (a))

|β(a)|

≤ 1− max
a∈H(β)

|κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≤ 1− |κ̃old|ψ(a, rv

old
0 (a))

|β(a)|

for all a ∈ H(β). Hence, we find that wnew(a) ≥ wold(a) ≥ 0 for all a ∈ [0, 1), and therefore
µnew ≥ µold.

Finally, to prove assertion (2b) we note that by assumption

1 + |κ̃new|ψ(a, rv
new
0 (a))

|β(a)|
≤ 1 + max

a∈L(β)
|κ̃new|ψ(a, rv

new
0 (a))

|β(a)|

≤ 1 + min
a∈L(β)

|κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≤ 1 + |κ̃old|ψ(a, rv

old
0 (a))

|β(a)|

for all a ∈ L(β), and thus wnew
L (a) ≥ wold

L (a) for all a ∈ L(β). On the other hand, since
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|κ̃old| ≤ |κ̃new|, and because ψ(a, rvnew0 (a)) ≥ ψ(a, rvold0 (a)) for all a ∈ H(β), it holds that

1− |κ̃old|ψ(a, rv
old
0 (a))

|β(a)|
≥ 1− |κ̃new|ψ(a, rv

new
0 (a))

|β(a)|
≥ 1− max

a∈H(β)
|κ̃new|ψ(a, rv

new
0 (a))

|β(a)|
> 0,

for all a ∈ H(β). The strict inequality holds by assumption. Hence, we have wnew
H (a) ≥

wold
H (a) for all a ∈ H(β). We may again conclude that wnew(a) ≥ wold(a) ≥ 0 for all

a ∈ [0, 1), and therefore µnew ≥ µold. ■

References

Adler, R. and J. Taylor (2007). Random Fields and Geometry. 1st ed. Springer Monographs
in Mathematics. Springer New York, NY.

Avdis, E. and S. Glebkin (2025). CHILE. Preprint.
Banerjee, S., R. Kaniel, and I. Kremer (2009). “Price drift as an outcome of differences in

higher-order beliefs”. In: The Review of Financial Studies 22.9, pp. 3707–3734.
Banerjee, S. and I. Kremer (2010). “Disagreement and learning: Dynamic patterns of trade”.

In: The Journal of Finance 65.4, pp. 1269–1302.
Banerjee, S. (2011). “Learning from prices and the dispersion in beliefs”. In: The Review of

Financial Studies 24.9, pp. 3025–3068.
Breon-Drish, B. (2015). “On existence and uniqueness of equilibrium in a class of noisy

rational expectations models”. In: The Review of Economic Studies 82.3 (292), pp. 868–
921.

Brown, D. P. and R. H. Jennings (1989). “On technical analysis”. In: The Review of Financial
Studies 2 (4), pp. 527–552.

Campbell, J. Y. and A. S. Kyle (1993). “Smart money, noise trading and stock price be-
haviour”. In: The Review of Economic Studies 60.1, pp. 1–34.

Crandall, M. G., H. Ishii, and P.-L. Lions (1992). “User’s Guide to Viscosity Solutions of
Second Order Partial Differential Equations”. In: Bulletin of the American Mathematical
Society 27.1, pp. 1–67.

Fleming, W. H. and H. M. Soner (2006). Controlled Markov Processes and Viscosity Solu-
tions. 2nd ed. New York: Springer.

Foster, F. D. and S. Viswanathan (1996). “Strategic trading when agents forecast the fore-
casts of others”. In: The Journal of Finance 51 (4), pp. 1437–1478.

Grossman, S. J. (1977). “The existence of futures markets, noisy rational expectations and
informational externalities”. In: The Review of Economic Studies 44.3, pp. 431–449.

Grossman, S. J. and J. Stiglitz (1976). “Information and competitive price systems.” In: The
American Economic Review 66.2, pp. 246–253.

Grundy, B. D. and M. McNichols (1989). “Trade and the revelation of information through
prices and direct disclosure”. In: The Review of Financial Studies 2 (4), pp. 495–526.

128

https://sglebkin.com/CHILE.pdf


Han, J. and A. S. Kyle (2018). “Speculative equilibrium with differences in higher-order
beliefs”. In: Management Science 64.9, pp. 4317–4332.

He, H. and J. Wang (1995). “Differential information and dynamic behavior of stock trading
volume”. In: The Review of Financial Studies 8 (4), pp. 919–972.

