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Abstract

Dynamic models with heterogeneously informed investors are hard to solve: in-
vestors must forecast the forecasts of others. We overcome this difficulty by constructing
a continuum economy as the limit of finite economies in which investors have heteroge-
neous private signals and agree to disagree about prices. Total signal precision remains
finite as the economy grows, and private signals aggregate into a single noisy public
signal, revealed by the price, that is a sufficient statistic for others’ forecasts. Individual
belief distortions vanish in the limit, but their cross-sectional distribution survives as
aggregate disagreement and sustains trade. A trade equilibrium exists whenever this
disagreement is balanced across investors, and we characterize it without assuming a
specific utility function. Market quality and trading activity are jointly shaped by the

dispersion of beliefs and wealth inequality, and may increase or decrease in either.

Keywords: Rational Expectations, Trading Activity, Disagreement, Information Aggrega-
tion, Risk Aversion, Wealth Heterogeneity, Continuous-Time Equilibrium

1. Introduction

Investors differ in what they know. Asset managers spend heavily on proprietary data—
satellite imagery, credit-card records, web traffic—precisely to gain an edge over their com-
petitors. And investors who observe the same data need not draw the same conclusions from
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it: turning raw information into a trading signal requires models and judgment that differ
across firms.

Investors also differ in size. Two funds holding identical views will not trade identically.
How large a position an investor is willing to take, and how much risk they are willing to
bear, depends on how wealthy they are.

How do prices aggregate information across investors who differ in both dimensions?
Whose signals end up reflected in the price, and with what weight? And what does the
answer imply for trading activity and market quality?

These questions are difficult to answer, for two reasons that mirror the two dimensions of
heterogeneity. First, dynamic models with heterogeneously informed investors are intractable
outside special cases: as Townsend (1983) puts it, investors must forecast the forecasts of
others, and Makarov and Rytchkov (2012) show that the state space then grows without
bound. Tractability has been recovered only by restricting the information structure: making
private information public after a few periods (e.g., Brown and Jennings (1989), Grundy and
McNichols (1989)), ranking investors so that the better informed know everything the less
informed know (e.g., J. Wang (1993)), holding the payoff-relevant fundamental constant
over time (e.g., He and J. Wang (1995), Foster and Viswanathan (1996)), or letting prices
reveal everything (e.g., Kyle, Obizhaeva, and Y. Wang (2017)). Each restriction weakens
precisely the channel of interest. Second, the models that do remain tractable rely on
constant absolute risk aversion (e.g., J. Wang (1994), Kyle, Obizhaeva, and Y. Wang (2017)),
under which wealth has no effect on portfolio choice. Heterogeneity in size then does nothing
by construction.

The model. To explore our question, we introduce an economy with perfect competition
(infinitely many investors) and speculative trading in a dynamic rational expectations equi-
librium without assuming specific utility functions. More specifically, we describe a financial
market with a continuum of investors, and two assets: one risk-free and one with Gaussian
risk. Each investor has private information, and uses it to trade dynamically in both assets
to maximize the expected discounted utility of future consumption.

We construct this economy as a perfectly competitive continuum economy, obtained as
the limit of a sequence of finite-agent economies inspired by the information structure of
the static CHILE framework of Avdis and Glebkin (2025). In this information structure the
precision of each investor’s signal vanishes as the market grows, while the total precision of
private information stays finite. Each discrete economy has a discretized price, a discretized
information structure, and finitely many agents who agree to disagree about the distribution
of the price. We implicitly derive the optimal trading strategies and consumption policies
in each discrete economy. Then, we aggregate the individual demands and take the limit as
the number of investors goes to infinity, obtaining a continuous economy without individual
disagreements. We then clear the market and confirm our price conjecture.



This approach has two important properties. First, it generates a type of relaxed ra-
tionality with persistent trade that we call “near-rationality”.! In each discrete economy,
investors hold slightly different beliefs about the distributional properties of the price of
the risky asset. These belief distortions are small, and they all vanish as the number of
investors grows. What survives in the limit is not the distortion of any particular investor,
but the way these distortions are distributed across the investor population. When indi-
vidual demands are aggregated and market clearing is imposed, these small heterogeneous
distortions accumulate into a non-zero aggregate term. As a result, the limiting economy
has no investor-level disagreement, yet it still inherits enough aggregate disagreement from
the approximating discrete economies to sustain equilibrium trade.

Second, our approach allows us to incorporate general preferences because we can derive
the Hamilton-Jacobi-Bellman (HJB) equations related to investors’ individual utility max-
imization problems without explicitly solving them. If we had to solve the HJB equations
explicitly, we would have to restrict ourselves to constant absolute risk aversion (CARA)
utilities because we are working in a Gaussian linear setup. However, because we impose
market clearing only in the limiting continuous economy, we do not need explicit closed-form
solutions in the discrete (finite) economies. Instead, we exploit the leading-order structure of
the HJB equations and pass to the limit, where the resulting equilibrium conditions become
tractable.

Contributions. Our contribution is threefold. First, we develop a dynamic model with
heterogeneously informed investors that remains tractable, and in which trade arises without
exogenous noise supply. Second, this tractability allows us to dispense with constant absolute
risk aversion. We characterize equilibrium for general preferences, which is possible because
we derive the investors’ Hamilton—-Jacobi-Bellman equations without having to solve them
in closed form. Third, we use this generality to characterize the role of wealth: how it shapes
equilibrium holdings, trading activity, and the weight an investor’s information receives in

the price—a channel that is shut down by construction under CARA.

Information structure. Our setting features continuous and heterogeneous information,
following Avdis and Glebkin (2025), whereby the total amount of information in the market
remains finite as the economy becomes large (see also Kyle (1989, Section 9)). In a static
setting, such an information structure can be modeled by letting the noise in investors’
signals be increments of a Brownian motion indexed by the agent. Since ours is dynamic,
the noise has to be indexed by time as well as by agent, and we therefore use a Brownian
sheet, the two-parameter analogue of Brownian motion (see Adler and Taylor (2007)), which
behaves like a scaled Brownian motion in each parameter.

1 As Milgrom and Stokey (1982) and Tirole (1982) show, strict rationality is not consistent with trade.



Results. Our first result concerns the informational structure of equilibrium. Private
signals aggregate into a single noisy public signal, revealed by the price, that is a sufficient
statistic for the forecasts of others. The hierarchy of higher-order expectations therefore does
not arise, and equilibrium is Markov in the dividend and its public filter.

A second, perhaps less surprising, result is that our model always has a no-trade equi-
librium. This result makes sense because the price of the risky asset corresponds to the
expected net present value of future dividend payments conditional on public information,
and therefore not trading is always a valid strategy in equilibrium.

At the same time, an equilibrium with trade exists if and only if disagreement is suffi-
ciently dispersed.? In other words, if all investors had individual beliefs about the distri-
butional properties of the price that go in the same direction, there would not be enough
disagreement to generate trade.?

A central result of the paper is that prices do not reveal a simple average of private
signals. Instead, prices reveal a weighted average of investors’ signals with weights deter-
mined endogenously by market clearing. In equilibrium, these weights depend explicitly on
investors’ information precision, risk aversion, and disagreement.

Since we allow for general preferences, the model also characterizes how wealth affects
equilibrium trading through its effect on risk aversion. In equilibrium, investors’ average
risky holdings are proportional to their absolute risk tolerance. Hence, when preferences
exhibit decreasing absolute risk aversion, wealthier investors hold larger risky positions and
respond more strongly to private information and disagreement. By contrast, under constant
absolute risk aversion, this wealth channel is absent. The model therefore nests the CARA
benchmark while showing how wealth-dependent risk aversion shapes both risk sharing and
trading activity.

We use our model to analyze important “market quality” measures, such as price infor-
mativeness and trading activity in a dynamic setting. We show that price informativeness
is an affine function of the mean-squared error in the filtering of fundamental information
from public information. This relationship means that a lower filtering error is equivalent to
prices containing more information.

We measure trading activity by the magnitude of stochastic fluctuations in aggregate
demand.* We show that aggregate trading activity is proportional to the distance of the
equilibrium with trade from the no-trade equilibrium, where this distance is determined en-
dogenously through market clearing and reflects the strength of cross-sectional disagreement.
The further the economy deviates from the no-trade benchmark through belief distortions,
the greater the reallocation of risky positions across investors, and the higher the trading

2Note that as we take the limit the individual level of disagreement vanishes, but its aggregate persists
in integrated form.

3In the presence of a trade equilibrium, we can measure its distance from a no-trade equilibrium by an
endogenous constant obtained from market clearing.

4In strict terms, trading activity is defined as the square root of quadratic variation across agents.



activity.

Price informativeness is maximal in the presence of a no-trade equilibrium. More gen-
erally, the model yields a rich equilibrium structure in which there is no universal tradeoft
between price informativeness and trading activity. Price informativeness is governed by the
aggregate precision of the public signal, whereas trading activity is governed by the equilib-
rium’s distance from the no-trade benchmark. These two objects need not move together:
for example, scaling beliefs or absolute risk aversion can change trading activity while leaving
the equilibrium weight function, and hence price informativeness, unchanged.

We also show that trading activity scales inversely with absolute risk aversion: an increase
in risk aversion leads to a proportional decline in aggregate trading activity. This reinforces
the wealth channel described above. When absolute risk aversion decreases with wealth,
wealthier agents trade more and contribute more strongly to equilibrium volume.

Finally, wealth, price informativeness, and the weight an investor’s information receives in
the price are not linked monotonically. Wealthier investors’ signals need not be reflected more
strongly in the price, and redistributing wealth can either raise or lower price informativeness.
Which of the two occurs depends on how the induced change in absolute risk aversion
interacts with the belief structure, and hence with the equilibrium weight function.

Related literature. Prices that aggregate private information efficiently and contain no
noise leave investors with no reason to trade on their information (see Milgrom and Stokey
(1982) and Tirole (1982)). A tractable equilibrium with trade therefore usually comes at a
cost: either a departure from pure rationality, or the addition of noise. Moreover, closed-form
solutions to investors’ utility maximization problems in equilibrium are typically available
only for particular utility functions.

A common approach to generate trade is to use stochastic supply, where noise traders,
whose demand or supply is independent of the market price, match the optimal asset alloca-
tion of rational investors (see, e.g., Breon-Drish (2015), Campbell and Kyle (1993), Grossman
and Stiglitz (1976), Grossman (1977), Hellwig (1980), J. Wang (1993)). We instead follow
the agree-to-disagree approach, in which trade arises because investors hold different beliefs
about certain properties of the underlying financial market model (see, e.g., Banerjee, Kaniel,
and Kremer (2009), Banerjee and Kremer (2010), Banerjee (2011), Han and Kyle (2018),
Kyle, Obizhaeva, and Y. Wang (2017)).

The setup of our financial market is closely related to Kyle, Obizhaeva, and Y. Wang
(2017) and J. Wang (1993). Both use linear Gaussian processes to describe dividends and
their growth rates, and in both the price is linear in the state variables. Although J. Wang
(1993) uses stochastic supply, our approach of conjecturing a price function and confirming it
via market clearing is similar to his. Kyle, Obizhaeva, and Y. Wang (2017) use an agree-to-
disagree approach, and the price function they obtain is very similar to ours, in the sense that
it contains the public filters of the unobservable state variables rather than those variables



themselves.

We differ from both papers in three respects. First, our information structure is hetero-
geneous but not hierarchical: investors cannot be ranked by how much they know, as they
can in J. Wang (1993), where informed investors observe everything the uninformed observe.
Second, our price is not fully revealing, whereas in Kyle, Obizhaeva, and Y. Wang (2017)
it reveals a sufficient statistic for all private signals, so that each investor learns the others’
information exactly. Third, we allow for general risk-averse preferences, while both papers
assume constant absolute risk aversion. It is the combination of these three features in a
dynamic setting that makes equilibrium difficult to characterize, and that our information
structure is designed to deliver.

The most related paper to our work is Avdis and Glebkin (2025), which introduces the
CHILFE framework, a static model with accumulating noise in agents’ private signals rep-
resented by Brownian increments. Their analysis demonstrates how such an information
structure can generate a well-defined equilibrium without exogenous noise, allowing for the
study of how wealth inequality affects market quality. Inspired by this idea, our paper de-
velops a model to analyze trade persistence in competitive markets, where the accumulating
noise evolves as a Brownian sheet, the two-parameter analogue of Brownian motion. From
a technical perspective, this model is more involved, as it requires working with stochastic
integration and equilibrium conditions in two dimensions (over both agents and time). Eco-
nomically, the random-field formulation allows us to study the joint evolution of information
and market variables, enabling the analysis of dynamic quantities such as trading activity,
price informativeness, and wealth aggregation.

Outline. The remainder of this paper is organized as follows. In Section 2 we formulate the
model, and we describe the discretization of the continuous economy. In Section 3 we derive
the continuous economy as the limit of the discrete economies by solving the investors’ utility
maximization problems and aggregating the optimal individual demands, and we provide
conditions for a trade equilibrium to exist. In Section 4 we discuss general properties of our
market, including price informativeness and trading activity. In Section 5 we study price
informativeness and wealth effects, and in particular how changes in the wealth allocation
affect the market quality measures introduced in Section 4. In Section 6 we conclude our

findings. For better readability, proofs and technicalities are deferred to the appendix.

2. Setup

The main object of interest is a financial market with a continuum of investors. All of our
analysis is based on this continuous economy. The continuous economy is derived as the
limit of a sequence of discrete economies, each of which consists of finitely many agents,
and we therefore also refer to it as the limiting economy. In this section we first set up the



continuous economy, and then we characterize the discrete economy as a discretization of
our setup.

2.1. The continuous economy

In the following we characterize the asset structure, the information dynamics and the pref-
erences.

2.1.1. Asset structure. We consider a continuous-time financial market consisting of two
assets, a risk-free asset with price B = (B;)i>0 and a risky asset with price S = (S5;)i>0
and constant supply 6. The risk-free asset satisfies dB; = rB;dt for a constant interest
rate r > 0. The risky asset pays dividends D = (D;);>o whose dynamics are given by the
stochastic differential equation

dD; = ap(Gy — Dy)dt + op dW/P, (2.1)

where ap and op are positive constants, and WP is a Brownian motion. The short-term
mean G = (G;)>o satisfies the stochastic differential equation

th = OéG(g — Gt) dt + o¢g thG, (22)

where ag and og are positive constants, g can have either sign, and W¢ is a Brownian

motion independent of WP. Prices and dividends are publicly observed, whereas G is not.

2.1.2. Information dynamics. There is a continuum of agents located on the interval [0, 1).
Private information is a two-parameter stochastic process { = ((a,t))(a,t)c0,1)x®,. that evolves
in agent-time space [0,1) x Ry. Since there is a continuum of investors, each one of them
is infinitesimally small and thus receives an infinitesimal amount of private information. In
particular, investor a € [0, 1), who is located on the interval [a,a+ da) C [0, 1), observes the
private signal d§(, ), with law of motion over a and ¢

A€ = v(a) dG, da + AW

< (2.3)

In (2.3) the differentials d€(, ) and dea’ ;) are two-dimensional: it is the increment of £ over
the infinitesimal rectangle [a,a + da) x [¢t,t + dt). By contrast, dG; is a one-dimensional
differential. The function v: [0,1) — (0, 00) describes the precision of agents’ private in-
formation. We assume that v is measurable and Riemann integrable. The random field
wWé = (W(i7t))(a7t)€[071)xR . is a Brownian sheet, which can be seen as the two-parameter
analogue of Brownian motion (see, e.g., Adler and Taylor (2007)), and which describes the
noise in private signals. Appendix A defines the Brownian sheet, contrasts it with Brownian



motion, and collects the properties that we use; in particular, fixing either parameter leaves
a Brownian motion after rescaling (Corollary A.1). It is assumed that the Brownian sheet
W¥¢ is independent of both Brownian motions W and W¢.

2.1.3. Public information. Public information is described by a weighted average of the pri-
vate signals (2.3). Let w: [0,1) — R be a weight function, not known a priori but determined

in equilibrium via market clearing, and let

z, = / w(a) dé ey (2.4)
[(0,0),(1,1))

denote the resulting public signal. In particular, the stochastic integral in (2.4) runs over the
rectangle [0,1) x [0,¢), so that it accumulates over time as well as across agents. Integrating

the private-signal differential (2.3) across the agent space against w gives

=z, = /0 1w(a) d€ar) = ( /0 ly(a)w(a) da) dG, + /0 lw(a) dW¢, (2.5)

where on the right the integral runs over the agent coordinate a at fixed t. Aggregation across
agents thus leaves a one-parameter process, and, as we will show shortly, the cross-sectional
structure of the private signals enters it through the two constants

. /O vapw(@)da,  ofe /O " w(a)? da.

By Proposition A.3 the aggregated noise is a Brownian motion scaled by o¢, so that

= 1
W7 = —/ w(a) dea 9
[(0,0),(1,¢)) ’

g¢
is a standard Brownian motion, and (2.5) reads
d=; = pdGy + o AWE. (2.6)

The public signal is therefore a classical one-parameter Itd process, and the cross-sectional
structure of the private signals enters through p and o.

Although p = 0 is a potential solution, we exclude this case because the public signal
would then carry no information. This is immediate from the stochastic differential (2.6),
which reduces to d=; = o dW; when p = 0: the public signal no longer loads on the
fundamental at all, and is a Brownian motion independent of G.



2.1.4. Linear conjectured price structure. In order to have a consistent information struc-
ture, the market clearing price S must exactly reveal the public signal =. More precisely,
the informational content of the price of the risky asset together with the dividends must
be equivalent to the informational content of the public signal and the dividends. This

information equivalence is achieved via the price conjecture
Sy = so+spDy + saGy, Gy = E[GG)]. (2.7)

The constants sy, sp and sg are determined via market clearing. The o-algebra G; reflects
public information. In other words, the set G; contains all the information that is observable
by all market participants at time t. Hence, we set G, = o(Ds, Zy; s < t), and we observe
that Gy = o(Ds, Ss; s < t), which is an immediate consequence of the linear price structure.
We use the filtration G = (G;):>o to describe the flow of public information.

2.1.5. Preferences. We consider a generalized utility function U: [0,1) x R — R that de-
scribes the preferences of investors. In particular, for each fixed a € [0,1), the utility
function U(a,-): R — R is assumed to be twice continuously differentiable, strictly concave

and strictly increasing, with coefficient of absolute risk aversion given by

U/l(a7 )

Y(a,-) = —m.

We refer to 1/1(a,x) as investor a’s absolute risk tolerance at wealth level x. This quan-
tity will be the key channel through which wealth affects equilibrium holdings and trading
activity.?

2.2. The discrete economy

To obtain a well-defined utility maximization problem for each investor, we discretize the
previously defined continuous economy to obtain a discrete economy with finitely many
investors. For this purpose, we use a sequence of partitions II = (II,,),,>2, where each element
I1,, = (a;)o<i<n—1 is a partition of the interval [0, 1), and where |II,,| = maxo<;<,—1 |Aa;| = 0
as n — oo. Here, we use the notation Aa; = a;.1 — a;, and we assume from now on that
Aa; = % Moreover, without loss of generality, we assume that a; < a;;;. The economy with

n agents, represented by the partition 11, is called the n-th discrete economy.

2.2.1. Discrete information dynamics. The discretization of the continuous economy is mainly

concerned with the information structure. We replace the precision function v and the weight

®Under decreasing absolute risk aversion (DARA), higher wealth corresponds to higher absolute risk
tolerance.
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and write £" for the private-signal field obtained from (2.3) with v replaced by v", that is
df&t) = v"(a)dG;da + dea . In the n-th discrete economy investor a; then observes the
private signal increment

d<A1§ZM,t)) = v(a;) dGiAa; + d(A1Wfai’t)), (2.8)

where the subscript in A; records that the increment is taken with respect to the first
argument, that is across agents (Alf&_’t) = 5&#170 — f?am, and likewise for the Brownian
sheet AIW(iht) = W(gaiH’t) — W(Eai,t)), over the interval [a;, a;;1) that investor a; occupies. For
fixed ¢ these are one-parameter processes in ¢, so d(Alf&ht)) is their ordinary differential.
Since " is constant on [a;,a;41), the drift in (2.8) is exactly v(a;)Aa;; this is why the
discretization acts on v rather than on £ directly. Equation (2.8) is the discrete counterpart
of (2.3), with the continuous differential d¢, ) replaced by its discrete analogue.

Setting =} = f[(o,o),(l,t)) w™(a) dg(;, ) for the resulting public signal and

P, = /01 v"(a)w"(a) da, Cim = (/01 (@) da) 1/2

for the two constants it produces, the argument that led to (2.6) shows that =™ evolves as
A= = 11, dGy + 0¢, AW, (2.9)

where W7" = ag}L f[(o 0).(11)) w™(a) dW(Ea 5 is a standard Brownian motion by Proposi-
tion A.3. The discrete public signal is thus of the same form as its continuous counter-
part (2.6), with p and o¢ replaced by p, and og .

2.2.2. Discrete price dynamics. We discretize the price conjecture (2.7) by substituting the
information set G with G" = (G;");>0, where we denote G = o (D, Z2; s < t). In addition,
we add a risk premium of the form p% to the price in (2.7). In particular, we use the price
conjecture

SP = 5o+ g +spDy +scGr, G = E[G,|G7). (2.10)
Note well that the constants sg, sp and s will be determined via market clearing, which we
carry out only in the continuous economy. The risk premium p will also be determined via
market clearing.

The risk premium enters the discrete price, but not the continuous one, for a very specific

10



reason. The aggregate supply 6 of the risky asset is finite and has to be held in equilibrium.
In the n-th discrete economy it is borne by n investors, so each carries risk of order 1/n
and requires compensation of the same order to be willing to hold it; a price without a
term of order 1/n would leave investors unwilling to absorb the supply, and the market
would not clear. As n grows, the same finite risk is divided among ever more investors, the
compensation each of them requires vanishes, and the premium disappears from the price:
p/n — 0, which is why (2.7) carries no such term. The constant p itself does not vanish. It
is pinned down by market clearing in the limit and appears in the equilibrium demand of
Section 3, where it is computed in Proposition F.4.

Since CAJ? — G, almost surely as n — oo (see Lemma C.7 together with Corollary C.8),

the discrete price S™ converges to the continuous price S.

2.2.3. Agree to disagree. In the continuous economy private signals are merely an infinites-
imal increment and thus negligible. Consequently, in the continuous economy there is no
difference between the information set that is generated by public and private signals, and
the information set that is generated by public signals only. Conversely, in each discrete
economy the information set generated by public and private signals is strictly greater than
the public information set, in general. More precisely, in the n-th discrete economy we may
define the filtration G%™ = (G/*")i>o via G*" = 0(Ds, Z2, A1€(a;,5); 5 < t), which reflects
all available information of investor a;, and which in general satisfies Gi* C G,"". As a re-
sult, in addition to the public filter G* = E[G,|G"], we may also define the private filter
G = E[G,|GH"], which eventually leads to the inference wedge A% = (A{"™)i>0 defined
via A" = ég" — @f The inference wedge follows Ornstein-Uhlenbeck-type dynamics
adapted to the filtration G* ™ with long-term mean zero and steady state mean reversion
parameter o’y = lim;_, o} (t) (see Corollary C.3 for the details).

In the discrete economies we now let investors agree to disagree about the extent to which
their inference wedge is reflected in the market clearing price. To state this precisely it is

convenient to work with the instantaneous excess dollar return
dR} = (Dy — rS}') dt + dS}y, (2.11)

where 7 is the net interest rate. Substituting the price conjecture (2.10) and writing the
result in investor a;’s filtration G*™, the drift of R"™ loads on three state variables: the
dividend D, the investor’s own inference G*", and the inference wedge A%". The first
two are already present in the continuous economy; the wedge is not, and it is the only one
investors disagree about. Under the objective measure P the excess return therefore takes

the form
dRy = A" dt + (other drift terms) + (diffusion terms), (2.12)

where the other drift terms load on 1, D, and CAJ?”Z only, and where the objective loading on

11



the wedge is

5: = Sg(’l" + QX)

It is common to all investors, and is pinned down by the price coefficient sg together with
the speed o} at which the wedge mean-reverts. The remaining coefficients play no role in
the argument that follows; they are recorded in Appendix B.

Disagreement is introduced by individualizing this single loading. Investor a; evaluates
the economy under an equivalent probability measure P*™ ~ P that leaves the diffusion
terms and the loadings on 1, D; and @f” untouched, and replaces 8 by an investor-specific
constant [3(a;), so that

dR} = B(a;)A{"" dt + (the same other drift terms) + (the same diffusion terms). (2.13)

The two drifts differ only by (5(a;)—8)A;"", so passing from P to P*"™ is a classical Girsanov
transformation; the density process and the conditions under which it is well defined are given
in Appendix D. The single number §(a;) thus summarizes investor a;’s belief. Agreement
corresponds to 5(a;) = 5%, in which case no measure change takes place at all, while 5(a;) =0
is the opposite extreme, in which investor a; prices the asset as if the price contained their
own private filter rather than the public one.

Two features of this construction are worth emphasizing. First, beliefs are individualized
through the loading on the wedge and through nothing else: investors disagree about how
private information is impounded in the price, but not about dividends, about their own
inference, or about risk. Second, the object they disagree about is itself vanishing. The
inference wedge satisfies A" — 0 as n — oo by Corollary C.8, so that the drift distortion
(B(a;) — BE)A"™ vanishes with it and eventually P*"™ — P. Investors are in this sense
near-rational: in any finite economy they may hold materially different views, but the mea-
sures under which they optimize are correct in the limit. Individual disagreement therefore
disappears in the continuous economy, while its aggregate consequences do not, and it is
those aggregate consequences that the rest of the paper develops.

To talk about the belief structure of the entire market, we define the belief function
p":[0,1) — R of the n-th discrete economy as the simple function

n—1

B"(a) = B(ai) Lo, ai11)(a)-
=0
The function §: [0,1) — R is the belief function of the continuous economy. We assume

that [ is measurable and Riemann integrable.

2.2.4. Wealth dynamics and admissibility. For each investor a; in the n-th discrete econ-
omy, trading strategies are modeled by G%™-adapted processes H*" = (H;"");>o that are

12



i, n

integrable with respect to S™. Consumption processes ¢*" = (c¢;"");>¢ are G*"-adapted

processes. The wealth dynamics of investor a; are then given by
dV " = rVE At + HPP" AR — ¢ de (2.14)

where R" is the instantaneous excess dollar return defined in (2.11). Each investor has
initial endowment vg(a;), where vy: [0,1) — Ry is a deterministic function. We then say
that (c®™ H%") is vo(a;)-admissible, if

t t t

VA" = wg(ay) + r/ Vit ds —|—/ H"dR} — / cd"ds >0 vt > 0.
0 0 0

We denote the set of vg(a;)-admissible trading strategy-consumption pairs by A(vg(a;)).

2.2.5. Utility maximization. Each investor solves the utility maximization problem

oo
€58 sup Epain {/ e (=t Ulai, c5") ds
t

(c%>™ H% ™) A(vo(as))

t”} . (2.15)

In particular, in the n-th discrete economy each investor maximizes the expected discounted
utility of future consumption conditional on all information available to them, and under the
subjective measure P%" pinned down by their belief 5(a;) in (2.13).

Remark 2.1. A key modeling choice is the use of a Brownian sheet rather than a sequence of
independent Brownian motions across agents. In an economy with a continuum of investors,
independent noise typically vanishes under aggregation, which eventually leads to a no-trade
equilibrium. To illustrate this fact, assume that we replace the Brownian sheet W¢ in the
private signals with a sequence (WW%)p<,<1 of independent Brownian motions. In particular,
assume that equation (2.3) is replaced by d&f = v(a)dG;da + dW. In the n-th discrete
economy, the public signal would then be of the form

iw(ai)( ¢ — &) Aa; = (Zw(ai)y(ai)Aai) (G — Go) + iw(ai)VVfiAai.

=0 1=0 =0

By using a version of the strong law of large numbers (see, e.g., Theorem 7.2 in Williams
(1991)), aggregate noise vanishes as n — oo, yielding a fully revealing price. Thus, a
continuum of independent Brownian motions cannot generate persistent aggregate noise.
Another important reason for choosing a Brownian sheet instead of a sequence of in-
dependent Brownian motions is the following observation. The noise terms in the private
signals are the only stochastic variables in the entire financial market that are individually
tied to the investors. By using a Brownian sheet, this individual stochasticity survives the

passage from the discrete to the continuous economy. In contrast, by working with a sequence
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of independent Brownian motions, this individual stochastic factor is lost when passing to
the continuous economy. Hence, working with a sequence of independent Brownian motions
immediately implies: (i) all agents must choose identical (or zero) risky positions; (ii) dis-
agreement cannot survive aggregation; and (iii) equilibrium generically collapses to no trade.
This is the dynamic version of the Milgrom-Stokey logic. As a result, a no-trade equilibrium
always exists, but non-trivial equilibria generically do not exist, because aggregate stochastic

terms cannot be balanced without forcing zero positions almost everywhere.

3. The continuous economy as a limiting discrete economy

In this section we derive the continuous economy as a particular limit of the discrete economy.
We do this by aggregating individual demands, derived in the discrete economy, and by taking
the limit as n — oco. We observe that as individual demands converge to zero, aggregate

demand accumulates and converges to something that is non-zero in general.

3.1. Cumulative demand and market clearing

For wealth = and wedge y, let J*"™(t,z,y) be the time-t value function that solves the HJB
equation associated with problem (2.15). Let §": [0,1) — R be the belief function of the
n-th discrete economy. As we show in Appendix E under certain regularity conditions, the
optimal trading strategy is

SV A 50
t

a;,m )
(H v )* a; RN RO a;,n
' I O g R
)
)

t
t,V,
Ja'“ (t ‘/;al,n Aa“ Tp 1 Jlli,n( Vai,n Aai7n) T]ai7n

VA
az: ai,n ai,n a;i,mn ai,n ai,n a;,n a;,n>)
(6, V™ A Ty nJh (&, VU AT gy

where 77y and /3" are constants corresponding to the quadratic (co-)variation of processes
Ve and Aa“”.6 In line with standard results in portfolio optimization, the optimal holdings
of each agent have three components: a state-dependent component reflecting the conditional
expected return, a constant component reflecting the unconditional instantaneous myopic
return, and a component reflecting hedging concerns between state variables (in this case,
wealth V' and wedge A).

To better understand the optimal trading strategy in the continuous economy, let us
analyze its mean and variance at the large-n limit. As we prove in the appendix (see Propo-
sition F.1), under the additional assumption

Ja“ (t Vai,n Aai,n) Jm(t7’1)0(ai)70)

a”n<t Va“n Aa,ﬂ) sz(ta 'Uo(ai)7 O)

=0 (3.1)

6See equation (E.1) of the Appendix for details. The risk premium p is given in Proposition F.4.
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about the convergence speed of ﬁ—i:, it holds that

o

lim ’rLE[(Htai’”)*] =0 lw(ai,rfo(ai))
n—oo 1
Jo Frarwt@

du

Hence, as commonly seen in competitive Rational Expectations Equilibria (REE), average
risky holdings are allocated according to relative risk tolerance. More precisely, each trader’s
average position is proportional to their absolute risk tolerance relative to aggregate risk
tolerance in the economy. Unlike in most REE models with CARA preferences, however,
absolute risk tolerance may depend on the trader’s wealth. Wealth therefore affects equi-
librium holdings through its effect on risk aversion. For example, under DARA, wealthier
agents have higher absolute risk tolerance and therefore hold a larger average share of the
risky asset. Under CARA, by contrast, this wealth channel is absent, and average holdings
do not depend on wealth.
We also find that in steady state (¢ — oo) the variance of agent holdings has the limit

20 V2
ILm n Var[(H/"")*] = lw ;al) ) 2(1’75)7
n—00 Jo wH(u)du 2o

where V(21,t) is total trading activity (see Section 4.2 below).

As we can see, holdings with higher variance correspond to private signals with a larger
weight in the public signal. This means that agents who trade more aggressively affect the
public signal more, as their position is conveyed with more weight. Moreover, whenever
holdings become more variable, the total volume of trade increases. At the same time,
holdings become less variable as the speed of mean reversion of the inference wedge increases,
because the inference wedge itself becomes less variable.

3.1.1. The cumulative demand function. If we assume that the leading order partial differ-
ential equation that describes e J%"™ is of the form

=P = e Je e U, U g, )7 € T2) = U, )7 e T e

whose solution is given by J%"(t,z) = e~ 1U(a;,rz), we can show that the cumulative
demand
X =D (H),  (at)€0,1) xRy, (32)

0<i<n—1,
a;<a
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converges to the process X = (X(a))(at)c[0,1)xR, » Which satisfies the identity

p 1+aAt / /
Xy = — X
(a,t) 1/1167’1]0 — Qp (a,s)

5 V(“)U§)2
/ 7”77\/\/¢ u, rvo(u)) /0 dfr (DS’GS’HS) (3.3)

Blu)(v(u)og — wlu)n) .
dfo(&us), Gsy Zs),s
i /[(0 Ouat) Ty (u, mve(u)) f (é( ) )

where f; and f; are given in Theorem C.9. The proof of the market clearing equation (3.3)
is given in Appendix F (see Proposition F.2). It builds on several technical assumptions and
results about the value functions J%" which are discussed in full detail in Appendix E. One
particular assumption that has to be additionally imposed in Proposition F.2 for the market
clearing equation (3.3) to hold in this exact form is that the convergence of the ratios must

satisfy
1
lim —
n—oo M,

T VI AE™) Tt v0(ar). 0)

(6 VAT Jaa(t, v0(ai), 0)

=0, (3.4)

0<i<n—1 L2(P)

or an equivalent condition that ensures a certain convergence speed. It is worth comparing
this condition to (3.1) which is similar, but on an individual level. We emphasize that the
additional assumption (3.4) is not a necessary condition to study the convergence of the
discrete market clearing equation (3.2). However, without an assumption of this form, the
market clearing equation (3.3) might be different, which especially means that additional
terms could appear in (3.3). In particular, a condition of the form as in (3.4) ensures that
all the covariance terms

C0V<<Jz‘ EVE NS Tp(twola), ))(Jaj:&,vt:]i’zulng) Ja(t00(a),0 ) Aal,nAaJ,)

O Aal Y Jaa(to(ai),0) T2V, AT Jez(t,vo(aj),0)

vanish in aggregation. Otherwise, the market clearing equation (3.3) would also contain
mixed terms. We show in Appendix F, Lemma F.3, that Cov(A{"", Aj7") = E[Af"A{™"] is
of order Aa;Aa;. However, if condition (3.4) (or an equivalent) does not hold, Lemma F.3
might not be enough to ensure that the market clearing equation has the exact form (3.3),
but instead may contain additional terms. The economic intuition is that the difference of
the ratios in (3.4) is understood as a first order Taylor approximation in agent-direction of
the continuous function J,/J,,, i.e.,

JEE VI AR Tt o(a:),0) 9 Ju(tvo(a),0)
e (6 VAP Tt v0(@),0) 0z Tt v0(a:), 0)

vy(a;)Aa;. (3.5)

Here, the difference J2" /J%" — J,/ J,, is no longer understood as the difference between the

(ratios of) value functions in the discrete and continuous economy, but instead as a difference
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of interval length on which agent a; lives. More precisely, in the continuous economy there
is only the function J,/J,, which is the same for all investors. Agent-dependence enters via
initial wealth, which is the function vy: [0,1) — R,. Since in the continuous economy a
single agent is negligible—agent a lives on [a,a + da)—wealth remains unchanged as time
evolves. Hence, from the perspective of an individual agent, wealth can only change over
time, if the interval length has positive measure, i.e., if agent a lives on [a,a + Aa) with
Aa > 0. The change in the ratio J,/J,, caused by such an interval enlargement is what the
approximation in (3.5) heuristically describes. Note, however, that (3.5) is only used to give
some interpretation of condition (3.4). We neither need a third partial derivative J,,,, nor
do we require vy to be continuously differentiable.

As we can see in (3.3), the cumulative demand process X has three components. The first
component, shown in the first line, represents deterministic risk sharing across heterogeneous
agents.

The second component, shown in the second line, captures stochastic innovations driven
by public information. These innovations are common to all agents, originating as shocks to

dividends and to the price signal. The innovations are weighted by the coefficient term
2\2 _ 4 H 2
(w(u)p —v(u)of)” = of w(u)? —v(u)
13

which measures the mismatch between the price weight assigned to agent u’s information
and the precision-weighted informativeness of that agent’s private signal. Here u/ ag can be
interpreted as the signal loading of the public signal per unit of noise variance, while v(u)
measures the local informativeness of agent u’s private signal about the short-term dividend
mean.

The third component, shown in the third line, captures stochastic innovations driven by
the private information of individual agents. The innovation term d f, (&u,s), @S, ES) combines

agent u’s own signal innovation

d&(u,s) — v(u)ag (g — @s) dsdu
with the public innovation d=; — pag(g — @s) ds, weighted by the filtering coefficients given
in Theorem C.9. Netting out the public innovation leaves the part of agent u’s private signal
that is not explained by public information. This part is idiosyncratic in the agent dimension
and is driven by the Brownian-sheet noise in private signals. It affects cumulative demand
because agents with different disagreement parameters, different risk tolerances, and different

signal precisions react differently to their private information.
Both stochastic components carry the same factor 1/v(u,rvo(u)) as the deterministic
first component, namely agent u’s absolute risk tolerance. The risk-tolerance channel that
determines average holdings therefore also determines how strongly private information and

17



disagreement feed into cumulative demand.

Moreover, both stochastic components are proportional to 5(u), which is where disagree-
ment enters. The sign and magnitude of f(a) summarize how agent a’s subjective price
dynamics differ from the common benchmark 5* of (2.12): a positive value means that the
agent behaves as if the inference wedge raises expected returns, a negative value means the
opposite, and agreement is the single value (a) = ;. Cross-sectional variation in 3 there-
fore creates opposing speculative demands, and this is what sustains trade even though the
individual distortions vanish in the large-market limit.

3.1.2. Market clearing condition. Based on the cumulative demand function we can now
define market clearing in the continuous economy. The market clearing condition (MC) in

the continuous economy is given by
Xan=6, 6€eR, Vt>0. (MC)

The interpretation of condition (MC) is that there is a fixed amount of stock, 6, at every
time ¢ > 0. Hence, cumulative demand X, which is obtained by integrating over the
entire agent space [0,1), must be equal to # at all times. For (MC) to hold true, i.e., for
total aggregate demand to be constant and in particular deterministic, the stochastic terms
in equation (3.3) must vanish when integrating over a from 0 to 1. We will use this fact as
a condition to pin down the weight function w.

Assuming that such a weight function w has been found, we may also consider the
“relaxed” market clearing condition (MC'), which reads as

P (1 + aAt) /1 1 /t /
Xogp=— du — « X1 ¢ ds. MC
@ e o Blw o) 4T J, Xaw (MC)

In fact, equation (MC') is nothing other than aggregate demand X(; ;) from equation (3.3)
with vanishing stochastic terms. We can now use condition (MC') to pin down the risk

premium p, so that the market eventually clears.

3.2. General equilibrium conditions

So far we have just assumed the existence of a weight function w, which reduces X 4 such
that it satisfies (MC'). We now want to understand if such weight functions exist, and if so
under which conditions. Since we can solve for the risk premium p for (MC') to hold true,

it is enough to work under the relaxed market clearing condition (MC').
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3.2.1. Risk premium. As we show in Proposition F.4 in the appendix, the risk premium p

equals
nvvo

p = - 1 1 °
fO P (u,rvo(u)) du
This term represents a classical risk premium providing constant compensation to risk-averse

agents for bearing risk and giving them an incentive to hold the risky asset.

3.2.2. Trivial equilibria. To satisfy the market clearing condition, the stochastic terms in (3.3)
must vanish after aggregation over the agent space. There are two fundamentally different
ways in which this can occur. First, the stochastic terms may vanish pointwise for almost
every agent a € [0,1). In this case, cumulative demand is deterministic at every level, leading
to a trivial equilibrium. Second, the stochastic terms may only vanish after aggregation over
the entire agent space, while remaining non-zero at intermediate levels. In this case, indi-
vidual demand is stochastic, but aggregate demand is deterministic, leading to a non-trivial
equilibrium.

We first characterize the class of weight functions corresponding to trivial equilibria. We

define an equilibrium as trivial at time t > 0, whenever

X _ p(l+aat) / 1 du_aA/tX( ds
“ nvy o Y(u,rv(u)) o 7

for almost every a € [0,1). Although investors may trade, we call such equilibria trivial

because there is no stochasticity in cumulative demand. In other words, investors only trade
due to the deterministic risk premium p.

A key observation is that both stochastic integrals in (3.3) are driven by v(a)o? —w(a)pu.
Eliminating this term pointwise removes all stochastic components, which leads to the fol-

lowing result.

Proposition 3.1. A trivial equilibrium exists if and only if the weight function satisfies
0.2
w(a) = —fv(a) for almost every a € {B # 0}.

In fact, a trivial equilibrium always exists but is not necessarily unique. For instance, we

can set w(a) = kv (a) for some constant xk # 0, so that

o2 = /Olw(a)Qda _ /Olu(a)Zda,
§= /01 v(a)w(a) da = H/Ol v(a)?da = %

K

This implies k = = and therefore w(a) = -*v(a) for all a € [0,1). Alternatively, we could

= |
= |



set w(a) = kv (a)lis.o)(a) for some constant x # 0, which implies

1 o2
= / v(a)w(a)da = Ii/ v(a)?da = =,
0 {80} :
As before, this implies k = %? and thus w(a) = %gy(a) for all a € {5 # 0}.

3.2.3. Non-trivial equilibria. We now turn to equilibria where stochastic fluctuations cancel
only in the aggregate. In contrast to a trivial equilibrium, a non-trivial equilibrium at time
t > 0 is characterized by the existence of a non-empty subset A C [0, 1), such that X, is
non-deterministic with positive probability for all a € A, i.e.,

JAC[0,1), A#0, Vaec A

1 t) [ 1 t
P X(a,t) 7& _,0( o ) / du — CYA/ X(a,s) d8:| > 0.
nvv o ¥(u,rve(u)) 0

We have seen before that a trivial equilibrium always exists. In contrast, the existence of a

non-trivial equilibrium is not guaranteed and heavily relies on the degree of disagreement,
described by the function 5. To understand this dependence we first derive the general
structure of the weight function w for non-trivial equilibria.

More precisely, we seek a function w: [0,1) — R such that the stochastic terms in the
second and third lines of (3.3) vanish only after aggregation over the entire agent space.
Equivalently, we require that X ;) satisfies the relaxed market clearing condition (MC').
At the same time, we require the existence of a subset of agents A C [0,1) such that the
stochastic terms in (3.3) do not vanish when integrating up to a € A. Thus, while aggregate
demand is deterministic, individual or partially aggregated demand remains stochastic. Eco-
nomically, this corresponds to a situation in which market clearing holds in the aggregate,
but some agents trade based on heterogeneous beliefs about the public signal and their pri-
vate information. In this case, the stochastic integrals in (3.3) exhibit a bridge-like structure
on [0,1): they start and end at zero, but evolve stochastically in between.

To characterize the class of weight functions that give rise to such non-trivial equilibria,

we rely on the following three observations. First, both stochastic integrals in (3.3) depend on
B(a)(u(a)agf,u'w(a

)). Second, the weight function satisfies the normalization conditions
¥(a,rvo(a))

the term

pov(a) + w(a)

da =1,
nrog+og

[ w@ e = vy do =0 ad [ i

which follow from fol w(a)*da = of and fol v(a)w(a)da = p. Finally, the two-parameter
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stochastic integral f[(o 0).(L5)) f(a)d{(,s can be rewritten as a double integral of the form

1 1
/ g(a) (/ fu) dﬁ(u,5)> da for any function ¢ satisfying / g(a)da = 1.
[(0,0),(1,¢)) 0 0

These observations allow us to characterize all weight functions that generate non-trivial

equilibria, leading to the following result.

Proposition 3.2. Under the general market clearing condition (MC') the following two
assertions are equivalent:

1. There exists a non-trivial equilibrium.

2. There exists a constant k # 0, which may depend on | and o¢, such that the weight
function w: [0,1) — R satisfies
a?v(a)

_ %)
w(a) = | reromgm ¢ EATF0h

0, a € {B = 0}7
is well-defined for a.e. a € [0,1), and is non-zero on a non-empty subset of [0, 1).
Remark 3.3. Note that Proposition 3.2 is a characterization of the weight function. Existence
of non-trivial equilibria is addressed in the next section.

3.3. The existence of non-trivial equilibria

In the previous section, we have seen that trivial equilibria always exist, and we have de-
scribed the general structure of weight functions in the presence of a non-trivial equilibrium.
We now want to describe the conditions that must be satisfied in order for a non-trivial

equilibrium to exist.

Proposition 3.4. A non-trivial equilibrium exists if and only if {5 # 0} has positive measure

and ( )2 » o
viu ua/’a’UO u

' du=0 3.6

/{ﬁ;«éo} (1+ RW)Q B(u) u (3.6)

for a constant k # 0.

We note that for condition (3.6) to be satisfied, the belief function 5 must take on
both positive and negative values; that is, the disagreement among different agents must
be sufficiently dispersed. If all investors distort the price dynamics in the same direction,
their demands move together and cannot generate the bridge-like cancellation required for

market clearing. A trade equilibrium requires disagreement on both sides of the market:
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some investors must behave as if the price underreacts to their information, while others
must behave as if it overreacts.

The following result provides a sufficient condition for the existence of a non-trivial
equilibrium, avoiding the auxiliary parameter .

Proposition 3.5. Assume ((-) and (-, rvo(+)) are locally Lipschitz-continuous on {8 # 0}
and (3 takes positive and negative values with infg.q 8 >0 > supg 8 and

/' v(u)*(u, rvg(u)) du # 0. (3.7)
{p#0}

Blu)
Then a non-trivial equilibrium exists.

Remark 3.6. It is worth noting that the two parameters x and < appearing in Proposition 3.2
and Proposition 3.4, respectively, are related but are not the same object. They are connected
via the identity x = pu&. By dividing both sides of equation (3.6) by u? we obtain

V(U)Q Q)D(u? TUO(U))
' du =0, 3.8
/WO} (p+ R¥my? 50 (3.8)

which is essentially the analogue of (3.6) in terms of k. However, note that although equa-
tions (3.6) and (3.8) are very similar, the fixed point problem arising from equation (3.8)
differs from the one given in Proposition 3.4. The reason is that u is a function of x since
= fol v(a)w(a) da, and because k appears in w(a).

4. Key financial market measures

In the previous section we have seen how the continuous economy is derived as a limiting
discrete economy, and how this convergence is related to the market clearing condition. We
considered two types of equilibria: trivial equilibria, which always exist, and non-trivial
equilibria, which only exist if the disagreement is heterogeneous enough. In both types of
equilibria, market clearing ultimately pins down the risk premium. In this section we will

derive further measures to analyze market quality.

4.1. Price informativeness

We start by analyzing the informational content of the price. For this purpose, we define

the price informativeness as

1 pim BVArGHG]
=1 tlggo Var(Gy)
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Note that this definition is a classical R?-type measure, where E[Var[G;|G;]] represents the
residual sum of squares and Var(G,) is the total sum of squares. We take the limit because
we are particularly interested in the steady state.

Proposition 4.1. The price informativeness I satisfies

[\V]

2007 (V(0hoZ + aZop) (0% + 1) — opac)’ ,
- T

2 2 )

ZT=1-
2 2 2 9 2 2
ot(apog +agop) +apod

mqw| =

2
0a T

4.1.1. Dependence on the aggregate error. From Proposition 4.1 we observe that price in-
formativeness Z essentially depends on three parameters: (1) the speed of mean-reversion
of the process G, which is ag, (2) the volatility of the process G, which is og, and (3) the
steady state mean squared error of the public filter G in the continuous economy, which is
~v. We may consider the first two components, i.e., ag and o¢, as fixed, since they are given
by the model. The interesting component to understand price informativeness Z is thus the
mean squared error . In fact, we have

0L 20

8_7 = —g <0,
since aig > 0, which implies that price informativeness decreases with a higher mean squared
error. This observation makes sense because a lower mean squared error corresponds to a

better filter, which in turn means the price reveals a better estimate of the process G.

4.1.2. Dependence on the precision of public information. The steady state mean squared

error vy satisfies

L ooV/(0hot +agop) (Pt + D) —acoh L, _ 4
r(abog, + agoh) + ob | a3

and thus changes in «y essentially are due to changes in the parameters ;1 and o¢. As before,
we may treat the constants ap, ag, op and o as fixed, since they are given by the model.
A short calculation shows % < 0. Hence, we find that the mean squared error is decreasing
in 72. Since the public signal Z, satisfies

S = (G- G+ [ )i,
[(0,0),(1,1)) ’
and because the process
1 ¢ fol w(u)f)lW(gu 9
o wlu) dWe, ) =5 iz
7€ J10.0),(10) ([, w(u)?du)
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is a Brownian motion, we may view 72 as the precision of the public signal.” By observing

that
0T 01 (97 >0,

orz Oy oz T
we see that price informativeness Z increases as the precision 72 of the public signal increases.
A higher precision in the public signal essentially means a better filter, thus a lower mean
squared filtering error, and therefore more information to be obtained from the price. This
is essentially the same conclusion as before.

4.2. Trading activity

The instantaneous trading activity V(44 up to agent a at time ¢ is defined as the square root
of the partial derivative with respect to ¢ of the quadratic variation of aggregate demand,

X, X an 2 ) 1/2
= —- = X, X .
Via ( ot ot / 0),(a,t)) X XD

The general idea here is to use the quadratic variation of aggregate demand to measure

ie.,

trading activity. Since we are interested in the instantaneous trading activity at time ¢, we
take the partial derivative with respect to ¢ because it reflects the change in variation of
aggregate demand at that time.

Proposition 4.2. The trading activity satisfies

y _ 0'%; — gy (/ 5 w(u)ﬂ)2 du)l/Z
(at) ”20-% + 0‘? r nvvd) u, TUO( )) ‘

As we show in Appendix F (see equation (F.4)) the integral inside the square root in

Proposition 4.2 satisfies

/ BuP(v(w)od —w(up?® & /Oaw(u)Qdu.

7"277&/\/@0 u, Tvp(u))? 7“277\2/v

In particular, integrating from 0 to 1 yields that the total trading activity is

2 1 1/2 2
Vi = —bg it . / w(w?de) =287 2CT Inlo (4.1)
’ MQUG +og vy MQUG +og; vy

Like price informativeness Z, trading activity Vi depends on p and ag. Moreover, it
depends on the absolute value of the constant |k|, which is part of the definition of the

weight function in Proposition 3.2. The interpretation of |x| is discussed in the next section.

"The partial derivative 9; in 0, qu £ indicates that the stochastic integral is only taken with respect to

the first coordinate in W(u £ (i.e., u), while the second coordinate is kept fixed.
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Remark 4.3. By Proposition 3.1, the trading activity of a trivial equilibrium is zero.

4.3. Distance to a trivial equilibrium

We define the distance to a trivial equilibrium by the absolute value of the constant &, as
described in Proposition 3.4. In particular, we define |5| to be the distance to a trivial
equilibrium, where & € R satisfies

/ v(u)? Yl rww) o
520} (

= p(urvg(w)\2
1+ kK ) ) 5(“)

Note that the above equation is nothing other than condition (3.6) multiplied by #. The
reason for this adjustment is to include & = 0, which essentially describes a trivial equilib-

rium.

Proposition 4.4. Let w be an equilibrium weight function. The distance to a trivial equi-

|a=/
{B#0}

Lisz0y(+) is the minimal weight function of the trivial equilibrium.

librium satisfies
wtrivial(u) . |6(U)

_ Bl
w(u) 4wmmwmd’

ogu(-)

where wtrivial(') = m

As described in Remark 3.6 we generally have k = &pu (see also the proof of Proposition 3.4
given in Appendix F). In a non-trivial equilibrium, we further have pu = ag > (0. Hence, we
find that the trading activity satisfies

Vi ok —agy |k|og B 0% —agy |R|oe
(Lt) = 75 2 2 - 2 ’ :
prol +of vy pog+1 vy

In other words, an increasing distance to a trivial equilibrium yields a higher trading activity.
In a trivial equilibrium the trading activity is zero as seen before.

4.4. Level of disagreement

The level of disagreement is described by the L2-norm of the function . In particular, the
level of disagreement is defined as

HM&—(A%WV@YM.

We can generally say that increasing the absolute value of § on a non-empty subset of [0, 1)
increases the level of disagreement. We further have the following result.
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Proposition 4.5. For a given belief function 5:[0,1) — R, assume that a non-trivial
equilibrium ezists. Further, assume that its weight function w has distance |k|. Then, for
any constant ¢ # 0 there exists a non-trivial equilibrium for the function 5’ = c¢f with the
same weight function w, whose distance to a trivial equilibrium is given by |K'| = |ck|.

Proposition 4.5 implies that a scaled function 8’ = ¢ results in a scaled trading activity
Viiy = lelVay. Indeed, from Proposition 3.2 we know that the weight function is of the

0'2V . .
O ) Ligz0y(), so that p and ag remain unchanged, and the statement

() (17 )

og—agy  |Rlog
poi+1l vy

follows from the identity V() =

Corollary 4.6. Consider a non-trivial equilibrium with belief function B, weight function w,
distance to a trivial equilibrium |R|, and absolute risk aversion . A proportional increase in
absolute risk aversion leads to a proportional decrease in the distance to a trivial equilibrium.
In particular, keeping everything else fixed, for any ¢ > 0, the equilibrium with absolute risk

aversion ¢ = ¢y has distance |7'| = 1|i| from a trivial equilibrium.

Similarly, Corollary 4.6 implies that a scaled absolute risk aversion function ¢ = cy
results in an inversely scaled trading activity V(’Lt) = %V(l,t). This comparative static should
be interpreted as an aggregate risk-tolerance effect. A proportional increase in absolute risk
aversion reduces the willingness of all agents to absorb risky positions, thereby moving the
equilibrium closer to the trivial benchmark and lowering trading activity. When absolute risk
aversion is wealth-dependent, changes in the wealth distribution can affect trading activity
through the same risk-tolerance channel, although the effect then depends on how wealth is

distributed across agents.

5. Market quality, wealth effects and the role of beliefs

5.1. Price efficiency and the no-trade situation

2agy
0%
(see Proposition 4.1), and we have seen that Z depends on the weight function w only via

From the discussion in Section 4.1 we know that price informativeness satisfies Z =1 —

.. 2 . .

aggregate precision 72 = £,. In fact, we have shown in Section 4.1.2 that % > 0.
€

In order to maximize price informativeness, we have to maximize aggregate precision 72.

Here it is worth noting that

0< 7%=

(fol v(a)w(a) da)2 - fol v(a)?da fol w(a)?da _ /1 v(a)? da (5.1)

fol w(a)?2da fol w(a)?da

which follows from Holder’s inequality. From Proposition 3.1 we know that a trivial equi-

0.2
librium always exists, and that its weight function is of the form w(a) = —fv(a) for almost
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every a € {8 # 0}. Hence, we may simply set w(a) = v(a), so that 7% = fol v(a)*da. In
other words, price informativeness is maximal in the presence of a trivial equilibrium. Since
investors do not trade in a trivial equilibrium, except for one initial trade when the market
starts, this observation is intuitive. The price is informationally too efficient, in the sense
that it already provides a sufficient statistic of the unknown process GG. Therefore, investors
do not use their private signals, which causes the classical no-trade situation in a rational
expectations equilibrium.

This result is also consistent with Lemma 4 of Avdis and Glebkin (2025). In their model,
investors actually trade, which is simply due to the fact that it is a one-period model. The
optimal risky holdings are then allocated according to relative risk tolerance. The same
effect is seen in our model. However, since our model is dynamic there is only one initial
trade, which we may view as reflecting the trade situation in the one-period model. After
the market has been established, investors no longer trade because they already hold the
optimal share of risky assets.

As can be seen from the inequality in (5.1), price informativeness is minimized when the
precision 72 is zero. Note that v: [0,1) — (0,00), so that 72 = 0 is only possible if there
is a non-trivial equilibrium satisfying y = 0. As mentioned in the beginning of this paper,
we exclude this scenario because in this case the public signal only contains noise but no
information about G. It is still worth mentioning two important points regarding the case
72 = 0. First, under specific assumptions on the belief function /3, a non-trivial equilibrium
with ¢ = 0 may indeed exist. Second, price informativeness is minimal because the public
signal does not contain any information about G, but only accumulates individual signal
noise.

Finally, let us consider the cases in between, i.e., whenever 0 < 72 < fol v(a)*da. For this
purpose, assume we have a non-trivial equilibrium as described in Proposition 3.5. Then, it
holds that u = O'g > 0, and therefore 72 = p. In particular, we have

1 2
v(a)
m :/ v(a)w(a)da :/ — ooty 90
0 {B#0} 1+ KW

In general, we cannot make a statement about the extent to which a change in wealth,
absolute risk aversion or beliefs affects the precision p and therefore price informativeness
Z. We have seen in Proposition 4.5 that scaling the belief function [ also scales & to
the same degree, while Corollary 4.6 shows that scaling absolute risk aversion 1 scales &
inversely by the same amount. Consequently, scaling beliefs or absolute risk aversion does not
change p, and therefore price informativeness Z remains unchanged. This makes intuitively
sense because although beliefs or absolute risk aversion are adjusted, the relative structure
between agents remains unchanged. At the same time, we have seen that the trading activity
is proportional to the distance from a trivial equilibrium, which is denoted by |&|. As
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a result, there is no clear relationship between trading activity and price informativeness
either, as scaling beliefs or risk aversion affects trading activity but not price informativeness.
We may thus conclude that although prices are the most informative in the presence of a
no-trade equilibrium, there is no general relationship between trading activity and price
informativeness.