Hellwig, M. F. (1980). “On the aggregation of information in competitive markets”. In: Jour-
nal of Economic Theory 22.3, pp. 477–498.

Kalman, R. and R. Bucy (1961). “New results in linear filtering and prediction theory”. In:
ASME 83 (1), pp. 95–108.

Karatzas, I. and S. Shreve (1998). Methods of Mathematical Finance. Springer New York,
NY.

Kyle, A. S. (1989). “Informed speculation with imperfect competition”. In: The Review of
Economic Studies 56.3, pp. 317–355.

Kyle, A. S., A. A. Obizhaeva, and Y. Wang (2017). “Smooth trading with overconfidence
and market power”. In: The Review of Economic Studies 85.1, pp. 611–662.

Liptser, R. and A. Shiryaev (2001). Statistics of Random Processes. I. General Theory.
2nd ed. Springer.

Makarov, I. and O. Rytchkov (2012). “Forecasting the forecasts of others: Implications for
asset pricing”. In: Journal of Economic Theory 147 (3), pp. 941–966.

Milgrom, P. and N. Stokey (1982). “Information, trade and common knowledge”. In: Journal
of Economic Theory 26.1, pp. 17–27.

Revuz, D. and M. Yor (1999). Continuous Martingales and Brownian Motion. 3rd ed. Springer
Berlin, Heidelberg.

Rockafellar, R. (1970). Convex Analysis. Princeton Mathematical Series 28. Princeton, NJ:
Princeton University Press.

Tirole, J. (1982). “On the possibility of speculation under rational expectations”. In: Econo-
metrica 50.5, pp. 1163–1181.

Townsend, R. M. (1983). “Forecasting the forecasts of others”. In: Journal of Political Econ-
omy 91 (4), pp. 546–588.

Walsh, J. (1986). “Martingales with a multidimensional parameter and stochastic integrals in
the plane”. In: Lectures in Probability and Statistics. Ed. by G. del Pino and R. Rebolledo.
Springer Berlin Heidelberg, pp. 329–491.

Wang, J. (1993). “A model of intertemporal asset prices under asymmetric information”. In:
The Review of Economic Studies 60 (2), pp. 249–282.

Wang, J. (1994). “A Model of Competitive Stock Trading Volume”. In: Journal of Political
Economy 102.1, pp. 127–168.

Williams, D. (1991). Probability with Martingales. Cambridge: Cambridge University Press.

129


	Introduction
	Setup
	The continuous economy
	Asset structure
	Information dynamics
	Public information
	Linear conjectured price structure
	Preferences

	The discrete economy
	Discrete information dynamics
	Discrete price dynamics
	Agree to disagree
	Wealth dynamics and admissibility
	Utility maximization


	The continuous economy as a limiting discrete economy
	Cumulative demand and market clearing
	The cumulative demand function
	Market clearing condition

	General equilibrium conditions
	Risk premium
	Trivial equilibria
	Non-trivial equilibria

	The existence of non-trivial equilibria

	Key financial market measures
	Price informativeness
	Dependence on the aggregate error
	Dependence on the precision of public information

	Trading activity
	Distance to a trivial equilibrium
	Level of disagreement

	Market quality, wealth effects and the role of beliefs
	Price efficiency and the no-trade situation
	Wealth effects
	The role of beliefs
	Reallocation of wealth and its effect on price informativeness


	Conclusion
	The Brownian sheet
	Discretization of the continuous economy
	Discretized information dynamics
	Discretized public information
	Agree to disagree
	Excess return

	Filtering
	Filtering equations in the discrete economy
	The filtering coefficients and their differences
	Convergence of discrete-economy filtering equations
	The limit of aggregated filtering increments
	The filter as an Ornstein-Uhlenbeck process

	Measure changes
	The finite time horizon
	The infinite time horizon
	Obtaining the disagreement via measure changes

	Utility maximization in the discrete economy
	Assumptions for this appendix
	Statement of the discrete HJB equations
	A verification theorem
	Convergence of the discrete HJB equations
	Comparison lemma
	Convergence of the first order partial derivatives
	Convergence of the second order partial derivatives
	The solution to the limiting HJB equation
	Summary

	Market clearing
	Demand function
	Risk Premium
	Equilibrium conditions
	Existence of non-trivial equilibria

	Proofs of Sections 4 and 5
	Key financial market measures
	Market quality, wealth effects and the role of beliefs