5.2. Wealth effects

In more specific cases, we may still analyze how a given wealth allocation interacts with
disagreement to determine price weights. For this purpose, we consider again a non-trivial

equilibrium as described in Proposition 3.5. More precisely, we consider a weight function

of the form @
v(a
w(a) = 1 + 7 arvoa) ]l{ﬂ¢0}(a)
B(a)
for some constant £ ## 0. From the proof of Proposition 3.5, we know that £ > 0 whenever
[ s, [ s, 52
(>0} B(a) (<0} B(a)
Conversely, it holds that £ < 0 whenever the above strict inequality is reversed, so that
[ s, [ s, 5
{B>0} B(a) {B<0} B(a)

This fact has the following intuition. In the case where the strict inequality (5.2) holds true,
there is more “positive” disagreement in the market (relative to the squared precision and
absolute risk aversion). Since in a non-trivial equilibrium negative and positive disagreement
have to be balanced out (see equation (3.6) in Proposition 3.4), the coefficient & has to be
positive to reduce the weights of positively disagreeing agents. The same phenomenon occurs
when there is more negative disagreement in the market. Then & has to be negative to reduce
the weight of negatively disagreeing agents in order to achieve an equilibrium.

5.2.1. The role of beliefs. To analyze wealth effects and their interplay with disagreement
in the market, we consider a median wealth split where the lower half is described by the
subset L C [0,1), and the upper half is described by the subset H C [0,1). The chosen
notation L and H shall refer to the terms “lower wealth” and “higher wealth”, respectively.
More precisely, it holds that |L| = |H| = 3, and max,er, vo(a) < mingey vo(a). For any belief
function §: [0,1) — R, we further denote

H™(B) = HN{B >0}, H™(8):=Hn{B <0},
LY(B) = Ln{B> 0}, L~(8):=LN{B <0}
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Hence, for a given belief function [ the set H™ () contains the wealthier agents with positive
disagreement, while H~(f) contains the wealthier agents with negative disagreement. Let
us further write the weight function as w(a) = wy(a) + wg(a), where we define

_ v(a) v(a)
wy(a) = 1+ Rw(ng,o)(‘a)) ]1H+(ﬁ)(a) + 1_ ’%w(igfo)(‘a)) ]lH*(ﬂ)(a%

_ v(a) v(a)
wL<a) T 1+ Rw(cfg(vo)(‘a)) 1L+(5)<a> + 1_ I%w((‘lg(vo)('a)) ILL_(B) (a)

In other words, the function wg: H — R describes the weights of the wealthier agents, while
wr: L — R is the weight function of the less wealthy agents. To measure the reflection of
private information of each group in the market clearing price we use the L!-norms

1 1
waly = [ fen@lda furli= [ lwn@]de
0 0

We then say that the private signals of the wealthier agents are more strongly reflected in
the price whenever ||wyl|; > ||wr|[;. Conversely, we say that the private signals of the less
wealthy agents are more strongly reflected in the price whenever ||wgl|; < ||wg|/1. Note that
with this measure of signal reflection we can make statements on the aggregate market level
but not on the individual investor level. However, we choose this measure because we are
interested in an analysis of the aggregate market, and we do not want to compare individual
agents. Moreover, this measure allows us to analyze more general situations, where investors
in both group H and L may have positive and negative beliefs.

Proposition 5.1. Assume that the functions 5(-) and ¥ (-, rvo(+)) satisfy the assumptions of
Proposition 3.5, and let & # 0 be a solution of the corresponding fixed point problem. If the
functions v(-), B(-), and (-, rv9(+)) are such that (5.2) implies

v(a)B(a) Y v(a)p(a) ;
/{M} Hla,ru(a) /{M} la,ruo(a)

and (5.3) implies

v(a)B(a) v(a)B(a)
———d — ———d
/{M} o, re(a) 7 /{M} dlarvo@)
then the following assertions hold true:

(1) If the less wealthy agents only have positive disagreement, while the wealthier agents
only have negative disagreement, i.e., if L= (8) = H(8) =0, and if in addition & < 0

a,rvp(a))

and mingep+(g) |7 25D > 3 then [lwg [l > wn|h-
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(2) If the less wealthy agents only have negative disagreement, while the wealthier agents

only have positive disagreement, i.e., if LY (8) = H=(8) = 0, and if in addition & < 0
‘ Y(a, rvo)(la))

An important takeaway from Proposition 5.1 is that private signals of wealthier agents

and minge g+ (g |A > 1, then |wylli > |lwe:-
are not necessarily more strongly reflected in the price, measured by the L'-norm. A simple
example is the case where the precision v > 0 is the same for all agents, and where we assume
that L*(8) = {8 > 0} = [0,3) and H~(8) = {8 < 0} = [£,1) with B(-) and ¥(-, rve())
given by

Bla) = BL (a) — 5H1[%,1)(a)7 ¥(a,rvo(a)) = 1/JL]1[0,%)((1) + szﬂ[%,l)(a).

0,1)
0,3)

for some strictly positive constants 81, Sy, ¥, and ¥y. If also & < 0, then (5.3) reads as

V2 v(a)*y(a,rvo(a)) v(a)*y(a,rvo(a)) vy
= da < — da =
261 /{,8>0} B(a) = /{,3<0} B(a) 28’

which eventually implies

v(a)B(a) da — vBL I/BH _ v(a)B(a) da
/{B>0} G /{ﬂ<0} ¥ .

(a,rv9(a)) 2@/},; P (a,mv9(a))
Hence, if also min,e+(g) ]%]W > 1 then Proposition 5.1 implies ||wr|l; > ||wg|:. A

similar example can also be found for the second assertion of Proposition 5.1.

Proposition 5.2. Assume that the coefficients of absolute risk aversion are in a strict inverse

monotonic relationship with the wealth distribution across agents, i.e., vo(a) > vo(a') implies
Y(a,rvg(a)) < ¢(a’,rvg(a)) for all a,a’ € 1]0,1).

(1) If precisions and absolute beliefs are in a monotonic relationship with the wealth dis-
tribution across agents, i.e., vo(a) > vo(a') implies v(a) > v(a') and |B(a)| > |B(d')|
for all a,a’ € [0,1), then the following assertions hold true:

(a) If the less wealthy agents only have negative disagreement, i.e., if L (8) =0, and
if in addition & < 0, then ||wyll1 > ||we]|:-

(b) If the less wealthy agents only have positive disagreement, i.e., if L=(8) =0, and
if in addition & > 0, then ||wg||1 > ||wel1-

(2) If absolute beliefs are in an inverse monotonic relationship with the wealth distribution
across agents, i.e., vg(a) > vo(a’) implies |B(a)| < |B(a’)| for all a,a’ € [0,1), and if
additionally

min v(a) v(a)

> max ,
acL(B 1+| |w(arvo a)) aeH(,B)1+’ ’¢f‘lﬁ7“(1);)| a))
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then the following assertions hold true:

(a) If the wealthier agents only have negative disagreement, i.e., if HY(5) =0, and if
in addition & < 0, then ||wp |1 > [Jwgl|.

(b) If the wealthier agents only have positive disagreement, i.e., if H=(5) =0, and if
in addition & > 0, then ||wp |1 > [Jwg|.

Remark 5.3. Note that the second property of Proposition 5.2 also holds true without any
assumptions on the coefficients of absolute risk aversion.

The result of Proposition 5.2 is more specific. We are considering a situation in which
absolute risk aversion decreases with increasing wealth across agents. The first assertion of
Proposition 5.2 essentially states that under specific assumptions the private information of
wealthier agents with stronger absolute beliefs and higher signal precisions is more strongly
reflected in the price. In contrast, the second assertion of Proposition 5.2 states that, again
under specific assumptions, the private information of the less wealthy agents with stronger
absolute beliefs is more strongly reflected in the price. Hence, although these statements
are not a universal statement, we observe that higher wealth alone is not enough to draw
any conclusions about the strengths of the weights. In fact, the belief structure and also
the precision of the private signals play a significant role. This fact stands in contrast to
the one-period model of Avdis and Glebkin (2025), where the signals of wealthier agents are

generally more strongly reflected in the price.

Example 5.4. We conclude this section with a specific example that shows the consequences
of Proposition 5.2. We consider an economy with the following assumptions: (1) All agents
have the same precision v, (2) agents located on the interval [0, 5) all have the same positive
disagreement 8; > 0, (3) agents located on the interval [3,1) all have the same negative
disagreement —f3; < 0, and (4) all agents have the same DARA utility function, so that the
coeflicient of absolute risk aversion satisfies W < 0 for all @ € [0,1). Under these as-
sumptions, it solely depends on the wealth distribution vy: [0,1) — R, and the disagreement
f:10,1) — R, whether we have more positive disagreement as in (5.2), or more negative
disagreement as in (5.3). In fact, in this specific example, we have the following general rule

to determine the sign of &:

<0 f—f0 @)da - o
@ By
R j j virolapda P (5.4)
o vo(a)) da B1
>0 if —f1 Sroo(@) d >

In relation to the four assertions of Proposition 5.2, we consider the following four possible
scenarios: (la) wealthier investors are located on the interval [0, —) and f; > (2, (1b)

wealthier investors are located on the interval [1,1) and 3; < f35, (2a) wealthier investors are
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located on the interval [%, 1) and f; > f2, and (2b) wealthier investors are located on the
interval [0, 1) and (1 < fs.

In scenario (la) we have H(S) = [0,1) and L(8) = [3,1). Since 8 > s, and because all
investors have the same DARA utility function, (5.4) yields & < 0. Together with the fact
that LT(8) = 0, it follows from Proposition 5.2 that [wy||; > ||jwr]1. In scenario (1b) we
have H() = [1,1) and L(8) = [0, 3). Since 8> > f;, we now find from (5.4) that & > 0, and
since L~ () = (), Proposition 5.2 again implies ||wg||1 > ||wg 1.

Let us turn to scenarios (2a) and (2b). To avoid unnecessary complications in our analysis
of these two scenarios, let us additionally assume that wealth is of the form

vo(a) = v s (a) + v L (a), vl > vl (5.5)

In other words, wealth is constant in each income class. Now, in scenario (2a) we have
H(B) =[3,1) and L(8) = [0, 1), and we assume that 8; > (5. Together with equation (5.5),
we find that according to (5.4) it holds that £ < 0, if and only if %flo) w(rvo . Consequently,
if kK < 0, then it must hold

v(a) B v v v(a)

min = > = rnax
a€L(B) 1+’“’%?)) 1+|,;d|w(aﬂ,:vé) 1+,,~_€|¢(a£v3) acH (B 1+|5|Lvoa))

and so Proposition 5.2 implies that ||wg|; > ||wg|li. On the other hand, in scenario (2b)

we have H(3) = [0,3) and L(8) = [3,1) and 31 < 2. Again by (5.4) and (5.5) we find that
% > 0 if and only if w mo < w Hence, if & > 0, then
, v(a) v - v v(a)
min = = max
acL(B) 1 + | ’L”O)) 1+ |R|w(a,rvé) 1+ mliﬁ(afvg) acH(B) 1 + | |M
15(a) B2 B

and thus by Proposition 5.2 it holds ||wg |1 > |Jwg]|:
For the cases (2a) and (2b) it is worth noting that wealthier investors still can have
stronger weights, which happens when the sign of % is flipped. Indeed, in case (2a) with

k > 0, the corresponding weight functions are of the form

v(a)

we\a) = ———— "y [o,l)(a)a wp(a) = —TU 1[2,1)(61)-
1+ "LQ'%;J) 2 7 |¢ 6) 2
However, we find from (5.4) that # > 0 if and only if %fé) > qp(% which implies the reverse

strict inequality ||wg||; < ||wg|l1. The argumentation for the case (2b) is done analogously.

5.2.2. Reallocation of wealth and its effect on price informativeness. We now turn to the
question how a given wealth allocation relates to price informativeness, and how a reallo-
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cation of total wealth may change market efficiency. To understand the effect of a wealth
reallocation on price informativeness, and how the belief function plays a role in this rela-
tionship, we have to consider the effect on total precision pu.

Proposition 5.5. Assume that the functions 5(-) and ¥(-,rvg(-)) satisfy the assumptions
of Proposition 3.5, and let k°'¢ # 0 be a solution of the corresponding fized point problem.
Consider a reallocation of wealth from v3d: [0,1) — R, to v3°¥: [0,1) — R, which satisfies

v3(a) > v8¥(a) for all a € H(B), and v]4(a) < v8%(a) for all a € L(B). Assume
that under the new wealth allocation a solution K" # 0 ewists with sgn(&"") = sgn(£°9).

Further, assume that all investors have DARA utilities, i.e., awé% < 0 for all a € [0,1).
Then, the following assertions hold true:

(1) Assume that L=(8) = HT(B) = 0, and &°'¢ < 0:

1d
(0,) [f /%old S R.Inew’ maXaeL ‘K,Old‘w Q‘EEOH(GD < 1’ and

old new
max |Kold| (a Uy (a)) < min |/{new|w(& » T (a))

€ H(B) |B(a)] acH(B) B(a)]
then p°d > v, and therefore I°4 > IV,

(b) If R > £, max,er s |/§°1d|—w a‘gzili(a)) <1, and

old new
min |I{old| (CL Ty (a)> > max |I{newlw(a A ((Z))

aCL(B) 13(a)| acL(B) B(a)]
then 4 > v, and therefore I°4 > Ivev,
(2) Assume H=(B) = L*(B) =0, and &' < 0:

(a) If jold < fnew max,c r(3) ’/%neww(a,'rﬁv({):)"‘v(a)) <1, and

old new
max ‘KZOId‘ (a‘ Uy (CL)) < min |Hnew|’l/}<a’ » TV (CL))

«EH () 18(a)l aeH () Bla)l
then p°d < v, and therefore I°4 < Ivev,

(b) [f /%old Z Rnew’ maXaeH(B) ’/%newyw(avr;)((r):;‘v(a)) < 1, and

old new
min |Kold| Y(a,rvg(a)) > max |Knewlw(a , 705" (a))

) |B3(a)| acL(B) B(a)] 7
then p°d < v, and therefore I°4 < Ivev,

In comparison with the results from the previous section, Proposition 5.5 is more spe-

cific. The main reason is that a change of wealth in general also implies a change in the
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equilibrium, which particularly results in a change of the parameter <. However, even un-
der more specific assumptions we observe that a wealth reallocation by transferring wealth
from the wealthier agents to the less wealthy investors may both increase and decrease price
informativeness. This result stands again in contrast to the one-period model of Avdis and
Glebkin (2025), where transferring wealth from the wealthier to the less wealthy population

increases informational efficiency in general.

6. Conclusion

This paper suggests a new conceptual approach to describe a fully dynamic rational expec-
tations equilibrium with trade, and allows investors to have general risk-averse preferences
without assuming a specific utility function. The underlying idea is to use a continuous
economy with infinitely many agents that is obtained as a limiting discrete economy where
investors agree to disagree about the distributional properties of the price. The key object
is a Brownian sheet that allows us to describe information dynamics in a doubly continuous
model, evolving in agent-time space. Aggregate demand is described by a two-parameter
stochastic integral that behaves as a bridge-like stochastic process in agent direction, and
therefore ensures market clearing with trade.

We show that a no-trade equilibrium always exists, while a trade equilibrium requires
sufficiently dispersed disagreement. In particular, investors must have individual beliefs that
allow for enough disagreement. In the presence of a trade equilibrium, we measure the
distance to a no-trade equilibrium by the absolute value of the constant £, which is part of
the endogenously derived weight function via market clearing. We observe that the trading
activity is in a monotonic relationship with the distance to a no-trade equilibrium: the larger
the distance to a no-trade equilibrium, the higher the trading activity. Consequently, the
trading activity is zero in a no-trade equilibrium.

The model also clarifies the role of wealth-dependent risk aversion. In equilibrium, wealth
affects trading through absolute risk tolerance. Agents with higher risk tolerance hold larger
average risky positions and react more strongly to stochastic information and disagreement.
Under DARA, this implies that wealthier agents play a larger role in both risk sharing and
trading activity. Under CARA, this channel is absent, which explains why the standard
CARA benchmark cannot address this aspect of equilibrium trading.

The price informativeness is in an inversely monotonic relationship with the mean squared
error of the public filter of the short term dividend mean, and therefore monotonic to the
quality of information. More precisely, if the price reveals a better public filter, measured by
the mean squared error, it concurrently contains more new information. Conversely, if the
quality of public information decreases, price informativeness decreases as well.

Finally, these channels do not combine into general comparative statics. There is no

systematic relationship between price informativeness, trading activity, wealth allocations,
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individual beliefs, and absolute risk aversions. In particular, the wealth channel above does
not extend to the informational content of prices: even under very specific assumptions,
we can show that wealthier agents’ private information is not necessarily more strongly
reflected in the price, because the belief structure plays a significant role here. The same is
true for any wealth reallocation from the wealthier population to less wealthy agents: price

informativeness may increase or decrease, depending on the belief structure.
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Appendix

The appendix is organized in the following way. Appendix A summarizes important proper-
ties of the Brownian sheet. Appendix B provides a detailed explanation of the discretization
of the continuous economy as described in Section 2. Appendix C covers all results that are
related to the filtering equations, including the representation of the inference wedge A%™.
In Appendix D we describe the measure change, which is needed to describe disagreement
in our model. Appendix E covers all results related to the convergence of the solutions to
the HJB equations of the discrete economies. In Appendix F we give all the proofs to the
results of Section 3, while the proofs of Section 4 and Section 5 are given in Appendix G.

A. The Brownian sheet

This appendix collects the properties of the Brownian sheet that we use, stated so as to
parallel the corresponding properties of Brownian motion. Throughout, for a rectangle
R = [ay,a5) X [t1,t3) € [0,1) x R} we write

ArW = W(az,tz) — W(al,tz) — W(a%tl) + W(al,t1) (Al)

for the increment of W over R, and |R| = (as —ay)(ts —t;) for its area. Unlike the increment
of a one-parameter process, AgW is an alternating sum over the four corners of R. Figure 1
illustrates (A.1). Each term W, is the noise accumulated over the rectangle [0,a) x [0, 1)
anchored at the origin. Subtracting the two rectangles [0, a1) x [0, ¢2) and [0, az) x [0,¢;) from
[0, as) x [0,ty) removes their common part [0,a;) x [0,¢1) twice, so it is added back once.

t
tol *
R
t
1 4 B
a
aq a9
B =B
W(azatz) W(alvtz) W(azatl) W(ahtl)

Figure 1: The increment AgW of a Brownian sheet over the rectangle R = [a1, a2) X [t1,t2).
Top: R and the signs with which the four corners enter (A.1). Bottom: the same identity

read as inclusion—exclusion among rectangles anchored at the origin.
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A Brownian sheet W = (Wia1))(a,t)el0,1) xR, has the following characteristic properties:
(i) W0 = Wi = 0 for all a and t;

(ii) the increments Ag, W, ..., Ag, W are independent whenever the rectangles Ry, ..., R,
have disjoint interiors;

(iii) AW ~ N(0, |R]) for every rectangle R;
(iv) W has continuous sample paths.

These properties are the two-parameter analogue of the standard definition of Brownian
motion, with intervals replaced by rectangles and length replaced by area:

Brownian motion Brownian sheet

(i) initialization Wy =10 W(a,O) = W(Qt) =0

(ii) independence over disjoint intervals over non-overlapping rectangles
(iii) increments N (0, length) N (0, area)

(iv) regularity continuous paths continuous paths

We comment on a slight difference in (i). For Brownian motion the increments determine
the process up to an additive constant, which is why it suffices to fix its value at a single
point. For a Brownian sheet the rectangular increments determine the field only up to an
additive term of the form f(a) 4 g(¢): a direct application of (A.1) yields

Ar(W + f(a) + g(t)) = AgW  for every rectangle R,

because each of the values f(ay), f(as), g(t1) and g(t2) enters the alternating sum once with
each sign. Pinning the field down therefore requires fixing it on both axes rather than at the
origin alone.

Fixing one parameter reduces the sheet to a one-parameter process, which is again a
Brownian motion after rescaling.

Corollary A.1. Let W be a Brownian sheet. For every fized a > 0 the process (W(a,t))tzo
is a Brownian motion scaled by \/a; that is, B* := (ail/QW(ai))tZO 1s a standard Brownian
motion. Symmetrically, for every fized t > 0 the process (t*1/2W(a7t))a€[071) 1s a standard
Brownian motion.

Proof. Fix a > 0 and consider R = [0,a) X [t1,t5) for 0 < ¢; < t5. By part (i) the two corners
on the axis {a = 0} vanish, so (A.1) collapses to a two-point difference,

ARW = Wiats) — W) — Wiat) + W) = Wiats) — Wian)-
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Hence Wia,1,) — Wian) = ArW ~ N(0,a(t2 —t1)) by part (iii), so B, — By, ~ N(0,t; —t1).
Disjoint time intervals [tq,?2) give rectangles [0,a) X [t1,t2) with disjoint interiors, so these
increments are independent by part (ii). Finally B = a=*/2W{, ) = 0 by part (i), and B®
has continuous paths by part (iv). Thus B* is a standard Brownian motion. The statement
for fixed t follows by exchanging the roles of the two coordinates. [

Aggregating a sheet across agents against a square-integrable weight likewise produces
an ordinary one-parameter Brownian motion. We first record the isometry on which the
construction of the two-parameter stochastic integral rests.

Lemma A.2 (It6 isometry). Let W be a Brownian sheet and let f € L*([0,1) x [0,T)).
Then f[(o 0).(1.7)) f(a,s)dW 4 is well defined, has mean zero, and

2 1 T
E dWia.s - 7 2 s da.
[(/[(0,0),(1,T))f(a’ s) AW, )) } /0 /0 fla,s)*dsda

We refer to Walsh (1986) for the construction of this integral.

Proposition A.3. Let W be a Brownian sheet and let w € L*([0, 1)) with o2 fo )2da >

0. Then
/ w(a) dW(a,s), t >0,
[(0,0),(1,8))

is a Brownian motion scaled by o.,; that is, 0" f[(o 0).(1) w(a) AW, s) is a standard Brownian

w(a) dW(ms) ~ N(O, tai).

motion. In particular f[(o 0),(1,8))

Proof. Let first w = Z;:Ol w;iljg, q,,,) be a step function with 0 = a9 < --- < a, = 1. For
0 <t <tgset R; = |a;,a;41) X [t1,12), so that the increment over the time interval [t,t5) is

dWa s) szRl
Aoztl)’(lth)) Z

The rectangles Ry, ..., R,_1 have disjoint interiors, so by parts (ii) and (iii) the summands
are independent with Ag, W ~ N (0, (a;+1 — a;)(t2 — 1)), and therefore

/ w(a) dWigs ~ N(o, (s — 1) 2, w?(asey — ai)> = N(0, (t — t1)02).
[(0,¢1),(1,t2))

Increments over disjoint time intervals are independent, again by part (ii), since the asso-
ciated rectangles have disjoint interiors. Together with f (0,0),(1,0)) w(a)dWas) = 0 and the
continuity of W, this proves the claim for step functions. For general w € L*([0,1)) choose
step functions w" — w in L?([0,1)); by Lemma A.2 the associated processes converge in L?,

and the limit inherits the stated properties. |
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B. Discretization of the continuous economy

This appendix contains the detailed derivation to obtain the desired discretized economy as

discussed in Section 2.

B.1. Discretized information dynamics

To discretize private information, we note that a discrete increment of the process £ over the
rectangle [(a;,t;), (ait1,tj41)), with ¢; < t;44, is of the form
_ 3
A(a;r;) = V(ai) AGy, Aa; + AW(%tj),
_ 3 _ & €
WheI‘e AGt] — Gt]+1 - Gt] al’ld AW(a“t]) — (ai+1,tj+1) - W(ai+17tj) - W(aiytj-!—l) + W(a17t7)' By
assuming that (¢;)o<j<, forms a partition of the interval [0,¢], summing over 0 < j < m
yields
Arann) — Miéar0) = (@) (G — Go)Aa; + AW, 4,
where we denote A, wé =W we

(ai7t) (ai+17t) o (aivt)'
the discrete economy and the continuous economy, we denote the discretized private signals

To ease notation, and to distinguish between

by (" = A1(a, ). In particular, (*" = (¢/*");>0 describes the private signal of investor a;
in the discrete economy with n investors. We further define the process W¢™" = (WtC“i’")tZO
via
WC%’J’L — (Aaz)*l/ZA Wf —m-' A Wf . (A N\1/2
t = i Wi = ManB21 WV Ma;n = (Aa;)" =,

ai,t)’

which is a Brownian motion in ¢-direction. The process (%™ then satisfies the stochastic
differential equation

G = Dy AGy + My AW, g = v(ai) Aa;.

In particular, we may consider the discretized precision function v™: [0,1) — (0, 00), which

is defined as the simple function

Vn(a) = V(ai)]l[ai,ai+1)(a)7
=0

and then define {" = (f{;’t))(a,t)e[o,nxuh via

A,y = v™(a) dGyda + AW, .
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The discretized private signal then satisfies

Ait1
wo gty = ([ vr@an) G -G+ [ A
[(a3,0),(aiy1,t)) a; [(@:,0),(ait1,t))

The discretization of the precision function makes sense because investor a; “lives” on the
interval [a;, a;41), and thus should have the same precision on this entire interval.
B.2. Discretized public information

To obtain a discrete version of the public signal we also discretize the weight function by

considering the simple function
wn(a) = w(ai)l[ai,ai+1)(a)'
=0

Public information is then described by the two-parameter stochastic integral of the private-
signal field £" against the weight function w™, which we will denote by =", and which satisfies

=n = / w™(a) A€l oy = pn(Gi — Go) + / w'(a)dW§, ),
[(0.0),(1.6) [0.0),(1.)

where we denote p,, = fol v"(a)w"(a) da. To write the public signal as a linear It6 process,
let us define the process W=" = (W;");> via

1 1/2
W = UngL/ w"(a) dW(fa o) Oem = </ w"(a)? da) ,
[(0,0),(1,1)) ’ 0

which is a Brownian motion in ¢-direction. The public signal Z" = (Z}');>¢ then satisfies the
stochastic differential equation

A= = 1, dGy + 0¢,, AW

B.3. Agree to disagree

Investors agree to disagree about the price dynamics in the discrete economy. To understand
the nature of the disagreement, one may observe that the dynamics of the risky asset in the
n-th discrete economy satisfies the stochastic differential equation

N
saagyg 1 T
rr —~
dsr = —spap D, | dt + (SD“G 1) Qdw™, (B.1)
SpQp — SqQqg Gt
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where Q" € R?*? is symmetric and non-singular, W™ = (W?);>¢ is a G"-Brownian motion,

and I'} and I'} are constants obtained from filtering. More precisely, we have

Q= (7 0 oo @07 (06 — a6Y")
0 (upog+og)'?)" 1 ep T T yRogtag,
where 7" = lim; ., 7} is the steady state solution of the mean squared filtering error,

ie., v = E[(G" — Gy)? (see Lemma C.2 together with Lemma C.11 for details). In fact,
each investor may rewrite this stochastic differential equation to obtain the price dynamics
as a linear Itd process with a Brownian motion that is adapted to the private filtration
G“" = (G}"")i>0, where G;"" = o(Dy, =", (%™; s < t). In particular, let

Gy =E[GGH"]  and AP =GP -G

be the inference and inference wedge (wedge, for short) of agent a;, respectively, in the
economy with n agents at time t. We can then rewrite the price dynamics (B.1) as

-
Elere’ 1 T
—i Zg D s+ scly
dsr = bTD o | A+ sy Q" AW ", (B.2)
Spap — Sqhq Gy 0
sqalf A"

where ot == apl'? + ag(l — p,I'%), where Q*" € R3*3 is symmetric and non-singular, and
where Wan = (@?’")QO is a G*"™-Brownian motion (see Lemma C.1 and Corollary C.3
together with Lemma C.11).

By comparing the stochastic differential equations (B.1) and (B.2), we observe that pass-
ing to the private filtration G*™ adds a new drift term sgaj Ay*", which eventually con-
verges to 0 as n — oco. We now assume that investors agree to disagree about the extent to
which their difference of filtering A%"™ enters the price in the discrete economy. We achieve
this disagreement by replacing the term sga} by an investor-specific constant B (a;), where
f:[0,1) — R satisfies suitable regularity assumptions. Mathematically speaking, the dis-
agreement is achieved by an equivalent measure change via Girsanov transformation (see
Appendix D for details). More precisely, each investor works under an equivalent probabil-

ity measure P*" ~ P under which the price process S™ satisfies the stochastic differential

equation
-
sqgagyg 1 sp+ sel™m T
dsp=| PP Dolars | sery | @uraimee, (B3)
SDOZDN — Sgaag t 0
B(a;) A"
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where E‘“’" = (E?i7n)t20 is a P*"-Brownian motion. It is worth noting that the density
dpain
dp

process converges to 1 as n — oo. Hence, there is no disagreement in the continuous

economy.

B.4. Excess return

We conjecture that the state variables are given by the wealth V%" = (V™) and the
inference wedge A%" = (A{""),o,. Equivalently, we conjecture that prices, diviaends, and
inferences do not enter the excess return. To see this fact, note that the instantaneous excess
return in the n-th discrete economy satisfies dR} = (D; — rS}*) dt + dS}. Hence, by using
the price conjecture (2.10) together with the price dynamics (B.3) we thus obtain

T

sqoaqg — sor — e 1 T
i_Gi (rj—a )” D sp + sal
dR" = b b 0| de+ sal'? QU AW
spap — sa(r+ ag) Gy 0
sar + Bla;) A"
Hence, by setting
Cleletel!] 1 Spap
Sg = , Sp = , Sq = ,
0 T b T+ ap ¢ T+ ag

the instantaneous excess return in the n-th discrete economy simplifies to

.
dRy SRR . . ;SF? Q AW
— n . S (2 W ’ ,

C \ser+0a)) AT o t

and thus verifies our conjecture.

In terms of equation (2.12) in the main text, note that 5(a;) replaces the initial drift sga’;
from (B.2), when passing to the price dynamics (B.3) via Girsanov. Hence, if no measure
change occurs, then ((a;) equals sgalk, which explains the origin of 5} = sq(r + of). In
other words, the final object of interest is the instantaneous excess return R", and within
R" we are especially interested in the factor that loads on the inference wedge A% ™. This
factor has two sources. The term sgr comes from the drift part of the excess return, and is
unaffected by the measure change which appears on the level of prices. On the other hand,
the term sgay comes from the price dynamics, and therefore is affected by the measure
change. No measure change contributes sgal, yielding 3, while a measure change yields
B(a;), which instead of 8% then yields a factor 5(a;) = sgr + B(a;).
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C. Filtering

This appendix is concerned with all results that are related to filtering. The outline is as
follows: Section C.1 covers the private filter @“i’”, the public filter @”, and the dynamics
of the inference wedge A%". Section C.2 analyzes the coefficients occurring in the filtering
equations obtained in Section C.1 and discusses their relation. Section C.3 explains the
convergence of the filters obtained in the discrete economies to the filter of the continuous
economy. Section C.4 provides a convergence result of the aggregate filter increments in the
form of the inference wedge, which essentially is the main result of this appendix. Finally,
Section C.5 provides auxiliary results related to filtering, including the representation as an
Ornstein-Uhlenbeck process.

C.1. Filtering equations in the discrete economy

In this section we are mainly interested in the discrete-economy public filter é”, the discrete-
economy private filter G*", and their difference A%"™ = G%"™ —G™. The first result describes
the private filter G%".

Lemma C.1. The process G = (G"),o defined via G == E[G,|G"™"], with the fil-
tration G*" = (G"")i>0 given by G" = o(Ds, Z, (%" s < t), satisfies the stochastic

differential equation

. T Nai
4" (¢) dD; + ap(D; — Gf") dt

dGy" = ag(g — Gy*") dt + | T3 (1) A=} — pmoc(g — G")dt | (C.1)
e (¢) d¢" — Vo, maa(g — G dt

where the vector T'{"" = (F‘f’"(t) " (¢) Fg”%t)) € R is defined via

. . a;,n
]_"aivn _ (aD'Y?“n (:u"ﬂ7w(ai)ﬁa¢,n)(oé*a0'y:wn) (V(a'i)o—g,n_w(ai)ﬂn)(aé_aG%ﬁ2 )) (C 2)
: o R . 7205 toL, . )

with the coefficients

fin = /0 1 v*(a)w"(a)da, Ogn = ( /0 1w"(a)201a> 1/27

—2
14
~2 2 — 2 g1 ~2 2 2
[g, m = Hp — 20w (A7) Va0 + Ten Ng. Ogim = O¢n — w(a;)"Aa;.
(2

Aqy

The mean squared error 4" = E[(G, — G*™)? satisfies the Riccati equation

d,yai,n 6'2A ag &2 ﬁ2‘

t o ai,n 2 ai,n D GHa;n a;,n\2

dt 2 o2 152 (0 =206 )= | T+ 5= = |(u")" (C.3)
Ha; n9¢G + Oain 9D Ha;n9G + Oaimn
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Proof. Consider the observable process

th + OéDDt dt
dY{" = | dZE! — ppaggdt |,
d¢;"" — U, nagg dt

which satisfies the stochastic differential equation

“p 0 op 0 0 dawp
—vai,naG ﬁai,no-G 0 0 Ma,.n thcaim
The process
1 0 0 wp
ﬂ/z’“i’” =10 5@7371 0 f[(o,o),(l,t)) w"(a) dW(Says) - w(ai)A1W(£ai7t)
00 ma AWl

is an R3-valued Brownian motion, and we may write

thD 1 0 0 thD
thE,TL - O 6-611',710-;711 O’g;w(al)ma“n 6'(;“1’” (O-fjl thE,n _ w(al)ma“n thcai,n> ’
aw™" 0 0 1 dwe™
so that
op O 0 thD op 0 0 | ~ 0 0
0 O'ﬁ,n O thE’n = 0 0‘577){ O 0 0(;-‘1;: w(@;){'r:tai,n dwg/ai,n
0 0 Ma;n thCai’" 0 0 Ma; n 0 0 1
op 0 0
= 0 6—ai7n w(ai)maim dwzfaian . Zyai,n dﬂ/z/ai,n .
0 0 Ma;n

By denoting

ap 0
AY“@"” = —HUnQG ) ZG = HnOG
_Dai,naG’ Dai,naG

we thus obtain dY{"" = Aye,nG;dt + g dWE + Sye,n AW ", Theorem 10.3 of Liptser
and Shiryaev (2001) then yields

dG¥" = ag(g — GI™) dt + T [AY 5" — Ayan GE" Al
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and

dy"

T T
= 0% — 2agn)"" — I [(00 00 0)(Se Syen) +vf“”A$ai,n] ,

where

T T\ !
F?i’n = {(JG 0 0 0) (ZG Eyai,n> +7?i7nA;ai,n1 ((EG Zyai,n> (EG Zyai,n) ) .

To prove (C.1) it thus remains to compute T'y*". For this purpose we first note that

-
e 0 HUnOG vai,naG 0 T
T 0 op 0 0
ooo)(z Eai,n)z ) = | o |,
<0G G Y 0 0 Gaim 0 _M 0G2
Vai’nO'G
0 0 wl(a)me,n Mayn

which implies

T
oG

0 L a;,n ai,n a;,ny  — ai,n
0 <ETG ) v AXT/“z"" = (OéD%“ ,un(aé —agy") Vai,n(gé — oG )) .
yag.n

On the other hand, we have

0 o Uy O
ET 0 op 0 0 /'Lno G az,(r)z G
- (%))
(EG EY%") TG = | HnOc 0 Gapn w(ai)Ma,n ~
Eyai,n _ 0 0—(17; n O
Vai,nO-G O 0 mai,n ’
0 w(a)Man  Magn
o% 0 0
= 0 p20%+52, +w(@)®m? , pnVenod+wla)m? , |,
0 /’anaiynaé + w(a’i)mg,i,n 76211,710-% + mgi,n
so that
-
det ((zG Eyai,n) (EG Sya ) )
= op((urot + a2, , + w(a)*mi ) (T2, 06 +m5 ) = (V.m0 + w(ai)my, ,)?)

— -2

V. v,
_ 2 2 2 a;,n 2 aq,n ~2 2 2 /~2 2 ~2 2
=0p (UG (:un - 2ungai7nm + Uf,n m2 ) + Uai,n) mai,n - O-D(Mai7n0-G + Oai,n)mai,na

aq,m a;,n
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0

and therefore
1
—5 0
-1 7D 2 2.2 - 2 2
2 E 2 E T . 0 ai,ngG+mai,n _HnVai,nUG+’w(ai)mai’n
G Hyen G Syeen - (A2, no&+62, )M, (A2, nog+62, n)m, n
ottt ool
(ﬂgi,no—é+&gi,n)mgi,n (ﬁgi,naé-"_&gi,n)mgi,n
Combining everything yields
1
ai,n T 52, 0 0
DVt 7D = 2 2 = 2 2
e 2 ai,n 0 Va;n9G+Ma;n _ HnPa; n0g+w(ai)ma,;
= paloG — ey O T N L AT
vai n(o.é _ O‘G'Y;l“n> 0 — PnVa; nogtw(ai)ms. WnoGtog ,
(A2, no&+52, n)m2, n (A2, no&+52, n)m2,,
Lo 2 n(n—w(a:)Va; n)(0g—acyy ") (02, Va;n—pnw(a)m?, ) (0g—acy, ")
mgi,n (ﬂgi,naé+&gi,n)mgi, !

— DYy m
- < o} (83, no0&+03,n)

which proves equation (C.2) and thus concludes the proof of equation (C.1).
It remains to prove the Riccati equation (C.3). For this purpose we compute

T

T
Qg a;,n T
Ty (o—G 00 o) (EG zyai,n) 4 Amm AT,
ag,mn T
any2t a;z;,n
JD ) aD’Yt (3
m2. o (pn—w(ai)Va;n)(0E—ac; ") am
e z — T (0_2 —« ) )
(ugimac—i—ogim)mgi’n o Hn\OG GVt
(0% pPagn—pmw(a)mg, ) (og—agy, ") p%n@jé _ OCG’}/?“”)
(A2, n0&+62, M2, n
= Va;,n a;,mn
iy . iy U, (0.2 R w(a; ) 0.2 —a 2T\ 2
_ a2 (/"2 + Mn(Mn—w(ai)uai,n)(aé—agwfln)2 4 G \7En 2 pnw(ai) ) (cg—aay: ")
02D ﬂgi,nUéJr&gi’n ﬂgi,nUéJr&gi,n
2
. 2 _2pnw(ai)Va; nto? Yajn ) ~ ,
— ad (7 ")? + =24t 0 (@1) Vg, Enmg (0_2 — ,Yai,n)Q _ a2 (v i")? + Mgi,n(aé—acﬁ’? )?
o3 2, ,05+52 . G BGh 73 2, ,05+52
which implies
@i,n 2 (400,12 ~2 2 ai,n\2
dfytz _ 2 2 ai,n OZD(f)/t2 ) luai,n(O-G’ aG )
=0g — 406G — 2 T 3
dt op Ha,n0G + 04 n
~2 2 ai,n 2 ~2 2
O, (UG 204G’)/t ) ap H’ai,naG a;,m\2
2 o2, + 52 - 02+~2 o2 + 52 (v )7,
’uaivn G a;,n D lu’ai,n G a;,n
|

which is exactly equation (C.3).
In a similar way we obtain the description of the public filter Gn.

Lemma C.2. The process G" = (@?)tzo defined via G = E[G,|G], with the filtration
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G™ = (G} )10 defined as G = o(Ds, Z7; s < t), satisfies the stochastic differential equation

~ ~ dD, + ap(D, — Gr) dt
dG} =ag(¢g— G} dt+T7 | _ ~ (C4)
t 9= &) : (d:? — (g — G) di
with T} = (I”f(t) Fg(t)) € RY™? defined via
apyy pn (06 — G}
i) = I'5(t) = . C.5
1( ) O_QD ) 2( ) /L%LO'%_FUEH ( )
The mean squared error v = E[(G; — @?’)2] satisfies the Riccati equation
doy’ Oin 2 o) aghy 2
dt N%Ué + U?,n (UG O‘G%) (7%) + N%Ué‘ + O-g,n (’Yt) ( )
Proof. Consider the observable process
Ay” = df)t +apD,dt |
d=} — pnaggdt
which satisfies the stochastic differential equation
0 0 dwp
ayr=| “° g+ awe + 7P t.
—HnCG HnOG 0 O¢n th '
From Theorem 10.3 of Liptser and Shiryaev (2001) we thus obtain
~ ~ ap ~
dG} = ag(g — G})dt + T} |dY, — < )Gfdt :
—HnOg
with
T -1
ofe 0 unoc 0 wpog
n n 0 op 0
' = 0 op 0 + v (aD —p,na(;) < > op 0
UnO0G 0 O¢m
0 0 O¢n 0 O¢n
LQ O ( 2 n)
= (OZD%tn Mn(Ué—OéG%f‘D (Ug . ) = ( . u%f@%f >,
N%UGJFU&”

which proves equations (C.4) and (C.5). To prove equation (C.6) we use Theorem 10.3 of
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Liptser and Shiryaev (2001) again, which states that

dvy' 2 apy
at ~ 0T S T 62— ae?)

ap () palod — agy)?

2 n
=05 — 2067 —

2 2 2
ot oz + 0%
2 (2
_ van(aG — 20677 _ (% :U’%O‘%‘ )(’}/n)2
- ™2,
P20l + UEQ,n 0% ol + O'gn

This concludes the proof. [ |

Based on the results of Lemma C.1 and Lemma C.2 we can describe the inference wedge
Aai,n — @ai,n _ én

Corollary C.3. The process A% = (A""),s0, defined via %" = G&™ — G, satisfies the

stochastic differential equation

in T ~ain
T9m (1) — (1) D, + ap(D, — G%™) dt
dA" = —a (H)A]" dE + | T (¢) — T3(¢) d=} — ppag(g — G?j\n) dt ,
I37"(t) d¢"" = Vo, nac(g — G dt

2 Am ago? +u%a2 e
where oy (t) = apl't(t) + ag(l — p,I5(t)) = afgt + Guéz:éJrag,: -

Proof. By subtracting equation (C.4) from equation (C.1) we obtain

dGy" — dGy

n T ~n

R R I () dD; + ap(D, — Gi*") dt

= —ag(GY" — Gy dt + | T ™(¢) =} — pmag(y — G dt
I3 (1) d¢f™" = Vg, nac(g — Gi") dt

T ~
(@) dD; 4+ ap(Dy — G dt
I5(t) ) \dE} — pnac(g — GY) dt
. T ~
Ly (t) — T(t) dD; + ap(D; — GE™) dt
= —ag(Gy" = GY)dt + | T () — I3 (2) A=} — pac(g — Gy") dt

I (t) ACE" — Ty (g — G dt

T A~
(T ap(Gi" — Gy) dt
I3(t) ) \—mac(GE" =GP dt )
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and therefore

dA" = — [ag+Tn [ P A%t
—HnQq
in T ~Na;,n
%" () — T2(t) dD, + ap(D, — G dt
w0 -rs0 | | 4= - ey - G ar
I37"(t) A" = Vg, nag(g — G{") dt

By noting that

n a n n
ag + T y = apl'7(t) + ag(l — pal'3 (1))
—HnQq
_ahy pR(od —acy)\ _ ob | acoin + g
= 5~ T ac 1 - 22 2 - 5 T 2,2 2 )
opH Unog + O¢n op Unog + O¢n
the statement follows. [ |

C.2. The filtering coefficients and their differences

Note that the steady state solutions to the Riccati equations (C.3) and (C.6) are given by

2 ~9 2 2 2 2 2 .
. UD\/(l + 0&7a ) g0 + apog) — acop " azo
= 2 | -2 2 2 2 9 , Tan = =3
OéD + 7—ai,n(O“/GO-D + aDUG) a;,m
and
2o\ (2 2 2 3 2 2
n UD\/(1+OGTn)(aGUD+aDUG)_aGUD 2. Hn
= 2 202 2 2 2 , n = 3
ap + T agop + ahod) O¢m

a;,n

We are now interested in the difference of the steady state mean squared errors 4" — ~
between the public and the private filter.

Lemma C.4. Let v*™ and ™ be the steady state solutions to the Riccati equations (C.3)
and (C.6), respectively. The difference v — %" satisfies

’Yn _ ,yam’b — (aéo—% + Oz%o‘é)l/Q»}/n,.yai,n (7:2 - 7_2)
op((1+ 0272) 2+ (1 + 0%72 U/2)  an I

Proof. Let us first note that

D + T n(aGoD + apog) — (o) + 7(agop + apog)) = (agop + apog) (7o, — 7o),
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and

(1+ogm) 2(ad, + 72 . (agoh + ahod)) — (L + 0872 )2 (o + T2 (agoh + ahog))

= ah (14 o) = (14 0272 )7
+(aGUD+aDUG)( (1+02 2)1/2 T2 (1+ of, 3 n)l/Q)‘

Now, we have

or = 72,)

1 2 2\1/2 _ (q 2 2 1/2 _ a;,n
( + oaT, ) ( +oaT, ) (1—}—0%73)1/2—1—(1+Ué%3i7n)1/2’

as well as

L+ (1+ 0272 2(1 + 0272 )12
~2 1/2 2~2 \1/2 _ G ~2 2
7'aZ (1 +UGT ) <1+UG Ta; n) (1—|—O'GT7%)1/2 + (1 +O'GT2 )1/2 (Tai’n Tn)a

which implies

(1+ogm) 2(od, + 72, (agoh + ahod)) — (L + 087s )2 (o + T2 (agoh + ahog))
agod + (aéoD + o 0d) (14 o2V (1 + 0 72 )2
(1+o27)V2+ (1 + 00731-771)1/2

(72 —712).

ai,n n

From these equations we eventually obtain

n a;n _ —agop(agop+ahod) (T, n="0)

T - (oz2D+7~'gi,n(aéo%—i—a%aé))(a%+T,,21(a2;02D+a2Dcré))

O'D(042GO'2D+04%0'2;)1/2(042G0'2D+(O!2GO'2D+O¢2DO'é)(1+0’é7’2)1/2(1+02‘7‘2 )1/2)("%” —712)
(aD+ az,n(O‘GUD+&D0G))(QD+T2(QG0D+O‘DUG))((1+UGT2)1/2+(1+0GT D)

+
However, note that

(aéa% + (aGUD + aDUG)(l + 02 2)1/2(1 + 02 72 )1/2)
— agop(agop + ahot) (1 + ogrd)? + (1 + a%; o))

= (agop — (agoh + apog) (1 + ogm)' ) (acop — (Oé?;ff% +apog) (L + oty ,)'7),
which implies
,yn _ ,yai,n

o oD(aéU%Jra%Ué)l/z(aGch (aéozD+a2Daé)1/2(1+U%7'2)1/2)(agaD (aéa%+a%aé)1/2(l+aéi’§i7 )1/2)(Ta e 2)
o (oe%-l—’? (O‘GUD+O‘DUG))(O‘D+72(O‘GUD'H)‘DUG))((1+JGT2)1/2+(1+‘7GT2i,n)1/2) ’
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and therefore

e~ (0Gob +abog) Pyt
op((1+ o272)12 + (1 + O—GTc%i,n)l/z) aim — Tn)s

which concludes the proof. [ |

To obtain a more detailed description of the difference v* — v*", we need the following

result, which describes the difference 72, — 77.

. ~2 2 .
Lemma C.5. The difference 7;, ,, — 7, satisfies

~9 2 (w(al)un - V(a’i)o-g,n)ZA
Tagm — Tn = 52 o2 a;.
a;,n” €En

Proof. By definition we have

~92 . 7_2 _ ﬁgun i ,UEL Maz,n fn :U’n al,n
A 02 000
and
2 2 2~2 2 2 v. 2 2/ 2 2
~ ~ —_— a;,n
luai,no-f,n /”Lno-ai,n = (Mn - 2M7’bw(ai)yai,n + o-f,n Aas )Jf,n - :un(o-g,n - w(az) Aaz)
(A
= (piw(a;)® = 2unw(a;)v(a;)of,, + v(w)’og,) Aa;
= (w(a;)pn — v(a;)0g ,)* A,
so that 5 o
-9 9 (w(ai)pin — V(az')%,n)
T = T = > Aay,
Uaz,na—ﬁ n
which concludes the proof. [ |

From Lemma C.4 and Lemma C.5 we observe that 4™ — ~%"™ > (. This makes sense
because v*™ refers to the mean squared error of the private filter CAJ‘”’", while " refers to
the mean squared error of the public filter @”, and the latter contains less information.

In a next step, we are interested in the differences I'["" — ' and T'5"" — '}, which appear
in the stochastic differential equation of the process A%™.

Lemma C.6. The differences T'{"" —T'? and T5"" — T'% satisfy

%" _n — _2p . (a%a%Jra%gé)l/z,yn,yai,n ' (w(a;)pn— V(al En ACL
1 1 op  op((l+ogm2)/2+(14+0372, ,)1/?) G2, 0% n 3
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and

(mo () bw(an)) (umow(es) ~v(a)od, (o —067")

Fahn —_T" = .
2 2 (ru’a nO—G+Ua,,L n)(uno—G+Ug,n v

4 oGUm—w(@)Ta ) | (agoptahog) iyt (Wi —v(00g ) A

fi2, n0G+62, n op((1+og )/ 2+(1+0g, 72, 1)1/?) G2, 0 n v

Proof. By using the definitions given in Lemma C.1 and Lemma C.2 we find that

apy*™  apy"  ap

pon = R %(v“i’” )
__ap. (a0t + ahog) ' Pymysn (w(a)pn = v(a)og,)* |
op  op((1+0gm2)? + (1 + 0372 ,)'?) G2, .02, v

which proves the first assertion. We further have

Iy =Ty
_ (- (ai)?az,n)(aé —agy™") un(Ué Oém”)
:U’m naG + 02 MnaG + UE n
(o — w(ai)vai,n)(unac +07,)(08 — agy™") — p(fiy, 0% + &2, ) (08 — acy"

(ILLa ,nUG + 02 )(luno-G + 0-5 n)
which together with

(i — 0(@5 ) (H20% + 02, ) (0 — G ™) — a2, n0% + 52, ) (0% — ")
= ((ttn = W(@)Ta, ) (08 + 08 ) = pin(fiy, 0 & + Tz 1)) (08 — acy™)

— ag(pn — w(a;)Va, ) (308 + 02 ,) (V" ="
= (n0& (1t — 5, ) + 1n(02,, = G, ) = W(03)Va, n(Hn0G + 02 ,)) (0 — acy™)

in = w020 + 02, )b + abod) P L,

op((1+0gmi)'? + (1 + 0873 ,)'/?)

— (o) + w(@)) umw(er) — (@)o2,) (0% — acr™) A

aG(Mn - w(a’i>vai,n)(/~tn0—G + a—g n)(OZGa_D + aDO—G>1/2’}/n/Yaz’n
op((1+0gmi)'? + (1 + 0273 ,)'/?)

+

(Tal,n - 7—3)

+

yields

(knom(a) +w(en) (umw(a) —v(a)of ) (0g—0ar") A
(A2, no&+52, W) (n2og+og )

)

Qaq,n n __
FQ - F2 -

n aG(Mn w(az)l/al ) . (aéo‘%—l—a%o‘é)l/?’y"'yai’n (w(a;)pn— l/(al)O'g n) A
:U'a, 7LUG+UG n JD((1+U(2::T'V2L)1/2+(1+0-é7:31-,n)1/2) 0—3 ,n fn v

This concludes the proof.
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C.3. Convergence of discrete-economy filtering equations

We are now interested in the convergence of the public and the private filters G™ and G
in the discrete economy as n — oo. In this section we prove that both discrete-economy
filters, G™ and G*", converge to the continuous-economy public filter G = (G});>0, which

satisfies the stochastic differential equation

T
apvt ~
~ ~ o2 th+(JéD(Dt —Gt) dt
th = &G(g - Gt) dt + o2 —Da t — ~ )
lﬁﬁé—fyg) d=; — ,UOCG<9 - Gt) dt

where the mean-squared error 7, = E[(G, — G,)?] satisfies the Riccati equation

2 2 2 ,,2
o~ taan) - (224 ) (©7)

dt  p*og + of op  prog + of

For simplicity, we use the familiar notation I'; = (Fl(t) Fz(t)> € R'*2 defined via

apys w(od — agv)
I'(t) = —— Ih(t) = —=—""~,
1(t) 0123 ’ 2(t) ,Lﬂcré —1—02

As before, since for our purpose it is enough to consider the steady state versions we focus
on this case.

Lemma C.7. The discrete-economy public filter Gr converges uniformly on compacts in
probability to the continuous-economy public filter G = (Gy)>o-

Proof. Let us first note that

T .
4Gy — Gy = —ag(Gy — Grydt+ dD; + ap(Dy = Gy) df
Iy dZ; — pag(g — Gy) dt

T ~
[ty dD; + ap(D; — GP) dt
ry) \d=p — paaaly — Gy di

T ~
~ A ry-1r7 D D, — t
— —aa(G— Gar+ (1T TE) (4D ranDim God
FQ — FQ d.:t — ,MOZG(Q — Gt) dt

T ~ ~
(1 ap(Gy — G dt
Py ) \dZp —dZ + (1 — pn)ac(g — Gr) dt — agua(Gy — Gy)dt ) -
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Hence, by using the definition of = ag + I'fap — agu,I'y (see Corollary C.3) we may write

.
~ ~ A I, — I _—
d(Gt—G?)=—aX(Gt—G?)dt+< ' 1) Q AW,
r,—I7
— T3 (A=) — A= + (u — pn)ac(g — Gy) dt),

where Q € R?*2 and W are obtained via Lemma C.11 and satisfy

—  (dD, + ap(D, — Gy) dt o? 0
QdW, = _t o(Dr At) ) QQT: 7 2 2 2 |-
d=; — pag(g — Gy) dt 0 pog+o;

By applying 1t6’s formula we thus obtain
T T T t
Gi- G = (Go-Gpeive (17 1) @ [[eeiaaiy,
Iy —17% 0
t
_ Fg/ —aR (t—s) (d’_n dEs + (IM — ,un)ozG(g — Gs) dS)
0
Moreover, we may also note that
A= — A=, = (g — p) AGy + 0¢ AW — 0 AWE,

so that

A=) — dZ, + (1 — pn)oc(g — Gy) dt
—(ptn = 1)(Gy = Gy dt + (n — o AWE + 0, AW — o dIWE.

Now, Doob’s L? maximal inequality yields

E | sup ( 1= 1) Q/ e~ (t=s) dﬁ_/\S
0<t<T -7
2+ 1/2

I‘1 1 / —
<92E ajt (t—s) s
< <p2_ )Q
1/2

T
=2 <(r1 I'1)?o}, 4+ (T2 — T5)*(1og 4 07)) / e 20} (t=5) ds) :
0
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and similarly

t T 1/2
B | sup T3 =) [ i oaaw?|| <2 ((920m - niod [ e¥itoas)
0<t<T 0 0
as well as .
E { sup |I'2 / eaﬂ”)d(ag,nwfv"—agwf)l
0<t<T 0

1/2

<2 (1097 [ ) - wie?aa [ eieas)

Note that the last inequality follows from the fact that
Oe WS — 0 WE = / (w"(a) — w(a)) dVV(gw)7
[(0,0),(1,1))

which is a scaled-Brownian motion in ¢-direction with scaling factor

([ w@—w@ran)” = (o2, 2 [ wri@piaarat)

Moreover, note that

T T
< T5] - i — il / ¢RI E[G, — Gillds < (T3] - | — ulv”z/ e R(=9) g,
0 0

t
3 [ e i, — (G, - G ds
0

E[sup

0<t<T

where we use that E[|G, — G|] < E[|Gs — G4|2]/2 = ~, < limy_,0c v = 7. Finally, note that
the Brownian sheet is zero whenever one of its coordinates is zero, which implies

sup |Go — Gple™ %t = Gy — Gyl = | — pual - 1Gol.
0<t<T

To conclude the proof, it is therefore enough to show that u, — p and o¢, — o¢, which
then implies I'} — I'; and I'} — I'y. For this purpose, let us first note that the difference of

mean-squared errors v — " satisfies

[\V]

2 2 2 _2\1/2.n
(CYGC;D;LJ);DUG) 7272 - (12— 72), 22—
op((L 4+ 0&m2)V2 + (1 + 0712)1/2)

Y-y =

no
mqw| =

This identity is obtained as a corollary of Lemma C.4. However, since
1

lim g, = lim v (a)w"(a)da = /0 v(a)w(a)da = p,

n—o0 n—oo 0
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as well as )

1
lim agm = lim w"(a)? da = /0 w(a)? da = ag,

n—oo n—o0 0

we obtain lim, ., 7, = 72 and therefore limy, (7" — ) = 0. Since I'1 — I'{ = 22 (y — ")
D
we thus obtain lim, . (I'y — I'}) = 0. Furthermore, it holds that

2 2 n
lim (T — T§) = lim (“(‘;% o)) _ nlog = acy >) = 0.
n—00 n—00 Uog —+ a’£ (o + o'&n

Together with the above we eventually find that

E[l/\ sup |@?—ét\}%o n — 0o,

0<t<T

which is enough to conclude that é? — CA}t uniformly on compacts in probability. [

We now obtain the convergence of the discrete-economy private filters G to the
continuous-economy public filter G' as a corollary of Lemma C.7.

Corollary C.8. The discrete-economy private filter Gain converges uniformly on compacts

in probability to the continuous-economy public filter G = (ét)tzo.

Proof. From Corollary C.3 we know that A%" = (@‘“” — @”) satisfies the stochastic differ-
ential equation

~

) T )
Ftllhn — F? th + OéD(Dt - G?Z’n) dt
dAP" = —af AP dE + | TS — T A=) — ppag(g — Gy™)dt
IS d¢"" = Va,nac(g — Gy dt

in the steady state. By I[to’s formula we thus obtain

) T
Fazun —Im
1 1 t
Aai,n o Aai,n —alt Fai,n IR —aR (t—s) Myain dﬁ/\ai,n
¢ — 4y € + L — 1y € Q W,
; 0
Fal,n
3

and so again by Doob’s L? maximal inequality we find that

.
A, n
" =TIy ¢ - T
E|sup || 9" —T% / e @A(t=s) Qi dwaer | < 27}1‘{7\"/ e 20R(=9) gg.
0<t<T ran 0 0
3

On the other hand, again by the fact that the Brownian sheet is zero whenever one coordinate
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is zero, we find that
sup |AJ" e YAt = |[AG"| = 0.

0<t<T

Since lim, o 34" — 0 it follows that A;*" — 0 uniformly on compacts in probability. The
result now follows together with Lemma C.7. |
C.4. The limit of aggregated filtering increments

We are now ready to prove the main result of this section. In particular, we can now describe
the limit

(0% A)@ap = h_}n;o Z o(a;) Ay (C.8)
0<i<n—1,
a;<a

for some function ¢: [0,1) — R. The notation (¢ * A)(4y shall indicate that we are con-
sidering a stochastic-integral-type object in agent direction of ¢ with respect to the filtering
difference.

Theorem C.9. Let (p*xA) be defined as in (C.8). The convergence is uniformly on compacts
in probability, and the process (p * A) satisfies

t a t R
(0 * N)ap + Om/o (@*A)gsds = /o o(u)(w(u)p — V(u)0§)2 du/ dfi(Ds, Gs, Zs)

0

T / () ()02 — w(u)) A o€y, Cns E2),
[(0,0),(a,t))

where
-
= 2, — 5ot dD, + ap(D, — G,)ds
dfl(DS’G&ES):MZ’GTJi% - aaivﬁ = — pag( —é)ds ’
202 (p20+07) =s T pag\g s

(02, —ag)(nov(w)+ww) \ | _ N
Ul Gz = | R PSR 4=, du — pac(g — Gy) ds du

u,s) s; Zs) = 02— &
uzcgchaé d€(u,s) v(u)ag(g — Gs)dsdu

Proof. From Corollary C.3 we first obtain

Y el = Y pla) A - aA/ o(a;)A%" ds
0

0<i<n—1, 0<i<n—1, 0<i<n—1,
a;<a a; <a a; <a
; T t ~
re" -1y Dy — Dy + ap fo (Ds — G%™)ds
. a;,n n -n -n t Aa-,n
+ E QO(CLZ) F2Z - I_‘2 =y T 50 T HnQa fo (g - Gsz/\ ) ds
0<i<n—1, ag,m a,n 4N = t - ai,mn
“ai<a Ly t 0" = Vanac [y (g — Ge")ds
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Now, from Lemma C.6 and Corollary C.8, together with Theorem IV.2.12 of Revuz and Yor
(1999) it holds

t
lim g o(a;) (T —=T7) (Dt — Dy + OzD/ (Ds — G™) ds)
n—oo 4 0
0<i<n—1,
a;<a

ap (a%;o‘%—l—a%o‘é)lﬂyz / gp(u)(w(u),u . I/(U)O—g)2 dU(Dt . DO + anOt(Ds . as) dS)

= —= QUD(1+02;T2)1/20§

ap | (agoh+ahod)/y? 22 ~
—2p . p(u)(w(u)p — v(u)og)” du(dDs + ap(Ds — G) ds),
[(0,0),(a,t))

o3 QO'D(1+O'éT2)1/2O'§

as well as
t A~
tm S ele)rs - (= -2 - e [ (oG as)
0<i<n—1, 0
a;<a
o2 —a o) (poZv(w)+ww) (pw(u)—v(w)o?) | A
= uggé-ﬁ% / e “202G+Ul§ : du(:t - 'uaGf(f(g - G) ds)
0

(0Zod +aho2) /22 [ acue (w@p—r@o)? | to _ A
+ QSD(D1+U§T§;1/2U§ / :U'QU%;+O'§ £ du(r—t - H/OCG‘[O (g - Gs) dS)

u) (pod v (u)+w(u)) (pw(u)—v(u)od e
ooy / plogri) twt) i) vwWoe) 4 gz pag(g — Gy) ds)
[(0,0),(a,1))

= ,u?cré—&-ag ,uzaé—i-crg
(02,02 +a2,02,)1/242 agpp(u) (w(u)p—v(u)of)? = A
+ L s du(d=s — pag(g — Gy) ds)
20p(1+02,72)1/25% n2o+o s s )
“ € J[(0,0),(at)) ¢

uniformly on compacts in probability. Here, we use that

o= (/L(Gt — Gy) +/ w(a) dea,s)) = / w(a) dW(fa’s) =0,
[(0,0),(1,0))

[(010))(17@) t=0

which is a direct consequence of the Brownian sheet being equal to zero on the boundary.

Further, it holds that

t
> plars (6 - @ = [ o G as)
0

0<i<n—1,
a;<a

t Na:
p(a)(w(a:)02 , ~w(a)un) (07— (Mg, Mgl o —v(a)Aaiag [y (g — GE) ds)

Z .
= ) 2 ) )
Mai,noc +Uai M

0<i<n—1,
a;<a
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which by Corollary C.8 and Theorem IV.2.12 of Revuz and Yor (1999) yields

t
lm S plars” (G- G = mae [ (- Goas)

0<i<n—1,
a;<a

,LL2U% +o§

,11202;—&-0?

= /[( (@) () (v(w)of = w(u)p) (A — v(w)ag(g — G) dsdu),
0,0),(a,t

uniformly on compacts in probability. Now, it is worth noting that

2 agaD\/(1+UéT2)(a2G02D+a2DUé)—a2GU2D

2 —_ —
9¢ T a¢T =9 oF+7(aZ,0%+a%,0%)

(14+0272) (a2 0% +0202)—agopy/ (1+0272) (0% 0% +a2 02,

ot +72(at 0% +ahod)
\/(1+oéT2)(a2GcrzD+a2Daé) op \/(l—i-oéTQ)(aéoQD—i-aZDcré)—agaQD
op ah+12 (ko +ahod,)
. (1+cfé7'2)1/2(o<2GchD+a2DUQG)1/27

= oD s

which implies
ok —acy v _ot—agy v _ (agoh +ahog)'
p2og +of 208 140gT? 20¢  20p(1+o0gT?)t 207"

and eventually

~ 2 [ o (00? — 000 @16 — 9o — viw)acfyla — Go) dsdu)

ap (agop +apog)'?y* _ap oh—agy v _og—agy Tt
op 20p(1+o0gm?) 20} o} pPol4of 207 plPog+oi 207
as well as
agl (202 + a2 o)1 /22 aglh o —agy Y agy Iy

(i2og, + of " 20p(1+ o) 20} - 2o + of 2ol + o . 20¢ - prog + of ' 207
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Since lim,, o &} = apl's + ag(l — pl's) = ay, we therefore obtain

t
(gp * A)(a,t) = (50 * A)(a,o) — aA/ (QD * A)(a’s) dS
0

-dza | 2870 (w)(w(u)n — v(u)o?)*(AD; du + ap(D, — Gy) ds du)
[(0,0),(a,t))

p2o, +0’? 20407

u 0'2 viu u u)—rviu 0'2 ~
| ohoen / Apogr)twl) i) v 9e) (4= 4y, — pag(g — G) ds du)
[0.0) (a.1))

u? aé—l—ag p2o2 +cr§

/ﬂaéJrag 20’§ 2 O'é+0?

w)(w(uw) p—v(u)o?)? ~
+Ugam/[( . agy | PR ID 4o g (g — G ds du)
0,0),(a,t

02— —~
b [ )~ w(w) (A€~ vwacls - G.) dsdu)
Gtoe
[(0,0),(a;t))
The proof follows by noting that (5" = (T, .(G: — Go) + A1W(§ai t))|t:0 = A1W(§ai70) =0,
and therefore Aj"" = 0 for all 0 <i < n — 1 for every n > 2. The stated form then follows
by collecting the two terms carrying @(u)(w(u)u — v(u)og)? into dfy, and the two terms
carrying o(u)(v(u)og — w(u)p) into dfa. ]

C.5. The filter as an Ornstein-Uhlenbeck process

We conclude this section by providing an alternative way to describe the filtering equations.
In particular, the goal is to write the filtering equations from Lemma C.1, Lemma C.2 and
Corollary C.3 as Ornstein-Uhlenbeck processes, whose Brownian motion is adapted to the
filtration generated by the observable processes. For completeness we start by restating the
result on optimal linear non-stationary filtering based on the work of Kalman and Bucy
(1961). The following result is from Liptser and Shiryaev (2001) (see Theorem 10.3) with
adjusted notation.

Theorem C.10. Suppose that the unobservable process X = (X (t)):>o satisfies the stochastic

differential equation
dX(t) = [bx(t) + Axx ()X (t) + Axy ()Y ()] dt + Zxx (t) AW (t) + Sxy (t) AW (1),
while the observable process Y = (Y (t))i>0 satisfies the stochastic differential equation
dY (1) = [by (t) + Ayx () X(1) + Ayy (Y (1)] dt + Dy (8) AW (1) + Dyy (£) AV (2),

where WX and WY are independent Brownian motions with values in R* and R, respectively,
for some k,1 € N, and where the vectors by (t) € RF and by (t) € R satisfy

/0 (s (Ol + lloy (1) 2) d < o,
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the matrices Axx(t) € RF*F Axy(t) € R** Ayx(t) € R™* and Ayy(t) € R satisfy

T

/0 ([ Axx ()]l + [[Axy (t)|l1) dt < oo, /o (| Ay x(t)[I5 + [[Ayy (1)]13) dt < oo,

and where the matrices Lxx(t) € R¥F Sy (t) € R¥* By (t) € R>** and Byy (t) € R
satisfy

T
/0 (S xx D12 + [Sxy O + [Syx B2 + Sy ()]2) dt < oo,

The norms || - ||, are defined via || A||, = (Z:'Lzl 2311 ’aij|p)l/p: where A = [aij]1<i<ni<j<m-
Further, denote Xy (t) = (Zyx(t), Byy(t)) and assume that the matrices Sy (1)XL(t) are
uniformly non-singular, 0 < t < T. Then, the filtered process X = (X(t))tZO; defined via
X(t) = E[X()|F"] and where Fr = o(Y(s):s < t), satisfies the stochastic differential

equation

dX (1) = [bx (1) + Ax(DZ(1)] dt + G(1)[AY () — [by (1) + Ay () Z(1)) 1],

~

where Ax(t) = (Axx(t), Axy (1)), Ay(t) = (Ayx(t), Ayy (1)), 2(75) = (X(t),Y(t)), and

G(t) = [Ex(OZ3 () + T Ay OISy (O)DP(1) ™ Bx(t) = (Sxx (), Exy (1)),
and where T'(t) satisfies the Riccati equation
dr(t) = [Axx(O)T(t) + T(t) A% x () + Tx ()X (t) — GOy () S5 (1) G (1)) dt.

By using the same notation as in Theorem C.10, we may state the following useful result.

Lemma C.11. In the setup of Theorem C.10, there exists an FYX -measurable Wiener process

@ and a symmetric non-singular matriz Qy (t) satisfying

— ~

Qy (1) AW (1) = dY (1) — [by (1) + Ayx () X(t) + Ayy (DY ()] dt,
and Qy (1)@ (t) = By (1)XL(t), for all0 <t < T. Hence, the filtered process X = (X(t))tz()

satisfies the stochastic differential equation

—~

dX (1) = [bx (1) + Axx (D) X(8) + Axy (DY (1)] dt + G()Qy (¢) IV (1).

Proof. We first note that due to non-singularity Xy (¢)Xy(¢) is positive definite. Indeed, for
any non-zero vector z € R! we have 27Xy ()27 (t)z = (V. (t)2) "2 (+)z > 0, which implies
that Xy (¢)31(t) is positive semi-definite. However, since Xy (t)Xy(¢) is non-singular it has
full rank, which implies Xy (¢)X7 (t)z # 0 for any non-zero vector z € R!, and therefore is

positive definite.
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Now, since Xy (t)X] () is real-valued and symmetric, we may write its eigendecompo-
sition as Ty ()X (t) = U(#)D(¢)U(t)T, where U(t) is an orthogonal matrix and D(#) is
a diagonal matrix whose entries are the eigenvalues of Xy (£)Xy(¢)T. Since Xy (t)X](¢) is
positive definite, all its eigenvalues are strictly positive, and thus we may define the diagonal
matrix D(#)!/2 whose entries are the square roots of the eigenvalues of 3y (t)X7.(¢). We then
define the matrix Qy (t) = U(t)D(¢)"/2U(t)", which clearly is symmetric and non-singular.

Moreover, we have

Qy(1)QY(t) = U(HD(®)*U(t)"U(t)D(t)/*U(1)"
= U(#)D(1)*D()*U1)" = Sy ()37 (1),

which implies that there exists a symmetric non-singular matrix Qy () satisfying the identity

Qr(OQL() = Sy (OSFD).
So we may define the process W by

/Qy Y (s /QY (9)[by(5) + Ay(5)Z(s)] s,

where we set Ay = (Ayx, Ayy) and Z = (X,Y). Since X(t) = E[X(¢)|FE], t > 0, the
process W is F¥-adapted. We then note that

dY (t) = [by (1) + Ay () Z(1)] dt = Ayx(£)[X () — X(£)] dt + Ey AW (#),

where we set W = (WX, WY). In particular, we have that
N t+h
W) -0 = [ Q70 Arx(GX6) - Xeldst [ Q5 (6)2r(s) i),
t

So we obtain that E[/_W(t +h) — ;W(t)|ﬂz] = 0, which implies that W is a local martingale.
On the other hand, we have that

(W, W), = (Qy' Sy W, WTET(Qy) ) = Q' Sy (W, W), 57.(Qy!)T =t

where the last identity follows from leEyET (Q;H)T = Q5'Qy QT (QT)™ = I. In particu-
lar, we have that <VV'C W )t = Opit. Hence, I/_V is a Wiener process by Lévy’s characterization

of Brownian motion. [ |

In a next step, we are interested in how the matrices Q™ and Q%" of the filters G™ and
G*"™ actually look like. We have the following result.
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Lemma C.12. The matrices Q™ and Q™ are given by

Qn . Op 0
0 (ot +08,)"%) "

and
Op 0 0
O (ﬂgi,najc_‘_&gi,n)l/2mai7n+.u'gza-é+o'g,n /""U%‘ynaé"'_w(ai)mgi,n
aq,n __ 1/2 1/2 1/2 1/2
Q = )‘az/-,n,++’\a£,n,— ’\ai,n,++)‘af,n,— )
O Mnﬁﬂiynaé+w(ai)mgi,n (ﬂ%i,ngé+&gi,n)1/2mﬂiyn+vgi,ngé+m3i,n
1/2 1/2 1/2 1/2
Aai7n1++>\ai,n7* Aai,n7++>\ai»n,*
with

Ay s = (Mo A72, )0 &0 Ama, n /(12 —T2, )og+og  —m2, )2 +4(unTa; no & +w(a)m2, )2
Qi,T, — 2 .

Moreover, they both converge to the “same” matriz Q as n — oo, i.e.,

0

. ) Q . op 0

1 et = 0], 1 "=Q = :
niine @ 00 0 nooo @ @ 0 (g + 052)1/2

Proof. From Lemma C.11 we know that the matrix @ is symmetric and non-singular, satis-
fying QQT = Xy X} In the case of the public filter, we obtain from the proof of Lemma C.2

that
2
noyn UD 0
Qe (o u+g>

On the other hand, from the proof of Lemma C.1, we know that

o? 0 0
a;,m)ai,m 2 2 2 - 2 2
Q ' Q v = 0 Hp0G + O¢n HnVa;n0g =+ w(ai)mai,n
O anaiﬂlaé + w(ai)m?z- n vg- ngé + mg- n
T 19 19

To see how the matrices Q™ and Q%" can be defined, let us consider a symmetric positive
semi-definite matrix A € R?*? with diagonal entries a and ¢ and the off-diagonal element

given by b. The eigenvalues of A are given by

a+c++/(a—c)?+4b? N, = 0te— (@ —c)? + 4b?
— 2: .

A
! 9 ’ 2
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We then define
b C(aa)
U= <((/\1a)2+b2)1/2 ((Ala)i+22)1/2> | D (\/)\—1 0 > |

0 VE

(=)= (=017

vuT—uu= (1Y .,  DD= A0 ,
0 1 0 Ao

and therefore UDUT(UDUT)T = UDUTUDU' = UDDUT, with

T (()\1—a)12)+b2)1/2 ((/\1:53;_7_23)1/2 A1 O ((Al—a)g+b2)1/2 ((}\1_2;27_&2)1/2
UDDU" = \ )+ :

so that

A1—a 0 A —(A1—a
(M1—a)24b)172  ((A1—a)2+b2)1/? 2 (A1—a)2+b62)172  ((A\1—a)2+b2)1/2

b —(A1—a) A1b A1(A1—a)
_ ( Cimarr (<A1a>2+b2>1/2> (((Al—a>2+b2>1/2 ((Al—a>2+b2)1/2)
- A—a b —X2(A1—a) Aob

=+ (=P )77/ \ =0+ 7 (Cu=a) )17

)\1b2+)\2()\1—a)2 )\1b(>\1—a)—)\2b(>\1—a)
_ ()\1—(1)2+b2 ()\1—&)2+b2
- )\1b(>\1—a)—)\2b(>\1—a) )\2b2+>\1()\1—a)2 )
()\1—(1)2+b2 ()\1—&)2+b2

However, we may notice that

Ab(Ar —a) — Xob(A1 —a) (A1 —a)(A — Ag) (A —a)/(a—c)? + 4b?

()\1 — CL)2 + b2 a (/\1 — CL)2 + b2 a ()\1 — a)2 + b2 ’

which together with

(c—a)®>+2(c—a)y/(a—c)?+ 402 + (a — c)* + 4b*

(M —a)? +b° = + b
4
c—a) + +(c—a a—c)*+

B 2 4 402 2 4 4p2
B 2

— _ 2 4b2
— Va— o rapt— T <‘; S N N s pa 3

yields

>\1b(/\1 — a) — )\Qb()\l — CL)
()\1 — CL)2 + b2

On the other hand, we have \; + Ay = a + c and A\; — Ay = /(a — ¢)? + 4b2, so that

=D

)\1()2 + )\2()\1 — CL)2 = )\1[)2 -+ )\1()\1 - a)2 — ()\1 — )\2)<)\1 — (l)Z

=M (0 + (M —a)?) = V(e — ) + 42 (N — a)’

=M+ (A —a)?) — (A —a)(b®+ (M —a)?) = ab® + (A —a)?),
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as well as

Aob® + A (A1 —a)? = Xab® + Aa(A1 — a)® + (A1 — Xo) (A1 — a)?

=Xt + (M —a)?) — (A —a)y/(a —c)? + 4b2(\y — ¢)

= 0(0* + (A —a)?) — (A=) (b + (A — a)?) = c(b* + (A — a)?).

Therefore, we eventually obtain UDDUT = A. In particular, we have

UDU"
22024082 (A —a)? A 2b( A1 —a)— Ay b(A1 —a)
— ()\1 a)2+b2 ()\1 (l) +b2
M/2b(A1—a)—AY 2b(A1 —a) A 202422 (A —a)?
()\1 a)2+b2 (/\1 a)2+b2
MNP a-a)?  a=de)(M—a)  M\a (A—a)A1—X2) b
. ()\1—(1)2—&-172 ()\1—(1)2+b2 )\1/2+)\1/2 ()\1—(1)2—&-172 )\}/24»/\;/2
Ai—a)Ai—A2) b AR 20— Ge=A)(i—a)  Ai—a
()\170,)24»1)2 /\1/2+)\1/2 ()\1 a)2+b2 ()\17(1)24»1)2 )\}/2+)\é/2
)\1/2 __Ai—a b det(A)/24a b
B 1 1/2+/\1/2 1/2+)\1/2 B )\1/2+)\1/2 )\}/2+/\1/2
o b )\1/2 _ A—c - b det(A)1/22+c
—A}/Q_’_)\é/z 2 '1/2+>\1/2 )\1/2_’_)\%/2 )\1/2_’_)\;/2

Hence, we may use such a procedure, which in essence uses the eigenvalue decomposition of
a matrix, to obtain Q%" of the form

op 0 0
_ 0 (ancn fb2)1/2+an br,
Qa“n — )\1/2+)\1/2 )\1/2_’_)\1/2 ,
0 1 /zb 1/2 (an Cn172b2 )11//22+cn
A g A ALLTHA

2,n 2,n

with a, = (508 + 02, by = pnVa,n0& + wlag)my, ,,, and ¢, = 72 0 +m;. . and the
eigenvalues \;, and Ay, as defined above. In the limit as n — oo, we then observe that

an—>u0G—|—a€,b — 0 and ¢, — 0, so that )\1n—>/LO'G—|-O'E and Ao, — 0, and therefore

oD 0 0 ) 0
lim Q“"=| 0 (y?0i+0o )1/2 0 0],
n—oo

0 0 0 000

where the matrix @ is the limit of Q™ as n — oo, which comes from the public filter, i.e.,

Q = lim Q" = lim (UD 0 ) .

n—00 n—00 0 (/,L%O'év + (7'527”)1/2

This concludes the proof. [ |
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D. Measure changes

Our goal here is to establish the equivalent probability measure P*"™ = P of investor a; in
the discrete market with n investors. We do this by first constructing the measure P*"" on

a finite time interval [0, 7] and then extend it to the positive half-line.

D.1. The finite time horizon

Here we focus on finite time horizons [0, 7] for some arbitrary 7" > 0.

Proposition D.1. Fix T' > 0 and consider the vector functions
b(aia ) R — R3X17 t— b(aia t)7 Q(aia ) R— Rs)d? U= Q(aia t)7

for some a; € [0,1). Assume that

T
/ QT(aiv t)Q(CLz, t) dt < 00, sup (QT(aia t)b(au t>)2 < 00, sup l_)T<a’i7 t)l_)(a“ t) < 00.
0 0<t<T 0<t<T

Then the probability measure dP%" = Zz"" dP, where

Y

Zain _ efOT(Q(ai,SHAZi’nb(ai,S))T AWt~ [T(0(ai,s)+AS""b(ai,9))T(0(ai,s)+AT " b(as,s)) ds
e —
is equivalent to P, and the process E“i’" = (W?i7n)QStST, defined as
. . t
Wit = Wi — / (0(ai, s) + A b(a, s)) ds,
0

is an R3-valued Brownian motion under P%™.

Proof. From Corollary C.3 together with Lemma C.11 we know that the stochastic process
A% = (A}"");>0 satisfies the stochastic differential equation

AAP" = —aj(OAF " dt+ (T3 = (T3 0)) Qe aiw (1),

where o} (t), T'y"" and T'}" are defined as in Lemma C.1, Lemma C.2 and Corollary C.3,

respectively. From It6’s lemma we thus obtain

d( efo ok (s)ds A?") = o (1) oJo o (s) ds AS™ At + olo o (s)ds dAs™
— efot ap(s)ds <I\?¢,n . <1—\? O)) Qai,n d/_W?i’n,
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which implies

t
Agi,n _ Agmn e fot af(s)ds +/ e~ f; aft (u) du (]_-uszi,n o <1-\;1 0)) Qai,n d@gt,n

0
Since the private signal at ¢ = 0 is equal to zero because (;"" = Ay W(fai 0’ the above equation
reduces to

t
A;li,n _ / e f: aft (u) du <ng,n . <1-\? 0)) Qai,n dwgi,n.
0
As a result, we obtain

t

B = [t ) s
0

where we denote

.
w0 = (15 = (T3 0)) @ur@een (T3 — (17 0))

Ag,

The function 73{}" only depends on ¢ via I'y"" and I'}', which themselves only depend on ¢ via
the mean squared errors ;" and 4], respectively. Since 7," and 7" are increasing in ¢ with
Y4 = limy e ¥ and 4" = limy_, ;" finite, we thus obtain that supgc,<7 733" (t) < oo
for each 7' > 0. On the other hand, we know from Corollary C.3 that o} (t) > 0 is increasing
in t with lim;_,o, o} (f) finite. Therefore, we find that

t t
BIAT™)) < sup fi'(s) [ e 2RO ds < sup g'(s) [ e it g
0 0

0<s<t 0<s<t
wm, 1 — e 2tinfocucrai(v) N (s)

= sup 13 (8) 53 ; < sup ML < oo,
0<s<t 2infocy<r o} (u) o<s<t 203 (0)

which eventually yields
E[(A?i,n>2]b1—<aia t)[_)(a’lu t) < sup 7]/\/\—(8) sup l_)T(a‘ia S)[_)(a’ia 8) V0 <t< T.
0<s<1 203 (0) o<s<T

Now, define the processes L%" = (L{"")o<i<r and Z%"™ = (Z;"")o<i<r Via

t
L i [ (B + AR s )T AT, LT =0
0
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and Z;"" = E(L*%™), the stochastic exponential of L%" that is

aq,n aq,n 1 a;,n a;,n
Z,"" = exp (Lt“ — §(L oL >t)

oo (0ai,s)+AL " b(ar,s) T AW L [1(0(as,5)+A5 " bas,8) T (0(as,)+AS " b(ar,s)) ds

By assumption, we have

T T
/ QT(CL,L‘,S)Q<CLZ',S) ds < 0, / l_)T(a’bS)l_)(ahS))ds < 00,
0 0
and therefore
E[(Lai’n, Lai,n>T]
T
— / (QT(ai, s)0(a;, s) + QQT(ai, s)b(a;, s) E[A2"] + E[(Ag“”)Z]l_)T(ai, s)b(a;, s))ds

0
tor ma () [T 1
< 0" (a;,s)0(a;, s)ds + sup L/ b’ (a;, $)b(a;, s)) ds < oo.
0 o<s<1 207(0) Jo

Hence, by Corollary IV.1.25 of Revuz and Yor (1999), the process L*" is an L?*(P)-bounded
martingale. In fact, we obtain by Markov’s inequality

E[<Lai,n’ Lai,n>T}
k

1 g T WXAn(S) r T
< % 0" (a;,s)0(a;, s)ds + sup b’ (a;,s)b(a;, s))ds |,
0 0

o<s<r 2074 (0)

P[<Lai,n’ Lai,n>T Z k,] S

which implies P[(L%™ L*"™)pr < co] = 1 and therefore Z7*" > 0 P-a.s. On the other hand,
we note that

E

exp <%<L“i’”, L‘“’")T>} < 00, (D.1)

and therefore Z%™ is a P-martingale with E[Z7"] = 1 (see Theorem 6.1 in Liptser and

Shiryaev (2001)). The strict inequality (D.1) can be proven as follows. We first note that
AP~ N(my ™" o), where

t
myt" = E[Ay""] e” Jo a3 (s) ds ™ = Var[A§""] e 72 Jo efi(s)ds +/ et R Mai (s) ds.
0
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a;,n a;,n al,n

Hence, for any ;""" € R and any §,""" > 0 satisfying £, < we obtain

B[t AT 0 AT

a;,m/ aim Aa“n ai,n a n Af)?
=E |:eXp< v (Ut“ )1/2< al,n)l/Q +B " v (,Utai,n) ):|

t

o R BT o g (e DY gy

“ 7

1 a;,my\2 a;,n
77(ml)/(vl) o0 a;,n, a; a;,n a; ana
_e 2\ t e(o‘tl (vi )1/2+ml /(v )1/2):c 7(1 2871 )a: da
V2 0
e 2m{tT ) e O B T L2)

nu.l )

2128, vy

IO RO e

However, as discussed before, it holds that Ag”" = 0, so that the above equation reduces to

(ot )2 a;,n (a?z‘v"f E[(A?iv’n)g]
o227 ,;'z ) e2(1=28{ T E[(A{TT)2])

E[eatl Aal +Btl (A?Z7n)2 — oo — T TR .
(T =28 )2 (1= 261" E[(A¢")?])/2

By using Jensen’s inequality and Fubini’s theorem, we thus obtain
E [e%(L“i’ﬂL“i’"ﬁ} —E [ o3 Jo (@7 (ait)0(a;,t)+207 (ai t )b(ain:)Ag”’”+(A?i’")%T(a@-,t)b(ai,t))dt]

— o3 fo €M@t dt p [eTfo T (@i t)b(ai AT+ S (AT (a b )b(ai,t»dt}

LT 07 (ai,)8(as, T ‘ ,
S e2 fo %) (Tt)9( t)dt / B [ TG (it )b(ai,t)/\?“n—‘r%(A?“n)2b-r(aiat)b(aiat)i| dt
0

2 2 a;,m\2
su (07 (a;.0)b(a;,1))2 BI(ATT™)?]

07 (a;,t)0(as,t) dt+ Po<e<T L d t
e2f° (@s,H)8(ait) 2(1-T supg< < b1 (a;,8)b(a;,t) B[(ALT")2])

(1-— TSUPogthb (as, t)b(ag, t) B[(AF"")2])1/2

IN

for all ]
T < - T = oT).
SUP0<t<TZ_7 (ai, t)b(as, t) E[(AF"")?]

Hence, for any 7' < 6(T') it holds that E[Z7""] = E[E(L%™)r] = 1 by Theorem 6.1 of Liptser
and Shiryaev (2001) (Novikov’s condition). On the other hand, if T > §(T), we may write

)_l

m—
Zg" = E(L")y E(LUMP™,  O=ty<ty <. <tn=T,
7=0

where S(L““”)]thrl :

= J+1
as before, we find E[E

E(L{" — L"), and maxocjcm1(tjs1 — ;) < 6(T). Then, similarly
( az,’n) ]+1] =1, and E[(‘:(Lai7n)§;+l|ﬂii’n] = E[S(L““”)g“] = 1 which
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follows by independence, and which eventually implies

BlZp™"] = E[E[Z7"| 7,0 = BlZ 0] = - = B2 = 1.

tm—1

As a result, the multivariate version of Girsanov’s theorem (see, e.g., Theorem 6.4 of Liptser

and Shiryaev (2001)) ensures that P*" defined via 452 = Z7"" is a probability measure

that is equivalent to P, i.e., P*" ~ P, and that the process
. P t
W = W — / (O(a;, s) + AZ"b(a;s) ds, 0<t<T,
0
is a Brownian motion under the probability measure P* ™. This concludes the proof. |

D.2. The infinite time horizon

The construction of P%"™ for a finite time horizon T" would also work for an infinite time
horizon, if the P-martingale Z%" was uniformly integrable. Unfortunately, this is not the
case here, and so we proceed differently. In particular, we use a similar approach as in
Section 1.7 of Karatzas and Shreve (1998). For this purpose, we first recall the defini-
tion G"" = o(Ds, 2", (%0 < s < t) and that W™ is G&" measurable, which implies
o(Wem: 0 < s <t) CGH" On the other hand, we know that the process D = (Dy)i>0 1s a

strong solution to the stochastic differential equation
th = OéD(é?“n _ Dt) dt + (1 0 0) Qai,n d@?,n’

which implies that D, is a(ﬁ_/\gi’": 0 < s < t)-measurable. Furthermore, we know that the

process =" = (Z7);>0 is a strong solution to the stochastic differential equation
dE? = unag(g — @?iv”) dt + (O 1 O) Qai,n dﬁgi,n’

which implies that also =} is 0(/_1/[72”’”: 0 < s < t)-measurable. Finally, the discrete-economy

signal process (“" = (¢;"");>0 is a strong solution to the stochastic differential equation
4G = Tanac(g = Giydt+ (00 1) QU dlwy™,
so that (™ is also o(W%"(s): 0 < s < t)-measurable, and therefore we eventually find that
= (WY (s): 0 < s <t) for each t > 0.

To proceed, our goal is to work with the Wiener measure on the space of continuous,
R3-valued functions C([0, 00), R?). In particular, we consider the Brownian motion W%" as
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a mapping from Q to the function space C([0, 00),R3), i.e.,
Wen: Q0 — C([0,00), R?), w = (w(t))sz0.
Then, we may consider /_W?n as the coordinate map
Wi C([0,00), R?) — R, (w(t))izo - w(t).

We then define the o-field G%" by

G :=a< U g;“’”) =a( U a@?”;sst)),

0<t<oo 0<t<o0

so that (C([0, 00), R?), G%") becomes a measurable space. In order to get a probability space
we equip (C([0,00),R3),G%") with the Wiener measure \%™ := P o (W®"™)~!. Moreover,
to work with a complete probability space, we denote the set of \%"-nullsets by N%", i.e.,

Nt = {N C C([0,00),R?): 3A € G, s.t. N C A and X*"(A) = 0},

a;,n

and we define Go." == o(G%"UN®™). Hence, (C([0,00),R?), Go™ A\%") is a complete prob-

ability space. Similarly, we define for each 7' > 0 the subspaces (C([0, 00), R?), G, A%™),

ai,m

where A7 is the restriction of A%" to G, and where G is the A*™-completion of Gr

(29

In other words, we define the restriction of N to G7#"-nullsets by

NG = {N C O([0,00),R*): JA € GF"", s.t. N C A and \“""(A) = 0},

ol geon T

so that G = o(GH™ U N&™). Further, the augmented filtration G g,

] a2l 7T ~ .
is defined as gj’ - o (G UN;n)

Now, we consider the processes Z%" = (Z}"")>0 and W% " = (W{"");>0, defined via

)0§t§T7

Z0im — o J (0(as9) HAT " bar, )T IS 3 [ (001, +AT "blais)) T (@as,5) +AS " blas)) ds

Y

and .
Wi = Wi - / (0(ai, s) + AS7"b(ai, s)) ds.
0

By Proposition D.1 we know that the probability measure P;"" defined via dP7*" = Z7"" dP
is equivalent to P, and that the restricted process W’ = (Wi"™)o<t<r is a Brownian

Qg

motion under P7". In fact, for 0 < ¢ < T, the probability measure k7" = P;i’”o(E“i’”’T)*l
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570

is equivalent to A%"™ on Ez 4 because for any A € G? ot it holds that

iy (A) = Pp[{w € Q: WenT (w) € AY] = P [(Wen ) ~H(A)]

= /N dP;zm — /(EA oﬁ/ai’"’T> dP;i,n _ /(HA o@ai’n’T)Z;f’n dpP
weinT)=1(4) Q Q

(1s o WanT)dP = / AP =\ (A),
Q

(WeenT)=1(4)

so that k%™ ~ \%" on G,". According to Proposition 1.7.4 in Karatzas and Shreve (1998)
there exists a unique probability measure k%" = P%" o (EC‘“”)*1 on ?Z;n, such that k%"
agrees with x7" on G, for each T < oo. In particular, E/a" is a Brownian motion under
the probability measure P%".

D.3. Obtaining the disagreement via measure changes

To obtain the price dynamics (B.3) from (B.2) we use a density process of the form

| ¢ — 1 [t
Zf“n = exp (/ Q(az‘)TA?’n dwghn _ 5 / (AZi’”)Qb(ai)Tb(ai) dS) )
0 0

where b(a;) € R3*! is a vector function of the form

By Proposition D.1 and the subsequent extension to an infinite time horizon, the price
process S™ in the discrete economy thus satisfies

T
Elere 1 T
_i Zg D SD -+ Sgr?
dS{L _ DD Aaitn dt + SGFS Qai,n dw?i,n7
Spap — Sqhq Gy 0
sqay + " (a;) A"

where we denote

B”(ai) = (sD +sqI'? sy 0) Q"b(a;).
The P%"-Brownian motion W%" = (E?’")QO is given by
AW = AW — b(a;) A% dt.

Hence, the function 5"(a;) satisfies 3"(a;) = sqa?t + 3™(a;).
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Remark D.2. The coefficient 3" is the loading of the inference wedge in the drift of the price,
whereas the belief 5" of the main text is its loading in the drift of the excess return. The
two are related by

B"(a;) = sar + "(a:),
and likewise 8(a;) = ser + B(a;) in the limit. The additional term sgr appears because
investors trade the excess return (2.11), which carries the drift term —rS}* dt on top of dS};
see (2.12). Neither "™ nor 3" appears in the main text, where individual beliefs are expressed
only through S.

When we derive the HJB equation we also have to apply the measure change to the
inference wedge A%". For this purpose, note that under P the inference wedge satisfies (see
Corollary C.3)

AAP" = —af AP 4 (T — (T 0) ) @ Wy,
which under P%*"™ then becomes
AP = (B"(a;) = af )AL+ (Ton — (T 0)) QU dwe™,

where we denote
Bn(az) — (Fai,n _ <Fn O)) Qaim[_?(ai)-
To avoid confusion and misunderstanding we summarize the different versions of §’s in the

following list:

Symbol Origin Relation

g additional loading of A%™ in drift of S™ under P%"
G" total loading of A%™ in drift of S™ under P%" pr = sqaly + 5’"
g" total loading of A*™ in drift of R™ under P*" B = sar + A"
B additional loading of A*™ in drift of A*"™ under P% "™

o total loading of A%"™ in drift of R™ under P By =p" — B”

n

E. Utility maximization in the discrete economy

In this appendix, we formulate the individual utility maximization problem in the discrete
economy at the level of viscosity solutions. This is consistent with the analysis of HJB
equations in the literature (e.g., Fleming and Soner (2006)) and does not assume from the
outset that the value function is twice differentiable in the spatial variables.
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The outline is as follows: In Section E.1 we introduce the notation for this appendix
and provide the standing assumptions. In Section E.2 we derive the HJB equation in the
discrete economy, and its pointwise maximizers. In Section E.3 we then give a verification
theorem to ensure that these candidates are indeed optimal. In Section E.4 we derive the
convergence of the discrete value functions under certain regularity assumptions. Section E.5
is then dedicated to a comparison Lemma required to prove the local uniform convergence
of the discrete value functions. In Section E.6 we show the convergence of the first partial
derivatives without imposing any new assumptions. Then, in Section E.7 we show local
uniform convergence of first and second order partial derivatives of the value functions, which
requires one additional assumption. In Section E.8 we derive the limiting HJB equation that
describes investors’ individual utility maximization problem in the limit, and we provide some

additional convergence results. Section E.9 summarizes the assumptions of this appendix.

E.1. Assumptions for this appendix

Throughout this appendix, fix n € N and an investor type a; € II,,. We write

pr= —% ma(y) ="+ (sar + B"(a))y,  baly) = (B"(a;) — a})y,

and we further denote

Aq,

:
wit = (sp+salh sy 0) QU Q" (sp+slf saly 0)
T
M= (sp+sely sely 0) @@ (Tom — (T 0)) (E1)
T
o= (o ) (e e )

Recall that the investor’s wealth process satisfies (2.14) and that the investor solves the
optimization problem (2.15). We denote by

Jo(t e y) = e T (t 2, y)

the associated value function when the current state is (V""" A{"") = (z,y), and when the
value function is normalized at time 0, i.e., J, (¢, z,y) = e~ " J*"(¢, x,y) with J*" the value
function associated with (2.15). Since e is deterministic and strictly positive, the two
problems have the same admissible set and the same optimizers.

Standing assumptions for Appendix E. We shall work under the following assumptions.

(A.E.1) For the fized investor type a;, the utility function U(a;, ) : R — R is of class
C?, strictly increasing, and strictly concave. Moreover, for every admissible control pair
(¢ H%") € A(vo(a;)), the discounted utility functional in (2.15) is well defined and finite.
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(A.E.2) Under P%" the state process X' := (V" A{"") is a time-inhomogeneous con-
trolled Markov diffusion on E = (0,00) x R with control process (¢, Hy)i>o € R x R, and
the dynamic programming principle holds for bounded stopping times. In particular, for
each T > 0 and every initial condition (t,z,y) € [0,T] x E, admissible controls may be

concatenated at bounded stopping times.
(A.E.3) The value function J, is finite and continuous on [0,00) x E.
(A.E.4) Whenever we invoke the explicit feedback formulas below, we additionally assume

that U'(a;,+) : R — (0,00) is onto, so that (U'(a;,-))~" is well defined on (0, 00).

E.2. Statement of the discrete HJB equations

Proposition E.1. Let Assumptions (A.E.1)-(A.E.3) hold true. Then the value function J,
s a continuous viscosity solution of the HJB equation

nai,n
0= _Jn,t(taxay) —Trr Jn,x(t>$ay) - bn(y) me(t,w,y) - %Jn,yy(tax7y)

~sup (e—rt Ulas,¢) — ¢ Jalt, . y)> (E.2)

ceR

ai,n 1 a;,n
_ iug (h M (Y) Jnw(t, 2, y) + Ay Jnwy(t, x,y) + Ehznv{/ Inzx(t, x, y)),
€

on [0,00) x E.
If, in addition, Assumption (A.E.4) holds and J, is a classical solution of (E.2) with

Jn € 01’2([0,00) X E), Inaa(t,z,y) <0 forall (t,z,y) € [0,00) X E,
then the pointwise mazximizers in (E.2) are given by
* -1 T
cr(t,x,y) = (U’(ai, )) (e t Jn,x(t,x,y)), (E.3)

and

M (Y) Jna (2, y) + M98 Tnay (t, 2, )

h:;(t,l’,y) = - VPN (E4)
nVZ{/ Jn,m? (t7 z, y)
Consequently, J, also satisfies the reduced HJB equation
. _ )
a;,n mn Jn - + al,an .
_Jn,t =Tz J”vw + bn<y) me + Mjn,yy - ( (y) ;li7n A : y)
2 277VV Jn,:mc (E5)

e U(a,;, (U (a3, )) (e Jn,m)) — (U, ) (€ ) T

Proof. By Assumptions (A.E.1)-(A.E.3), the optimization problem (2.15) is a well-posed

infinite-horizon controlled Markov diffusion problem, the value function is finite and contin-
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uous, and the dynamic programming principle holds for bounded stopping times. Hence,
by the standard dynamic-programming-to-viscosity-solution result for controlled diffusions,
J, is a viscosity solution of the associated Bellman equation; see Fleming and Soner 2006,
Chapter II, Theorem 5.1. This yields (E.2).

Now assume in addition that J,, is classical and J, ,, < 0 everywhere. Then the Hamil-

tonian in the control variable h is strictly concave, and the first-order condition gives

ai,m

0 = mn(y) Jn,x(ta I’, y) + nVA n,:fcy<t7 ‘1:7 Z/) + hng/z\’/njn,xx<t7 1:7 y)u

which yields (E.4). Likewise, by strict concavity of U(a;,-) and the surjectivity of U’(ay, ),
the first-order condition for the consumption Hamiltonian is

e_TtU,<(li7 C) - Jn,x(t7 x, y) = 07

which yields (E.3). Substituting the two maximizers into (E.2) gives (E.5). |

Remark E.2. Proposition E.1 should be read in two layers. The first part is the viscosity-
level result that is natural for the control problem (2.15). The second part is a smooth-
case consequence which recovers the feedback formulas used formally in the main text. In
particular, the explicit portfolio formula (E.4) requires pointwise existence of J, ,, and J,, ,
and strict negativity of .J,, .., and therefore should not be interpreted as part of the viscosity
statement itself.

E.3. A verification theorem

For simplicity, let us define the processes M = (M;);>0 and N = (IV;);>0 via
AM; = (sp + 56T sy 0) Qu"dIW™, N, = (Ton — (T 0)) Q@ Wy,

so that (M, M), = nyi't, (M,N) = nyii"t, and (N,N), = n3i"t. The dynamics of the

processes V%™ and A%"™ can then be written as
AV " = (rVS" — e+ H g (8, AT)) At + H™ d M, dAY™ = b, (A"™) dt + dN;.
Now, consider a function ¢ € C*?([0,00) x E) and let ¢,h € R. Define the infinitesimal

generator £ of the system governed by V%™ and A%™", i.e.,

c a;,n 1 a;,n 77%”
L Vh@(ta x,y) = (re —c+ hm,(y)) ¢z + bn(y) oy +hnyy uy + §h277\/\’/ Pra + % Pyy»

so that (E.2) reads as —J,; = sup,j, [£L%"J,+e7"U(a;,c)]. For a fixed W € C2([0,00) x E)
consider the following assumptions:
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(A.E.5) Let ci(t,z,y) and hi(t,x,y) denote the mazimizers of (E.2) associated to W given
by equations (E.3) and (E.4), respectively, with J,, replaced by W. The stochastic differential

equation
AV = (rV]) — (s, V) Ag) + hl (s, V) Ag)my (s, Ag)) ds + b (s, VI, Ag) dM, V=,

alongside dAs = b,(Ag) ds + dNs, Ay = y, admits for every (t,z,y) € [0,00) X E a unique

strong solution V* = (V[ )S>t with V> 0 P*"-qa.s for every s > t, and (¢}, H?) € A(vo(a;))

where (¢, HY) = (¢ (s, V5, Ag), b (s, Vi, Ag) ) s>t

(A.E.6) For every (t,z,y) € [0,00) x E, every (¢, H) € A(vo(a;)) with induced state process
(V,A) started at (t,x,y), and every T > t, define the stopping time

T =inf{s > t: Vo & (1/k, k) or |As| > k} AT.

Then, the following two assertions hold true:

(i) both stochastic integrals

SATE SATE
([ wvengman) ([ wva) )
t t

s>t s>t
are true martingales for each k € N;

(i) and 7, — T P%™-a.s. as k — oo, and the family (W (1, Vy., Ar,))ken is uniformly
integrable.

(A.E.7) For every (t,z,y) € [0,00) X E it holds that liminfr_, E[W (T, Vy,Ar)] > 0 for
every (¢, H) € A(vo(a;)) with the induced state process (V,\) started at (t,x,y), and with
limy_,o E[W(T, V], Ar)] = 0 along the path where (ci, H) satisfies Assumption (A.E.5).

Proposition E.3. Let (A.E.1) and (A.E.J) hold, and assume W € C*2([0,00) X E) satisfies:
(i) Wo(t,z,y) >0 and W,(t,z,y) <0 for every (t,z,y) € [0,00) X E;

(i1) W is a classical solution to the HJB equation (E.2) on [0,00) x E, with the supremum
in (E.2) attained at ¢ (t, z,y) and h}(t,z,y) defined as in (E.3) and (E.4), respectively;

(11i)) W satisfies Assumptions (A.E.5)-(A.E.7).

Then, it holds W (t,xz,y) = Ju(t,x,y) for every (t,x,y) € [0,00) X E, so that " W (t,z,y)
coincides with the value function of (2.15) at state (V" Aj"™) = (x,y). Moreover, the
feedback pair (ci, HY) defined as in Assumption (A.E.5) is vy(a;)-admissible and attains the
essential supremum in (2.15), which implies that (ct, H) is optimal.
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Proof. Throughout the proof let us fix (¢,z,y) € [0,00) x E. We first note that the HIJB
equation (E.2) can be written as Wy(t,z,y) + sup(pere [L7"W (t, z,y) + e "Ul(as, ¢)] = 0,
so that for every (c, h) € R? it holds that

Wi(t,z,y) + LMW (t, z,y) + e U (a;, ¢) <0, (E.6)

with equality in (E.6) if and only if (¢, h) = (¢, h).

n)''n

Now, let (¢, H) € A(vo(a;)) be an arbitrary consumption-trading pair with induced state
process (V, A), (Vi, At) = (z,y), and fix T > ¢t. With 73 defined as in assumption (A.E.6), the
entire trajectory remains inside the compact subset [1/k, k] x [—k, k] C E on [t, 74]. Hence,
we may apply [t6’s lemma, so that

Tk
W (7, Vi D) = Wit ) + [ (Wil Vi L) o LW (5, Ve A, s
t
Tk Tk
+/ Wz(s,V;,AS)HSdMSJr/ W, (s, Vi, A) AN,
t t

From (E.6) we know that W, (s, Vi, A,) + LW (s, Vi, A,) < —e U (a4, ¢;), and by Assump-
tion (A.E.6).(i) both stochastic integrals in the above equation are true martingales so that

Tk
EW (1, Vo, Ar)] + E [/ e "*U(aj, cs) ds} < Wi(t,z,y) VkeN.
t
By Assumption (A.E.6).(ii) it holds that 7, — T P%"-a.s. as k — oo, which by continuity of
W implies W (7, V;,, A;,) = W(T, Vi, Ap) P*™-a.s., and thus in probability. Moreover, also
by Assumption (A.E.6).(ii), the family (W (7%, V., A;,))ken is uniformly integrable, so that
Theorem 13.7 in Williams (1991) implies E[W (7, V., Ay )] — E[W(T, Vr, Ar)] as k — oo.

On the other hand, since the utility function U is finite for every control pair (¢, H) €
A(vg(a;)) by Assumption (A.E.1), it holds that

Tk T
E [/ e_mU(ai,cs)ds] —E {/ e_T’SU(ai,cs)ds] as k — oo,
¢ t
and therefore
T
E[W(T,Vy, A7) + E [/ e "U(ai, cs) ds} <Wi(t,z,y) VT >t.
¢

Hence, by letting T'— oo and by using Assumptions (A.E.1) and (A.E.7), we find that

E {/ e "*U(aj, cs) ds] <Wi(t,z,y) — li%ninfE[W(T, Vi, Ar)] < W (t, z,y).
t —00
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Since (¢, H) € A(vo(a;)) was arbitrary, we may take the essential supremum over the ad-
missible consumption-trading pairs conditional on G;*" on the left-hand side of the above
inequality, which eventually gives J, (¢, z,y) < W(t,x,y).

To prove the reverse inequality J,,(t,7,y) > W (t,z,y) we apply the exact same argu-
mentation as before, but now with the pair (¢}, H?) € A(vo(a;)) from Assumption (A.E.5)
and with the unique strong solution V*. Since (E.6) now holds with equality along this
trajectory, every inequality in the previous step above is an equality. More precisely, it holds

that
T
E[W(T, Vi, Ar)] + E {/ e "U(ay, ci(s, VS*,AS))ds] =W(t,z,y) VT >t
t
Hence, by letting 7" — oo Assumption (A.E.7) implies

E [/ e”U(ai,cz(s,Vj,As))ds] =Wi(t,z,y).
t

Now, the left-hand side of the above identity is one particular admissible value of the condi-
tional expectation whose essential supremum defines J, (¢, z,y), and therefore it holds that
Jn(t,z,y) > W(t,z,y). Hence, we have proven that J, (¢, x,y) = W(t,z,y), and in particular
by this last step the optimal value is attained at (¢}, H). This concludes the proof. [ |

E.4. Convergence of the discrete HJB equations

We now formulate a convergence result for the discrete HJB equations in the viscosity sense.
The proof uses the half-relaxed-limits method and therefore does not require an explicit
representation of the value functions J,, = e~ J%m,

By setting

ai,n a;,m a;,n

QAp 2= TIAA dn = Tya On = Nyy,

the Bellman operator corresponding to (E.2) is

Qp _r
Fo(t,2,y,q,p,X) = —q — 12Dy — bp(y) py — 5 Xy = sup (e "Ula;,c) — cm)
ceR
X (E.7)
— sup <h mn(y) pe + hd,, Xy + Eh%n Xm>,

heR

Xfl)l‘ XCL‘
for (t,2z,y) € [0,00) X (0,00) X R, ¢ € R, p = (ps, p,) € R? and X = <Xzy xﬁ) € $?. For
simplicity, let us further denote the consumption Hamiltonian

Cn(tvp) = sup (e_” U(ai7 C) - Cpx)a
ceR
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and the demand Hamiltonian

H,(t,y,p, X) == sup (h Mo (y) Do + hdy Xoy + 3h°0, Xm>,
heR

so that the Bellman operator F,,(-) from (E.7) reads as

Qn

Fn(t7m7y7Q7p7X) = —q —=TTPx — bn(y)py - ?ny - C?’L(t7p) - Hn<t7y7p7X>

We denote the lower- and upper semicontinuous envelope of F,, by (F,,). and F, respectively,
that is

(Fn)«(t,z,y,q,p, X) :== sup {G(t,m, y,q,p, X): G is lower semicontinuous and G < Fn},
Fr(t,z,y,q,p, X) = inf {G(t, z,y,q,p, X): G is upper semicontinuous and G' > Fn},

and we use the same convention for the limiting operator F' by writing F, and F™*.

Lemma E.4. The function (p,X) — H,(t,y,p, X) is convex and lower semicontinuous,
real-valued and continuous on { X, < 0}, and its upper semicontinuous envelope H is equal
to +00 on {X,, > 0}. Moreover, it holds that

(mn( ) x+dn Xz )2
- y2§anz . ) Xa:x < 07
H,(t,y,p,X) =140, Xow =0, M (y) pe + dp Xoy = 0,
400, otherwise,

with Hy(t,y,p, X) € [0,00) on {X,, < 0}.

Proof. The first order condition reads as m,,(y) p, + d,, Xuy + hoy, X = 0, and the second
order condition is given by o, X,, < 0. Since ¢,, > 0 the supremum is attained at

b= (Y P+ dn Xoy
O-’I'L X.’E{L‘

whenever X,, < 0, so that H,(t,y,p, X) = —(m”(y%gf}i’ixmyy on the set {X,, < 0}. More-
over, if X, > 0 or X,, = 0 and m,(y) p, + d,, Xuy # 0, then H, (¢, z,y,p, X) = 400, and
if Xyo = mp(y)pse + dpy Xpy = 0 it follows that H,(¢,y,p, X) = 0. Then, it follows immedi-
ately that (p, X) — H,(t,y,p, X) is continuous and real-valued on {X,, < 0}. Convexity of

(p, X) — H,(t,y,p, X) follows from the fact that H,(t,y, p, X) is the supremum of a family

of affine functions in (p, X) indexed by h, and lower semicontinuity follows from the very
same fact and Theorem 12.1 in Rockafellar (1970). The statement about the upper semicon-
tinuous envelope follows from H,(t,y,p, X) = +oo on {X,, > 0}, so that the supremum on
an open neighbourhood at X,, = 0 is +00. This concludes the proof. |
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Lemma E.5. The function p — C,(t,p) is convez, lower semicontinuous, continuous and
finite on {p, > 0}, and +oo on {p, < 0}.

Proof. Convexity and lower semicontinuity follow as in the proof of Lemma E.4 from the fact
that p — C,(t,p) is the supremum of affine functions, and together with Theorem 12.1 in
Rockafellar (1970). Finiteness on {p, > 0} follows from assumption (A.E.1), and continuity
on {p, > 0} follows from the fact that a finite convex function on an open interval is
continuous (see Theorem 10.1 together with Corollary 10.1.1 in Rockafellar (1970)). |

Corollary E.6. The function (q,p, X) — F.(t,z,y,q,p,X) as defined in (E.7) is upper

semicontinuous and therefore satisfies F,, = F¥. Its lower semicontinuous envelope satisfies

EF.(t,x,y,q,p, X if pr >0 and X,, <0,
(Fn)s(ts 2,9, 4,0, X) = &,%:%,0,7, X) /v
—00 otherwise,

and the same holds true for the limiting operator F'.

Proof. We write (E.7) in the form

G,

2 ny - On(t7p) - Hn(t7y7p7X>

Fo(t,z,y,¢,p, X) = —q — 12 ps — bu(y) py —
Since (q,p, X) = —q — rep, — by(y) py — %X, is continuous it is both upper and lower
semicontinuous. Further, the functions (p, X) — —H,(t,y,p,X) and p — —C,(t,p) are
upper semicontinuous because they are the negative of lower semicontinuous functions, which
follows from Lemma E.4 and Lemma E.5, respectively. Hence (q,p, X) — F,.(t,z,y,q,p, X)
is upper semicontinuous as a sum of upper semicontinuous functions. The fact that the
lower semicontinuous envelope satisfies (F,), = —oo outside of {p, > 0} N{X,, < 0} follows
from the fact that the upper semicontinuous envelope of (p, X) — H,(t,y,p, X) is +00 on
{X4z > 0} by Lemma E.4, and the same argumentation holds for p — C,(¢,p) on {p, < 0}
which is a consequence of Lemma E.5. [ |

Throughout, the limiting equation is understood in the sense of discontinuous viscosity
solutions (see Crandall, Ishii, and Lions (1992)): a locally bounded upper semicontinuous
function w is a subsolution if F.(t,x,y, ¢s, Do, D*¢) < 0 at every point where u — ¢ has a
local maximum, and a locally bounded lower semicontinuous function v is a supersolution
it F* = F > 0 at every point where v — ¢ has a local minimum. By Corollary E.6 the
subsolution requirement is void unless ¢, > 0 and ¢,, < 0. The supersolution requirement
is unchanged.

Theorem E.7. Let Assumptions (A.E.1)-(A.E.3) hold true, and assume the following con-
ditions are satisfied:
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(A.E.8) There exist continuous functions b: [0,00) x E — R and m : [0,00) x E — R, and
constants a > 0, d € R, and o > 0, such that for every T > 0 and every compact interval

I, C R, the following assertions hold true:

yely
(t,9)€[0,T)x 1y
a, — a, d, —d, on — O. (E.10)
The limiting coefficients further satisfy d = 0, the maps b and m are locally Lipschitz in vy,

uniformly in t on compacts, and 2b(t,y)y < ry* for all (t,y).
(A.E.9) There exists ¢ > 0 such that o,, = 0y} > a for all n € N.

(A.E.10) There is k € [0,2) such that for every compact interval I, C (0,00),

et | Ju(t, z,y)|
sup sup _

< oo, oy =1+yl"
n>1 (t,z,y)€[0,00)x I, xR o(y)

(A.E.11) For every T > 0 and every compact set K C (0,00) x R, there exist Ay x > 0 and
crx > 0 such that for every n € N and every (t,y) with (t,z,y) € [0,T] x K for some z,

the map

A
x = Jo(t,x,y) + %xz

is concave on each x-section of K, and the map
z— Ju(t,x,y) — cr g

s non-decreasing on each x-section of K.

(A.E.12) Let ¢ be as in Assumption (A.E.10), and assume that J and J, defined via

T(t.,) = timsup { (s, &) sn 2 e s =t + 1€ =l +In =yl < e},

l(t>$ay) = h\rl%lnf{t]n<37€777) ‘n Z 5_17 |S_t’ + |£—[E’ + |77—?/’ < 5}7

satisfy
rt( T +(¢ rt (7 __ +(¢
im  sup (S =D (¢t 2, y) —0 lm sp  © (J =) (tz,y)
N0 (t,y)€[0,00) xR Q(y) T=00 (¢ y)€[0,00) xR Q(y)
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Then there exists a unique continuous viscosity solution
J :]0,00) X (0,00) x R - R
of the limiting HJB equation
F(t,x,y,J, DJ,D*J) =0,
which is obtained from (E.7) by replacing (by, My, an, d,, 0,) with (b,m,a,d, o), and
I — J locally uniformly on [0, 00) x (0,00) x R.

To eventually prove Theorem E.7 we first need to establish some auxiliary results. For
a function u: R" — R, let us denote the second-order subjet of u at x by J* u(z), that is
the set of pairs (p, X) € R™ x S" such that

1
u(y) 2 u(z) +p (y—2) + 5y —2)' Xy —2) +olly—=I*) asy—w
Lemma E.8. Let Assumption (A.E.11) hold true. If (p,X) € J*  Ju(to, To,%0) for some

(to, o, yo) € [0,T] x K, then X,, < —Ark, and p, > crx > 0.

Proof. By Assumption (A.E.11) the function g(z) = J,(to, z,v0) + >‘TT’K1’2 is concave. Let
q € R be a supergradient of g at g, so that g(z) < g(x¢) + ¢(x — x¢) near xy. Now, the
second-order subjet expansion restricted to the z-line yields

1
In(to, T, y0) > Jn(to, To, Yo) + pa(x — z0) + 5(1’ — 29)* Xus + 0|z — o).

AT K

Then, by substituting J, = g — T’az2 into this expansion, and by taking x = zo + h, we
find that

A 1
+h(q — Ap.xo) — ZK h? > +hp, + §h2Xm + o(h?).

By summing up the two inequalities, i.e., the “4+” and the “—
by h? yields —Arx > X + 20(h%)/h? > Xy

For the second assertion, note that since x +— J,(to, x, yo) — cr k@ is non-decreasing by
Assumption (A.E.11), we have for each h < 0 that J,,(to, zo + h, yo) — Jn(to, Zo, yo) < crich.
The subjet expansion restricted to the x-line then gives

7

inequality, and by dividing

1
Jn(t(]v Zo + h7 yO) - Jn(t07 Zo, yO) Z pxh + §wah2 + O(hz)'

Hence, we have p,h + 5 X,.h* + o(h?) < ¢ kh, so that dividing by i < 0 and letting o 0
yields p, > ¢p k. This concludes the proof. [ |
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Lemma E.9. Under Assumptions (A.E.10) and (A.E.11) it holds that for every T > 0 and
every compact subset K' C int(K) there exists Ly kg < 0o with

|Jn(t7'r7y> - Jn<tax/>y)| < LT,K,K'|‘T - ‘T/|

for alln € N and all (t,z,y), (t,2',y) € [0,T] x K'.

Proof. A concave function bounded on a convex compact set is Lipschitz on any interior
compact subset, and its Lipschitz constant depends only on the bound of the function and
on the distance between K’ and JK. Indeed, let g be concave on K, and assume that
lg| < M on K. Since —g is convex, the local Lipschitz estimate follows from Theorem 10.4

in Rockafellar (1970) and its proof. Applying this fact to g: x — J,,(¢,z,y) + Angz, which

is uniformly bounded by Assumption (A.E.10) yields

A
[Jult,2y) = Ju(t.2' y)| < lg(@) = g(a')] + =55 |2* = ()]

< <[~1K,K’ + A7 i sup |$’> |l — /],
rzeK

which concludes the proof. [ |

Lemma E.10. Let Assumptions (A.E.10) and (A.E.11) hold, and let

J(t,x,y) = li{r(l)inf{Jn(s,g,n) n>et|s—t|+|E—z|+|n—y|l < 5}.

Then for every (t,y) such that (t,x,y) € [0,T] x int(K), the map x — J(t,z,y) + /\TT’K:Bz is
concave on each x-section of int(K), and the map x — J(t,x,y) — crxx is non-decreasing
on each x-section of int(K).

Proof. Let Ly i i be the Lipschitz constant from Lemma E.9. For ¢ > 0 set
L(t,z,y) ==1inf {Ju(s,z,m) :n>e"" s —t|+ |n—y| <e}.

From Lemma E.9 it follows that replacing « by any ¢ with | — x| < € changes J,,(s,£,n)
by at most € Ly x ks, and thus by definition u(t, z,y) — lim o 1. (¢, z, y)} = 0. Now, for a
fixed (s,n) and n, the map x — J,,(s,z,n) +

MK 12 s concave by Assumption (A.E.11), and

: . : . A
because an infimum of concave functions is concave, it follows that z — I.(t,z,y) + “2£z?

2

is concave for each ¢, and so is its pointwise limit as ¢ 0.

On the other hand, for a fixed (s,n) and n the map = — J,(s,z,n) — ¢rxx is non-
decreasing by Assumption (A.E.11) because an infimum of non-decreasing functions is non-
decreasing. Hence the map = — I.(t,z,y) — cr e is non-decreasing for each e, which

eventually implies that its pointwise limit as € ™\, 0 is non-decreasing. |
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Lemma E.11. Let u be an upper semicontinuous subsolution and v a lower semicontinuous

supersolution, and assume that x +— v(t,z,y)+ ’\TT’K:BQ is concave. Let (p, X) € J*Tu(t,z,y)

and (p,Y) € J*> v, 2",y) with X <Y (i.e., Y — X s positive semi-definite). Then
X:vx S }/mx S _)\T7K < O

Proof. Since Y — X is positive semi-definite it holds that a"(Y — X)a > 0 for every vector

a € R?, so that
1

and therefore X,, <Y,,. The fact that Y,, < —Ap g follows from Lemma E.8. [ |
With these results in hand we are now ready to give the proof to Theorem E.7.

Proof of Theorem E.7. Fix T > 0 and a compact set K C (0,00) x R. We work on [0, 7] x K.

Step 1: definition of the half-relaxed limits. By Assumption (A.E.10), the upper and lower
half-relaxed limits of the sequence (.J,,) are well defined:

J(t,x,y) := limsup*J,(t, z,y), J(t,x,y) :=liminf, J, (¢, z,y),
n—0o0

n—oo

that is,

T(t,2,9) = limsup { (s, €m) i = &7, s — 1]+ ¢ =l +n =] <=},
>

and
J(t,x,y) = liiginf{Jn(s,g,n) n>el s—tl+ -z +|n—y|l < 5}.

The function J is upper semicontinuous, the function J is lower semicontinuous, and

J <.

Step 2: J is a viscosity subsolution of the limiting equation. Let ¢ € C? be such that J — ¢
attains a strict local maximum at (to, zo, o) € (0,7) X int(K) and

(J — ¢)(to, xo, yo) = 0.

By the standard half-relaxed-limits argument of Crandall, Ishii, and Lions 1992, Lemma 6.1
and Remark 6.3, there exist integers ny — oo and points

(tk7 Tk, yk) - (th Zo, yO)
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such that
T (s Ths yi) — I (to, o, Yo),

and .J,, — ¢ attains a local maximum at (fx, T, Yx)-
Since each J,, is a viscosity subsolution of

Fnk (ta z,Yy, Jnk,ta DJnka D2Jnk) - Oa

we have
Foy, (te s Yy 01 (b Ty Y) s DDty 2, Yk ), D> Pt wr, yr)) < 0.

On {¢.(to, xo, Yo) < 0} U {¢dys(to, o, yo) > 0} we know from Corollary E.6 that

F* (t0,$07y07¢t(t07$0;yO)7D¢(tO,$anO)7 D2¢(t07$07y0)) = —00 < 07

and so there is nothing to prove. So assume without loss of generality that ¢, (to, o, yo) > 0
and ¢, (to, To,yo) < 0. By assumption ¢ € C1?, so that ¢, and ¢,, are both continuous,
and because (tx, Tr, yx) — (to, o, yo) there exists kg € N, such that for all & > kg it holds
that

1 1
Gu(th, Ty Yi) > 5%(?50,550,90) > 0, G (try The, yi) < §¢xx(to,370,yo) < 0.

Indeed, for all 6 > 0 there is ky € N so that for all & > ko: ||(tg, Tk, yx) — (o, To,¥0)|| < 9.
Moreover, for every € > 0 there exists 6 > 0 such that for all ||(¢x, zx, yx) — (to, To, Yo)|| < 0 it
holds |¢, (tk, Tk, Yr) — ¢ (to, To,Y0)| < €. Hence, for a fixed € > 0 we find 6 > 0, and for this
particular § > 0 we find ky € N, such that for all & > k¢ it holds || (tx, zx, yx) — (to, Zo, o)|| < ¢
and thus ¢, (tx, Tk, yx) — ¢2(to, o, %) € (—¢&,+e). Moreover, since ¢, (to, To,yo) > 0 there
exists &' > 0 so that ¢, (o, o, yo) > €', and by taking ¢ = % we find that

/ /

1 € €
¢x<tk7xkayk) - ¢x(t0>$07y0) + §¢1‘(t07‘r07 yO) > _5 + 5 = 07

which suffices to conclude ¢y (tx, Tk, Yi) > 2. (to, To,y0). The second inequality follows by
a similar argument. On the region {¢,(to, Zo,v0) > 0} N {¢zz(to, o, yo) < 0} the maps H,
and (), are real-valued and continuous by Lemma E.4 and Lemma E.5, respectively. In fact,
on {¢x(to, xo,%0) > 0} N {us(to, xo,yo) < 0} both H, and C,, are uniformly continuous in
n because their coefficients converge locally uniformly by Assumption (A.E.8) and because
on, > o > 0 by Assumption (A.E.9). Hence, we may pass to the limit in the operator:

Ey (ti @i, Y, o1, Do, D*¢) — F (to, 2o, Yo, ¢u(to, o, Yo), Do (to, zo, Yo), D*d(to, To, o)),
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so that
F* <t07 Lo, Yo, gbt(th Zo, 90)7 D¢(t0a Zo, yO)v D2¢(t07 Zo, ?Jo)) S 0.

Thus J is a viscosity subsolution of the limiting HJB equation.

Step 3: J is a viscosity supersolution of the limiting equation. Let ¥ € C%? be such that
J — 1) attains a strict local minimum at (to, zo,yo) € (0,7) X int(K) and

(L — ¥)(to, 2o, yo) = 0.

Applying again the half-relaxed-limits argument of Crandall, Ishii, and Lions 1992, Lemma 6.1

and Remark 6.3, we find integers n; — co and points

(tk, Tk, yk) — (to, To, Yo)

such that
I (s Tres yie) = J(to, o, Yo),

and .J,, — 1 attains a local minimum at (¢x, T, Yr).
Since each J,, is a viscosity supersolution, we have

Froy (thy @, Yiy Ve (i, Ty yi), DU (g, e, yi), DY (i, 2, yi)) > 0. (E.11)
We first note that the above inequality (E.11) implies
Hp, (L, Tros Yoo DU (b, Ty yi)s D> (L, T, i) ) < 00, Chy (tie, DY(ty, o1, yr)) < 00,

since otherwise the left-hand side in (E.11) is —oo. By Lemma E.4 and Lemma E.5 this fact
implies ¥, (t, T, yr) > 0 and V. (tg, Tk, yx) < 0. Now, we may rewrite (E.11) as

an (tk7 Dw(tlm L, yk)) + an (tka Lks Yk, D¢(tka Ll yk)v DQ@D(tk, Tk, yk))

A,
< =tk Th, Yi) — Tk Vo (ks Tho, Y) — by (Yi) Uy (e, Ty Yie) — Tk%y(%xk,yk),
whose right-hand side converges to
a
— (o, 2o, Yo) — 120 Yz (Lo, To, Yo) — b(to, Yo) Yy(to, To, yo) — 5%;;(?50,%,?/0)

by Assumption (A.E.8) and the fact that v € C'?. From Lemma E.4 and Lemma E.5
together with Assumptions (A.E.8) and (A.E.9) the Hamiltonians are suprema of affine
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functions whose coefficients converge, and therefore

liminf C,,, (tg, ¥,) = liminf sup (e’” Ulai,c) — ey (ty, x, yk))

k—o0 k—oo  cecR

> supliminf (e U(as, ¢) — ¢ty (te, 21, yr)) = C(to, D(to, 2o, o)),

ceER k—oo

and similarly

h]?_l)glf Hy, (b, Tk, Y, DO, D*¢) > H (to, Zo, yo, DY (to, zo, o), D*¥(to, To, Yo)),
so that
1igr_l>glf (Coy (tes DU (thy i Y1) + Huy (s T Yioo DU (b, Thos i)y D (s 2, Yi)) )

> C(th D¢(t07 o, yO)) + H(t()a L0 Yo, qub(th Lo, ?JO)> D2¢(t07 o, yO))a

which together with the above eventually implies

F (to, z0, Yo, Y1 (to, 2o, Yo), D (to, 2o, yo), D*(to, 20, %0)) > 0.

Hence J is a viscosity supersolution of the limiting HJB equation.

Step 4: comparison and identification of the limit. The goal of this step is to conclude J < J.
The idea is to apply the comparison principle, which is proven in Lemma E.14 below, to the

pair (J,J). To do so we have to show that the assumptions of Lemma E.14 are satisfied.

(a) The first requirement is that J is an upper semicontinuous subsolution of F, = 0. Upper
semicontinuity is proven in Step 1, and the subsolution property is confirmed in Step 2.
Recall from Corollary E.6 that the inequality is asserted only at jets with ¢, > 0 and
¢z < 0; by (d) below this is harmless.

(b) The second requirement is that J is a lower semicontinuous supersolution of F' = 0.
Again, lower semicontinuity is proven in Step 1, and the supersolution property is confirmed
in Step 3.

(c) Both, J and .J, must satisfy the growth bound of Lemma E.14. By assumption (A.E.10)

e'rt |Jn|

this requirement is satisfied since is bounded on [0, 00) x I, x R uniformly in n and
both half-relaxed limits inherit that bound. Assumption (iii) of Lemma E.14 is covered by

Assumption (A.E.12).

(d) Finally, we need that J is uniformly strictly concave in wealth. This requirement is
covered by Lemma E.10, which uses Lemma E.9, and Assumptions (A.E.10)—-(A.E.11).
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Hence Lemma E.14 applies and yields J < .J on [0,00) x E. Since always .JJ < .J by
Step 1, we conclude

J=J

:J  on0,00) X E,

so that J is both upper and lower semicontinuous, hence continuous, and is a viscosity
solution of the limiting equation. Moreover J = J is uniformly strictly concave in wealth
on compacts, and uniqueness of J in that class follows from Lemma E.14 applied to two

solutions. ]

E.5. Comparison lemma

By Assumption (A.E.8) the limiting operator is
a
F(t7 T, Y,4,p; X) = —q = TTPgy — b(tv y) Py — §ny - C(tva) - H(tv Y; Pz, Xﬂm)? (E12)

with C(t,p,) = supcp(e "™ U(a;, ¢) — ¢p,) and, since d = 0, H = —% on {X,, < 0}.

We first prove that the limiting operator F' is proper in the sense of condition (0.1) in
Crandall, Ishii, and Lions (1992).

Lemma E.12. Let Assumption (A.E.8) hold. Then the operator F defined in (E.12) is
proper, i.e.,
F(t,z,y,q,p,X) < F(t,z,y,q,p,Y) VY <X

Proof. Note that X — Y is positive semi-definite by definition of Y < X, and therefore

Xa:y _ Yzy X Y, 0

yy — tyy

(O 1) ’ ! ) = Xyy — Yy 2 0.
Xoy—Yay Xy —Yy ) \1

vy vy

and similarly

Consequently, it holds
Ly Ly
hm(t,y) + §h 0 X > hm(t,y) + ih oY Vh € R,

so that H(t,z,y,q,p, X) > H(t,z,y,q,p,Y). Hence, since a > 0 by (A.E.8), we eventually

obtain from
a
F(t>33a?J?qaan)—F(taif,y,q,%Y) = _§(ny_Yy )_(H(t7x7y7Q7p7X)_H(tax7y7Q7p7Y))

that F'(t,z,y,q,p,X) — F(t,x,y,q,p,Y) < 0, and this concludes the proof. [ |
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Note that Lemma E.12 only requires Y < X, but not also r < s as in condition (0.1) of
Crandall, Ishii, and Lions (1992). The reason is that the limiting operator F' only depends
on first and second order partial derivatives, but not on the zeroth order.

Next, we prove that the limiting operator F' satisfies condition (3.14) in Crandall, Ishii,
and Lions (1992).

Lemma E.13. Let Assumptions (A.E.8) and (A.E.9) hold, and let u be an upper semicon-
tinuous subsolution of F, = 0, and v a lower semicontinuous supersolution of FF = 0 on
(0,00) X E, and assume that the following assertions are satisfied:

e (lul+|v])

< 00, where
o(y)

(i) for every compact interval I, C (0,00), it holds supjy )1, xr
o(y) =1+ |y|* for some k € [0,2) as in Assumption (A.E.10);

(11) for every T > 0 and every compact K C (0,00) X R there are ¢y x > 0 and Ap g >0

such that x — v(t,z,y) —cr g is non-decreasing and x — v(t, x,y)+-5%x? is concave

on the x-sections of K, for allt € [0,T];

et (u—v)t et (u—v)t

(iii) limgyo sup( ) ooy = liMaseo SUPy,) == = 0, with o(y) = 1+ [y|* for some
Kk €1[0,2) as in (i).

Let K C E be a compact subset of E. If a > 0 and (t,21), (t, 22) € [0,T] x int(K) are such
that
(a(z1 — 22), X) € 72’+u(t, 21), and (a(z1 — 29),Y) € 72’_?)(75, 29),

with X, Y € S? satisfying

“3a (é 2) < ()O( _OY> < 3a ( _[[ _[I> : (E.13)

then there exists a constant cr g i € (0,00) such that
F(t,z,a(z1 — 22),Y) = F(t, 21,0z — 2), X) < en e (al|zr — 20| + |21 — 22)).

Proof. Let us first note that the following facts hold:

(a) Since the function v satisfies assertion (ii), which is the analogue of Assumption (A.E.11),
we can adopt the proof of Lemma E.8 to show that Y,, < —Apx and p, > cr k.

(b) By the comment after condition (3.10) in Crandall, Ishii, and Lions (1992), it follows
from (E.13) that X < Y. Hence, in the same spirit as in the proof of Lemma E.12 we find
that Y., — X,, > 0, and thus by assertion (a) it holds X,, < Y,, < —Arx <O0.

(c) Since assumptions (i) and (ii) are the analogues of Assumptions (A.E.10) and (A.E.11),
we may adopt the proof of Lemma E.9 to show that for every T > 0 and every compact
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subset K’ C int(K) there exists Ly x x < oo with

lo(t,z,y) —v(t, 2, y)| < Lrxrlz—2'| V() (ta,y) €[0,T] x K.
Now, by the definition of the subjet it holds that

v(t, 2) > v(t, 29) + oz — 22) T (2 — 29) + %(2 — %)Y (2 — 2)+o(|z — 2|?) z— 2,
and by taking z = (9 + h, ys) for h small this inequality becomes
v(t,zo + h,ya) > v(t, T2, yo) + a1 — T2)h + $h*Yey + o|A]?),

and so together with the fact that v is Lipschitz in x we eventually have

a(xy — x9)h + %hQKM +o(|h]?) < v(t,z9 + h,y2) — v(t, 22, 92) < Lrx.xr|h|.
Now, if 1 — x5 < 0 take h < 0, and if z1 — 29 > 0 take h > 0, so that in both cases we have

alzy — x| - [h]| + $h*Yee + o(JR|?) < Lk i ]h).

Hence, dividing first by |h|, and then letting either h 0 if h < 0 or h \ 0 if h > 0, we

eventually obtain |z — 22| < Ly g kv, and therefore |p,| < 2Ly g k.
Now, let us analyze the difference of the operators. In particular, we have
F(t,zo, (21 — 29),Y) — F(t, 21, (21 — 29), X)
= r(z1 — z2)ps + (b(t, 1) — b(t, y2))py + g(ny —Yy) + H(t,21,p, X) — H(t, 22,p,Y),
and we analyze this difference term by term.

(1) To analyze the term 7(x1—x2)p,+(b(t, y1)—b(t, y2))py, let us first note that by assumption
P = (Pu, py) = (21 — 22), and thus p, = a(x; — x2) and p, = a(y; — y2). Therefore, it holds

r(z = 22)pe + (bt y1) = b(t, y2))py = rafzy — 22)* + (b(t, y1) — b(t, y2))alyr — y2)
< (r+Lip(D)af21 — 27,

where we use from Assumption (A.E.8) that b is locally Lipschitz-continuous, uniformly in ¢

on compacts.

(2) To analyze the difference §(X,, — Y,,) we note as in the proof of Lemma E.12 that
X <Y implies Y,, — X, > 0, which together with a > 0 by Assumption (A.E.8) implies
the upper bound §(X,, —Y,,) <0.
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(3) Note that the consumption Hamiltonian C(t,p,) cancels exactly because the doubling
is in space only, which means that ¢ and p, are common to the two sides. In particular no
regularity of t — C(t,-) is needed.

(4) Finally, for the portfolio Hamiltonian H(-) compare the suprema for each h. For this pur-
pose, we first note that by Assumption (A.E.8) the function m is locally Lipschitz-continuous
in y, uniformly in ¢, so that

m(t7 yl) - m(t7y2) < |m<t7y1) - m(t7 y2)| < Llp(m)|y1 - y2|'

Then, since by assertion (b) it holds X,, < Y,,, we find that

h? h? )

From assertion (c) we further know that
|| Lip(m)|yy — w2l - [pz| = [h| Lip(m)|yy — 2| - alwr — wo| < |h|Lip(m)|y1 — y2|2Lr k500

However, since X,, < Y., < —Arx < 0 by assertion (a), the portfolio Hamiltonian H(-)

on the left-hand side above satisfies H = —W. More precisely, on the left-hand side

m(tvyl )pz

o, which implies
T

above, the supremum is attained at h = —

Lip(m)|y|2Lrxxr . -
= CT\K,K'

t - oy
‘h‘ _ ’m< 7y1)| |p | <
0| X oo (z,y)eK ONT KK

Therefore, we eventually find that
H(t,z1,p, X) < H(t,20,p,Y) + ér . Lip(m)|y1 — 42/2L7 1 -

By combining assertions (1)—(4) we find that

F(t,zo,0(z1 — 29),Y) — F(t, 21, (21 — 29), X)
S (7" + Llp(b))OéHZl — 22H2 + QéT,K,K/LT,K,K’ Llp(m)Hzl — 22H
< (r + Lip(b) + 2¢r,k kL i i Lip(m)) (al|z1 — zol* + [|21 — zal]),
and setting cr i o = 7+ Lip(b) +2¢7 i 1 L7 1t 1 Lip(m) is enough to conclude the proof. W

With Lemma E.12 and Lemma E.13 in hand we can now state and prove the comparison

result needed for the proof of Theorem E.7.

Lemma E.14. Let Assumptions (A.E.8) and (A.E.9) hold, and let u be an upper semicon-

tinuous subsolution of F, = 0, and v a lower semicontinuous supersolution of F' = 0 on
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(0,00) x E, and assume the following assertions hold true:

e (lul+|v])

< 00, where
o(y)

(i) for every compact interval I, C (0,00), it holds Supjy .o\, xr
o(y) =1+ |y|* for some k € [0,2) as in Assumption (A.E.10);

(11) for every T > 0 and every compact K C (0,00) X R there are ¢y x > 0 and Ar g >0
such that x — v(t, x,y) —cr g is non-decreasing and x — v(t, z,y)+ ATZ’K 22 is concave
on the x-sections of K, for allt € [0,T];

oy e et (u—v)t .
(111) lim, o SUD(y.) (Q(y)) = lim, 00 SUP(y )

k€ [0,2) as in (i).

Then uw < v on [0,00) X E.

et (u—v)t
o(y)

= 0, with o(y) = 1+ |y|* for some

Proof. Fix € > 0 and § > 0. By assumption (iii) there are 0 < z_ < x, < 00, such that

rt

u(t,z,y) —v(t,z,y) <ece " o(y) forallz <z_ or x > xy. (E.14)

Moreover, by letting I, == [x_, x| and

Tt t t
L sup 2yl Pty

(t,z,y)€[0,00) x I xR Q(y)

it holds that ¢ < co by assumption (i), and further
ve " o(y) = (Jult, z,y)| + (t, z,9)]) = ult, z,y) — v(t,z,y). (E.15)
Now, let us fix My > ¢ and set
X(ty) =e " (My+y?),  vs=v+x.

Since x does not depend on x, we have X, = Xzz = Xuy = 0, so C and H in (E.12) are
unchanged by the perturbation, and vs still satisfies (ii). Moreover, for every subjet of v at
the point (¢, z,y), it holds that

(Mo +y?) — 2b(t,y)y —a
ert

F (-4 + x4, DY + 6Dy, D*)p + 6D*X) = F(-, b, Dy, D*¢)) +§ ,
and by Assumption (A.E.8) it also holds that 2b(¢,y)y < ry?, so the numerator in the second
term of the right-hand side in the above equation is at least rMy—a > 0. The strict inequality
here holds by our initial assumption My > £. Hence v;s is again a supersolution, and vs > v.
Since o(y) = 1+ |y|* with x < 2, there is R = Rjs such that dy* > 210(y) for all |y| > R.
Indeed, dividing both sides by 3? yields

5> QL&Z) =2y +y|"?) =0 as y— oo,
Y
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since x < 2 by assumption (iii). By choosing R large enough, it holds that § > 2:(y 2 +y"?)
for all |y| > R. Hence, together with (E.15) it holds that

rt

u—vs <2e " oy) —se " (My+y*) <0 on [0,00) x I, x {|ly| > R}. (E.16)

We already know from (E.15) that u —v < 2ce™" p(y) on [0,00) X I, X R. Now, choose
T > 0 with 2.e7T o(R) < ¢, so that

u—vs<u—v<e on{T}xI,x[-R,R] (E.17)
Then, consider the set
Q=(0,T)X (r_,z.) X (—R, R).

Since the operator (E.12) contains no zeroth-order term, vs 4 ¢’ is again a supersolution for
every constant €. For our purpose, set ¢’ := ep(R). By combining (E.14), (E.16) and (E.17),
we thus obtain u < vs + ¢’ on the whole parabolic boundary of @ (the two lateral faces in
x, the two lateral faces in y, and the terminal face ¢ = T). On @ the functions u and vs are
bounded, vs satisfies (ii) with a single constant \ := Arg, and by the same argumentation
as in the proof of Lemma E.9 it is Lipschitz-continuous in z, uniformly in (¢,y), with a
Lipschitz-constant L. In particular, if (p,X) € J 2=vs(t, z,y), then it follows by the
same argumentation as in Lemma E.8 that X, < —/\T@. The reason is that vs satisfies
assumption (ii) which is the analogue of (A.E.11) for the limiting operator. On the other
hand, by the subjet inequality evaluated at (¢,2’,y) it holds that

(2 5) = eo(t,2,0) 2 pela’ = 2) + 5 (2" = 2V Xa + olfa’ — ),
so that letting ' = x + h yields
it @ 4 hy) — uslt, 2,5) > poh o+ ZH X + o B,
However, we may note that by assumption (ii) there is ¢y 5 > 0 so that
vs(t,x +h,y) —us(t,z,y) =v(t,x+ h,y) —v(t,z,y) < cpph Vh <0.

Consequently, we find that p,h + %hQXm + o(|h|?) < epgh for all h < 0, so that dividing by
h and letting i 7 0 yields p, > crg. As a consequence, the operator F(-) is only needed on
aset {Xge < =AM} N {pe > cr g} on which it is continuous. The assertion follows by the
same argumentation as in the proofs of Lemma E.4, Lemma E.5, and Corollary E.6. The fact

that F' is not globally continuous is therefore immaterial, and the distinction between F' and
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F, disappears at the doubled points. Together with Lemma E.12 and Lemma E.13, which
show that F'is proper and satisfies condition (3.14) in Crandall, Ishii, and Lions (1992), we
may thus adapt the proof of Theorem 8.2 in Crandall, Ishii, and Lions (1992) to conclude
that

u < wvs+eo(R) on Q.

Together with (E.14), (E.16) and the bound u—v < 207" p(y) for t > T, the same inequality
holds on all of [0,00) x E.

Letting 6 N\, 0 gives u < v + £o(R) pointwise. Here it is worth noting that R was chosen
before . Then, by letting € \, 0 we obtain u < v, and this concludes the proof. |

E.6. Convergence of the first order partial derivatives

We use the following standard definitions. A vector z* € R" is a supergradient of the function
f:CCR" = Ratax, if forall y € C it holds f(y) < f(z)+ (z*,y —x). The superdifferential
of f at x is then the set of all supergradients of f at x, and we write

O f(z) = {z" € R™: f(y) < f(z) + (a*,y —z) Vy € C}.
We have the following result.

Lemma E.15. Let Assumption (A.E.11) hold on [0,T] x K and let J, — J uniformly on
0,T] x K, with J(t,-,y) continuously differentiable on the x-sections of int(K), uniformly
in (t,y). Then for every compact K' C int(K),

sup ’@Jn(t,x, y) — 0. J(t, a:,y)’ — 0, as n — 0o.
[0,T)x K’

where 0,J, may be read as any selection of the (nonempty) x-superdifferential of the semi-
concave function x — J,(t,x,y).

Proof. Write A\ = Ar g and g,(t,-,y) = Ju(t,-,y) + %:1:2, which is concave by Assump-
tion (A.E.11). Concavity of g, implies for any a € [0, 1] and any z,2" € K that

Ju(t,az + (1 — )2’ y) + 3(az + (1 — a)z’)?
> adn(t, 2, y) + (1 — @) Ju(t, 2, y) + 3(az® + (1 — a)(2')?),

which together with convexity of z + z? implies that J,(t,-,y) is concave. Hence, by
Theorem 23.4 in Rockafellar (1970), for a point (z,y) € K’ C int(K) the x-superdifferential
of J,(t,-,y) at = is non-empty, i.e., there exists a supergradient p,, € R of J,(¢t,-,y) at x and
therefore satisfies

Jo(t,Z,y) < Jo(t,z,y) +pu(Z —2) Y(T,y) € K.
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Now, by taking £ = x £ h for some h > 0 small, we find that

Jn(tax + h>y) B Jn(taxay) < < Jn(t>x7y) — Jn(tax — hay)

i . E.18
- <pp < h (E.18)

Since J, — J locally uniformly on [0,00) x E, it follows from (E.18) that

J(t,x+hy) = J(t, 2,y) < liminfp, < limsupp, < J(t,x,y) =tz — h,y)

h n—0o n—00 h

Moreover, since J(t,-,y) is continuously differentiable by assumption, letting A ~\, 0 then
yields

tow+hyy) — J(t t —J(t,x —h
i LT+ 1Y) J(,x,y):(]z(tmy):hm St y) = Itz = h,y)
hN\O h hN\0 h

Hence, the two limits agree. Uniform convergence then follows from Theorem 25.7 in Rock-
afellar (1970). This concludes the proof. |

E.7. Convergence of the second order partial derivatives

(A.E.13) For everyT > 0 and every compact subset K C E the functions (J,)nen belong to
CH2([0,T] x K), and the families (J;p)nen, (DJy)nen, and (D?J,)nen are uniformly bounded
and equicontinuous on [0,T] x K.

Proposition E.16. Let the assumptions of Theorem E.7 hold, and assume that (A.E.4) and
(A.E.13) hold as well. Then the limit J in Theorem E.7 is in C12([0,00) x E), is a classical
solution to the limiting HJB equation, and

Int — Ji, DJ, — DJ, D%J, — D*J locally uniformly on [0,00) x E.

In particular, J,, — Jo, Jny = Sy, Jnze — Joz, Jngy — Jay, and Jyyy — Jyy locally
uniformly, and Jp, < —Arx <0 on [0,T] x K.

Proof. The idea is to apply the Arzela-Ascoli Theorem, which is possible due to Assump-
tion (A.E.13). In particular, there exists a subsequence (ng)ren such that each member of
the family of functions (J,,, J,¢, Dy, D*J,)nen converges uniformly to a continuous function
in C12([0,T] x K). Since every sequence has a further subsequence with the same limit, the
whole sequence converges. Now, uniform convergence of a sequence of functions together with
uniform convergence of their partial derivatives implies that the limit is differentiable with
the corresponding derivatives. In other words, if (J,,, Ju,.t, DJn,, D*Jpn,) — (v, v0,v1,02),
then it must hold that (v,vg,v1,v2) = (v, v, Dv, D?*v). From Theorem E.7 we know that
J, — J locally uniformly, thus uniformly on [0,7] x K, which implies that v = J and thus
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J € CY2([0,T] x K). Consequently, we have (v,v;, Dv, D*v) = (J, J;, DJ, D*J), which is
enough to prove local uniform convergence.

It remains to prove that J is a classical solution to the limiting HJB equation We obtain
this fact by using Assumption (A.E.11) which states that x — J,, (¢, z,y) + T 2K 2 is concave
for some Ay x > 0 on every z-section of K. Hence, we find that J,, ..(, z,y) —|— Arx <0, and
thus J,, ..(t, 2, y) < —Arx < 0. On the other hand, J,(¢,x,y) is a classical solution, and so
by Lemma E.5 we must have J, (¢, z,y) > 0 for the consumption Hamiltonian to be finite.
Together with the fact that (U")~! is defined on (0, 00) the case J, .(t, z,y) = 0 is excluded,
which implies J,, . (t, z,y) > 0. Taking the pointwise limit yields J,, < 0 and J, > 0, and by
Corollary E.6 the function F'(¢,z,y, J;, DJ, D*>J) is continuous on {.J,, < 0} N {J, > 0} so
that F,, — F. This concludes the proof. [ |

Corollary E.17. Let the assumptions from Proposition E.16 hold. Then the feedback maps
defined in (E.3) and (E.4) converge locally uniformly on [0,00) X E, that is
- t,y)J, +dJ, t,y)J,
¢ oot = (Uan ) @ T, b bt = W F ey mlby)Te

o I 0

and in particular

n

Jn,ac N J:Jc Jn,xy
)
Jn,xz J:m: Jn,xx

Y

—

locally uniformly on [0,00) x E.

N

€T

Proof. By Proposition E.16 all of J,, ;o — Juz, Jnoy — Jay, and Jy, 4, — Jyy, converge locally
uniformly on [0, 00) x E, and for a compact subset K C E and a finite time 7' > 0 we have
| Jnzz| > Arc > 0, which implies that J’”” — i“”z and 2 zz — j“”y locally uniformly on
[0,00) x E. On the other hand, it holds by (A.E.8) that m,, - m, d, — 0, and 0, — ¢
which imply h* — h*. For ¢} — ¢* we use (A.E.1) and (A.E.4), which imply that (U")~!

continuous on (0, 00), together with e .J,, , — e J, locally uniformly with e"*.J, > 0. [ |

E.8. The solution to the limiting HJB equation

We now derive the solution to the limiting HJB equation, if such a limit exists.

Lemma E.18. The HJB equation (E.2) in Proposition E.1 satisfies Assumptions (A.E.8)
and (A.E.9) of Theorem E.7.

Proof. Let us first prove that Assumption (A.E.8) of Theorem E.7 is satisfied. For this
purpose we prove the three sub-conditions given by equations (E.8), (E.9), and (E.10). To
prove equation (E.8), recall that b,(y) = (8"(a;) — o} )y, where

F(a) = (Ton = (17 0)) @ "b(a)
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The vector b(a;) € R**! is exogenous and comes from the measure change (see Section D.3).
From Lemma C.6 we know that lim,, . (I']"" —T'?) = 0 and lim,,_,(['5"" — T'4) = 0, which
together with Lemma C.12 yields lim, o 3"(a;) = 0. On the other hand, it holds that
lim,, o, @} = ap (see Corollary C.3) with

ady  agoi + pragy

2 252 2
oD p=og + o

QN =

Therefore, by letting b(y) = —ayy, it holds that sup,¢; |b,(y) —b(y)| — 0 for every compact
interval I, C R, and thus equation (E.8) is satisfied. Since b is linear in y it is Lipschitz
continuous in y, and we further have 2b(y)y = —2a,y? < 0 < ry? since ay > 0 by Corol-
lary C.3.
To prove equation (E.9), recall that m,(y) = p" + (s¢r + B"(ai))y, where

~n rp an n n n ai,n

pr=—- p"(a;) = sgaly + (sD + sqI't sqls 0> Q“"b(a;).
Again, the vector b(a;) € R**! comes from the measure change (see Section D.3). Hence, we
may define

Bla;) = sgaa + (SD +sqgl't sals 0) Qb(a;),
where '} = lim,, o I'}, T's = lim,, o, '}, and @ = lim,, o, Q*" (see Lemma C.12). As a

result, by letting m(y) = B(a;)y, it holds that sup, , e 7)x1, [ (t; y) —m(y)| — 0 for every

X Iy
T > 0 and every compact interval I, C R. This proves equation (E.9). Since m is linear in
y it is also Lipschitz continuous in y.

Finally, to prove equation (E.10), it suffices to note that

vy = ILm My = op(sp +s6T1)? + (10 + 0f)sg(T2)* > 0,

as well as lim, o 34" = 0, and lim,_,o 7’y = 0. All three limits follow by definition (see
(E.1)) together with Lemma C.12. Hence, equation (E.10) is satisfied with a = 0, d = 0,
and 0 = nyy.

Next, we prove that Assumption (A.E.9) of Theorem E.7 is satisfied. For this purpose,
it is enough to note that

n = ob(sp +56IT)” + (nog + 0¢,)56(1%)7,

which follows from the definition 7y;" in (E.1) together with Lemma C.12. From Lemma C.1
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we further know that

ai,n

ap7y I — (/~Ln - w(ai)vai,n)(aé - O‘G’)/ai’n)
2 ’ 2 :

52 2 ~2
) :U’ai,nO-G + O-ai,n

Iy =

Since sp =

r+1aD and sg = jﬁzg it is enough to note that v%" > 0 for all n € N, as well as

ag > 0, which implies
2

2

i, a a;,n n

ner = sho7, <1 + Py - i - )7 & ) + (uiaé + Ugyn)sé(IB)Q > 55,05 >0 Vn € N.
D G

This proves that Assumption (A.E.9) is satisfied. [
Lemma E.19. The coefficients ny/y" and nii" defined in (E.1) satisfy lim,, o % = 0.
VAN

Proof. From the definition of 73" (see (E.1)) we know that

-
n;z\,[,\n _ <I\ai,n . (Fn 0>> Qai,nQai,n (I\ai,n . (Fn 0>>
=TT T i+ oh U5 TP+ 005 (T
+2(/Lnyaz ngG +w(a1) )(Faln - Fg)rgln-

By definition we have m,,, = (Aa;)"? and 7,,,, = v(a;)Aa;. Moreover, we know from

Lemma C.6 that I'{"" — I'! and I'5"" — I'} both are of order Aa;. Hence, n}}" is of the form
alAa; + B(Aa;)? for some constants «, 3 € R with 8 > 0. On the other hand, we know that
(see again (E.1))

.
U <sD SR P 0) QU Q" (rw - (rn o))
= op(sp +scI') (DY =) + (niog + 0 ,)scl5 (T57" — %)
+ (,unyal nUG -+ w(al) )SGFnFal g

Qg ,Mn

which 1mphes that ny/y" is of the form yAa; for a constant v € R. This implies that

lim,,_, o — W = 0. [ |
Proposition E.20. Assume that Assumptions (A.E.1)-(A.E.4) hold true, and that Assump-
tions (A.E.10)—(A.E.12) of Theorem E.7 are satisfied as well. Consider the rescaled problem
where the variable y is replaced by z(ni")Y2, and let J,(t,z, 2) = J,(t, z, 2(n¥)?). Then
a limiting solution J in the sense of Theorem E.7 exists, and satisfies

~ 1
J(t, 2, 2) =e " =U(a;, rx).
r
The feedback control of the limiting problem are &(t,x,z) = rx and h*(t,z,z) = 0.
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Proof. Instead of solving the HJB equation (E.2) directly in (¢, z,y), let us do a change of
variables. In particular, we set z = %"y with §%" = (n3{")~/2, so that (E.2) becomes

0= —dus(t, 2, 2) — 12 Jou(t, 2, 2) = by (555 ) 0" Jns(t, @, 2) — n%(ﬁ“"fjn,zz(t,x? z)

— sup (e‘”U(ai, ¢) — ¢ Jnal(t,z, z))

ceR
~ . ~ 1 .
— sup (h my, (t, —(an) Jno(t,x, 2) + hny 04" I 2. (t, @, 2) + §h277?;{}1 oz (ts T, z)),
heR

where J,(t, 2, 2) = Ju(t,z,2/6%™). Since by definition b,(y) = (6"(a;) — a})y we find that
bn (55w )0%" = bp(2z). However, in contrast to the proof of Lemma E.18, it now holds that
(see Lemma E.19)

: @i ca;,m\2 : _z ) — : @iy $aq,M
Tim " (6"")* =1, lm omp(t 55) =0, lim o = 0.

n—o0 n—oo

Hence, if the Assumptions (A.E.10)—(A.E.12) of Theorem E.7 are satisfied there exists a
unique continuous viscosity solution J satisfying the limiting HJB equation

F(t,x, 2z, J;, DJ,D*J) =0,

with the Bellman operator F' satisfying

F(ta T, 2,4, X) = —q =TT Pyt OAZD; — %Xzz — Sup (U(;};s’C) - Cpa:) — Sup %277VV X.Z’Z‘
ceR heR
More explicitly, we have
7 7 7 1= —rt 7 h? 7
Jy=—roeJ,+apzJ, — =J,, —sup <e Ul(a;, c) — ch> —sup —nvy Jex,
2 c€R heR 2

and J, — J locally uniformly on [0, 00) x E.
It therefore suffices to exhibit one solution of F'(t, z, z, J,,DJ, D2 J ) = 0 inside the unique-
ness class of Theorem E.7. For this purpose, let

~ 1
J(t,z,2) =e"" ~U(a;,rz),
r

which is of class C'2 with .J, = J., = J,. = 0, and

~

j; = — eirt U(ai, 7“%), :];: = eirt U/(ai> 7’1’), sz = reirt U”(aia 7“33) < 0.

By strict concavity of U(as, -) and (A.E.4), the supremum over ¢ in F(t,z, z, J;, DJ, D*J) = 0
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is attained at the unique ¢ with e ™™ U’(a;,¢) = JAx, i.e. at ¢ = rx, with value
e " Ulas,rz) —roe " U'(a;, rx).

Moreover, since jm < 0, the supremum over h is attained at h = 0 with value 0. Substituting,
these expressions back into F(t,x, z, J;, DJ, D®J) = 0 finally yields

F(t,x,2,J;, DJ, D*]J)
— e Uag, rw) — rx e U (i, ) — (e_” Ula;,rx) —rx e " U’ (a4, T$)> = 0.

Hence J is a classical, and thus a viscosity solution of F(t,z,z,.J,, D.J,D%J) = 0, with
maximizers ¢*(t,z, z) = rx and h*(t,z, z) = 0.

It remains to check that J lies in the class in which Theorem E.7 asserts uniqueness,
i.e., that it satisfies conditions (i)—(iii) of Lemma E.14. Since €™ |J(t,z, z)| = LU (a, rz)]
does not depend on z, it is bounded on [0,00) X I, x R for every compact I, C (0,00)

and o > 1, which gives (i) and (iii). For (ii), fix 7" > 0 and a compact K C (0,00) x R

and let I, be its projection onto the z-axis. Then ¢z = minges, e U'(a;,rz) > 0
and Apx = mingey, ( —re T U”(ai,rx)) > 0, so x — J - crx is non-decreasing and
T J+ >‘TT’K3;'2 is concave on the z-sections of K, for every ¢ € [0,7]. Hence Lemma E.14
applies to the pair (J, J ) in both orders and yields .J = J. [ |

In order to connect the limiting solution .J (t,z,z) from Proposition E.20 to the value
function J(t,z,y) of the limiting HJB equation of Theorem E.7, we need the following
result.

Lemma E.21. Let Assumptions (A.E.1)-(A.E.4}) and (A.E.10)-(A.E.12) of Theorem E.7
hold. Then a limiting solution J(t,x,y) to the original HIB equation (E.2) in the sense of
Theorem E.7 exists and satisfies the following assertions:

(1) J(t,z,y) = J(t,z,—y) for all (t,x) € [0,00) X (0,00);
(2) J(t,x,0) =e " LU (a;,rx) for all (t,z) € [0,00) x (0,00).

Moreover, if in addition Assumption (A.E.13) holds, so that J € C12([0,00) x E) by Propo-
sition E.16, then

(3) for all (t,z) € [0,00) x (0,00), it holds that

U/ 3 U” i3
Jo(t,2,0) = % Joa(t,2,0) = # <0, Jy(t,2,0) = Jo(t,z,0) =0,
and consequently
Jo(t, z,0) 1 Juy(t, 2, 0)

= — — = = (.
Joa(t, 2, 0) rip(a;, rx)’ Jez(t, 2, 0)
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Proof. Together with Lemma E.18 we may apply Theorem E.7, so that the limiting HJB
equation reads as

0=—Ji(t,z,y) —rax J,(t,2,y) — ary J,(t, z,y)
— sup (e‘”U(ai, c) —cJy(t, z, y))

ceR

1
— sup (h Blai)y Jo(t, z,y) + §h2nvva(t, z, y)>.
heR

Now, the substitution 3’ = —y yields a% = —8%,, and therefore

, 0 N0 N,
_ya—y,J(:v,y)—yay,J(x,y)— yayj(x, y),

which together with

1
sup (h sary ot x, ) + =h*nvyJe(t, T, y'))
heR 2

= sup ((—h) sqry J.(t,z, —y) + %(—h)2nvvjm(t, T, —y)),
heR
implies that the HJB equation is invariant under the substitution ¢y’ = —y, and thus we have
J(t,x,y) = J(t,x,—y). Since the conditions (i)—(iii) of Lemma E.14 are conditions on the
x-sections, uniform over compacts in y, the function J—, defined via J~ (¢, z,y) = J(t, x, —y),
lies in the same uniqueness class as J. Uniqueness in Theorem E.7 therefore gives J= = J,
which is assertion (1).
By construction J,(t, z, z) = J,(t, z, 2(n%")"/?), and in particular

Jn(t,z,0) = Ju(t, z,0) for every n € N.

Theorem E.7 gives J,, — J locally uniformly, so J,(t,z,0) — J(t,x,0). Proposition E.20
gives J, — J locally uniformly, so J,(t,z,0) — J(t,z,0) = " 1U(a;, rz). The two limits
of one and the same sequence coincide, which is assertion (2).

Under Assumption (A.E.13), Proposition E.16 gives J € C12([0,00) x E). Assertion (2)
is an identity between two functions of = on the open set (0, 00), so it may be differentiated
in x, which yields J,(¢,z,0) = e " U'(a;, rz) and J.(t,x,0) = re " U"(a;, rx); the latter is
strictly negative by strict concavity of U(a;,-). By assertion (1) the map y — J(t,x,y) is
even and differentiable, hence .J, (¢, z,0) = 0 for every z € (0, 00); differentiating this identity
in x gives J,,(t,2,0) = 0. Finally, we obtain

Jo(t,2,0) e U (az,rx)  Ullag,rz) 1

Jor(t, x,0) et U"(a;,rx) N rU" (a;,rx) - rip(a;,rz)’
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which concludes the proof. [ |

Corollary E.22. Let the assumptions from Proposition E.16 hold, and let J be as in
Lemma E.21. In addition, assume that for each fizred t > 0 it holds (V" Af"™) — (vo(ai), 0)
in probability as n — co. Then, it holds that

S (@, Vit ) Ja(tvo(@i),0)  U'lasroo(as) 1
w6V ART) T Ja(tvo(a:),0) rU”(ai,rvolas))  r(ai ruo(as))”

as well as _ e
‘]:?;/’n(t? V;f v 7At“ ) ny<t7 U()(CLZ'), O)

Je (F, VT Ae ) T vo(as), 0)

both in probability as n — oo. If in addition each of the two sequences of ratios

(J;;iv"(t, Vo AP ) o ( Ty (6 VT A )
neN neN

=0,

g}’n(t, V;ai,n, A?i,n) :?:lﬂ’n(ty V;ahn’ A?i,n)
is uniformly integrable, then the convergence holds true in L'(P).

Proof. For each M > 0, we define the compact subset K C F = (0,00) x R via
Ky ={(z,y) € E: & <a <M, |y| < M}.

For simplicity we further denote

. a;,n a;,n a;,m a;,n
Xlli,n . Jg“n<t7 ‘/;f ' 7At1 ) Xai . Jx(t7 ‘/; ' 71\15Z ) xai —
t T yaq,n ai,n ai,mny\ "’ t a;,m ai,my\ "’ t
zz <t7‘/;z 7AtZ ) Jw:v(t7‘/;l 7AtZ )

Jx(t, Uo(ai), 0)
J:cz (t, UO(ai)7 0) '

For a fixed n > 0 and M, > 0 with (vg(a;),0) € int(Kyy, ), there exists N € N such that
for all n > N it holds P[(V™" A{"") ¢ Kp,] < n. This fact is a direct consequence of
(V" AY™) — (vo(ay), 0) in probability as n — oo for each fixed ¢ > 0. On the other hand,
for each of the finitely many n < N the random variable (V""" Aj"") takes values in E almost
surely, and we have K,; / E. Hence there is M > M, with P[(Vta"’n,A?"’n) ¢ KM} < for
all n < N, and because Ky, € Ky it holds sup,cy P[(V"™", A"") & Ku| <.

Now, on the event {(V;""", A{"") € Ky} we have

a;,n a; Jg(clhn t,[L’, JI t,l’,
| X" — X < sup (tzy)  Ltzy) = 0r,M,

(t,z,y)€[0,T)x Ky gﬂiﬁm (t7 T, y) Sz (tv T, y)

and therefore, for an arbitrary ¢ > 0, it holds that

PIXp" - X

> 5} < P[5T’M > 5] + P[(‘/tai’n,A?i’n) ¢ KM] .
Since K is a compact subset of £, it follows from Corollary E.17 that 67 — 0 as n — oo
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for each fixed M. Hence, given n > 0, choose M > 0 such that P[(V;"" A{™") ¢ Ky] <,
so that limsup,_,., P[|X{"" — X;"| > €] < n. Since n > 0 is arbitrary let  \, 0, which
eventually yields lim,, P[\Xf" - X/ > 5} =0.

On the other hand, we have by Proposition E.16 that J € C'? with J,, < —Apx < 0

on compact subsets [0,7] x K, which implies that f—* is continuous on [0,00) X E. Since

(V" AP™) — (vo(a;),0) in probability as n — oo for each fixed ¢ > 0 by assumption, it

therefore follows by continuity % that

lim P[|X{ — 2

n—o0

>e] = limP[

n—oo

Jo6 VI AP L(t(a,0) | ]
Jxr(ta ‘/tai’naA?i’n) sz(t7U0(ai)7O) -

Since | X" — x}’

S

+IXp -

this is enough to prove that
Jgi,n(t’ Wai,n7A?i7n) Jx(t>vo<ai>70) =0
Jaz" (& VI AST) Jaw(t,v0(ai), 0)

Jay
JfL‘I
To conclude the proof, let us first recall from Lemma E.21 that

in probability as n — oo. The argument for is analogue.

Jo(t,2,0) = e " U'(a;, rz), Joo(t,2,0) =1 " U" (0, r7), Joy(t,2,0) =0

for every x € (0,00). Evaluating at vo(a;) yields

J(t,v0(a;),0) _ U'(a;, rvo(ay)) _ 1 Jay(t,v0(a;),0) _0
Jez(t,00(a;),0)  rU"(ai, rvo(a;)) rip(ag, rvg(a;))’ Jez(t,v0(a;), 0) '

To conclude the proof, note that convergence in probability together with uniform inte-
grability of the family of ratios gives convergence in L'(P). [
E.9. Summary

To conclude this section, let us give a brief overview of the assumptions we have used
throughout Appendix E. The table below summarizes the assumption numbers and shows
their main purpose including the first result they are used.

104



Assumption Main purpose First occurrence Dependency
(A.E.1) Existence of viscosity Utility function
(AE.2) , Proposition E.1 Model
(A.E.3) solutions Value function
(AEA4) Feedback formulas Proposition E.1 | Utility function
(AE.5) , , Model & U(ay, )
(A.E.6) Ver1ﬁcat19n of Proposition E.3 | Model & Ul(a;, -)
(AE7) optimality Model & U(as, ")
(A.E.8) Model
(A.E.9) Convergence of Model
(A.E.10) . ) . Theorem E.7 Value function
(AE.11) viscosity solutions Value function
(AE.12) Value function
(A.E.13) | Convergence of partials | Proposition E.16 | Value function

As can be seen from the above table, there are essentially four groups of assumptions.
The first group is (A.E.1)-(A.E.3) which is used to derive the existence of a viscosity solution
to the HJB equation in the discrete case. Assumption (A.E.4) is used to invoke the feedback
formulas. The second group (A.E.5)-(A.E.7) is used to verify that the existing candidate is
indeed optimal. The third group is (A.E.8)—(A.E.12), which ensures that the limiting HJB
equation has a solution and that the discrete solutions converge to it. Finally, (A.E.13) is
used for classical solutions and ensures that the solution as well as its derivatives converge
to a classical solution in the limit.

We prove in Lemma E.18 that (A.E.8) and (A.E.9) are satisfied in our setup. Moreover,
(A.E.2) is also satisfied in our setup. The remaining assumptions, namely (A.E.1), (A.E.3)-
(A.E.7), and (A.E.10)—(A.E.13) depend either explicitly or implicitly on the choice of the
utility function U, and can thus only be checked on a case by case basis. In fact, (A.E.1)
and (A.E.4) explicitly depend on U, and can thus be checked easily. However, all of the
remaining assumptions depend on the solution to the HJB equation (E.2) in one way or the
other and can therefore not be checked directly.

F. Market clearing

In this section we give the proofs of all the results in Section 3. Section F.1 covers the proof
about the aggregate demand function (3.3), and we give the proof of the convergence of
nE[(H/"")*] and n Var[(H;"")*] under an additional assumption. In Section F.2 we discuss
the risk premium. In Section F.3 we give the proofs of Proposition 3.1 and Proposition 3.2

which characterize the weight functions in a trivial and non-trivial equilibrium, respectively.
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Finally, in Section F.4 we give the existence proof that a non-trivial equilibrium exists.

F.1. Demand function

The following result is used in the main text to provide some interpretation about the optimal
trading strategy in the continuous economy.

Proposition F.1. Assume that J%" is a classical solution to the HJB equation (E.2). Fur-
ther, assume that Assumptions (A.E.1)-(A.E.4) hold true, and that Assumptions (A.E.10)-
(A.E.12) of Theorem E.7 are satisfied as well. Then, the optimal trading strategy of investor
a; in the n-th discrete economy is of the form

(=22 4 B (a)AF") T8 (0, Vi AT + i T, Ve, Age)

Hai,n * — i i i
( t ) 7’]‘(1/1{;11]?537”({;, ‘/taz,n’A?“n)

Under the additional Assumption (A.E.13), and if the following three conditions hold true
for each t > 0:

(1) (V" AP = (vo(a;),0) in probability as n — oo;

(1) sup,,cy (

a

a;,n a;,n )
LU/
TET VAT

Jub (tv"z AP
T " @,V "Afl )

| ) < o0
LA(P) LA(P)

CVETTATTY) Ja(to(ad),0)
tVaZ al )  Jaa(tvo(as),0)

L2(P)

)

the optimal trading strategy (H{"")* has the following limiting properties:

. . W . is - i 2 _a—2apt
(1) lim,, oo n B[(H{*")7) = ﬁ and limny, oo n Var[(H}*")] = 25EV7 ) Ieges,

g— 1
(2) The random variable \/%;(n(Hf")* — f1¢<“+0(“>ii) converges in distribution to a nor-
0 Pla,rvg(a)) ¢

. . . . . . _e—2apt
mal distribution with mean zero and variance “’(jg) V(21 " ! ;a/\
E b

(8) In steady state,

L G En I WY 2(a,) Vi
— | n(H™)" — SR : 0, w”(a; ’ :
\/ﬁ t fol mdu n— o0 205/\0'52

Proof. As in the proof of Corollary E.22 we denote

a;.n a;,n a;,n
Xai,n o Jx“ <t7 V;f " 7At“ )
t T yai,n a;,m a;,my\ "’
oz (t7 V;t ' 7At“ )

LGV AP el vo(a), 0)
sz(t> %ai’nvA?i7n)7 b Ja}:r:(taUO(a'i):0)7

a; .__
Xf =
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and here additionally

LV AT ai _ oy VT AT

Yai,n R —
t : aq,n a;,m a;,my\ "’ t a;,m ai,my *
Jx}v (t>Vt ' 7Atl ) wa(t‘/;f ' >Atl )

By assumption (i) it follows from Corollary E.22 that X;"" — 2" and Y,*"" — 0 in prob-

ability as n — oo for each fixed ¢ > 0. Together with assumption (ii) the families of ratios

(X" nen and (Y"")nen are uniformly integrable (see Theorem 13.3 in Williams (1991)).
4

Moreover, Holder’s inequality with exponents % and 1/(1-1%) = 1, implies

B[l — af

Pl<eP 4+ E []Xta” —

p X .
Lxoim _gfijsey)

<& +EB[|IXP" - ap ' P[IXE" - ap] > e] T
< X = gy PG = o > 2]

so that assumptions (i) and (ii) further imply that X;"" — x}" in LP(P) for every p < 4.
The same holds true for Y, — 0 by the exact same argumentation.

Proof of property (1): We first note that

a;,m\ * r a;,n " Q; a;,n v a;,n Y a;,n
WE[(HE")] = 2 B{xe] 4 D) pagen xon) 4 WA ppyeon)
vy 17a% vy

By the argumentation above we know that E[X;*"] — x}?, so that

| Jo(t,vo(a;), 0
D gy 7 Ml p
vy v Jea(t,vo(ai), 0)  pyvv(ai, rvo(as))
since i“”;&?ﬁ(ﬁj;% = — ¢(a¢,7"1v0 @y by Corollary E.22, and where we denote vy = limy o0 i

For the second term, we use that E[A;""] = 0, so that
BIARX07] = BAP (X" — a2)] + EIA s — BIAP" (X" — o)
and therefore
[mEIAP X < (VA BAR ) (VA B — o f2) - 0

by assumption (iii) and the fact that E[(A{"")?] = 7721‘7@1\(1 — e~ 24 with nn}" converging
to a constant as n — oo (see below). Finally, the fact that nn{/}" converges to a constant as
n — oo (see the proof of Lemma E.19 together with Lemma C.6 and the definitions of my, ,,

and 7, ,, in Appendix B), together with E[Y;*"] — 0 implies nn{/" E[Y;*"] — 0 as n — oc.
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As we show in Proposition F.4, the risk premium p satisfies

nvvo

pP=-

Y

1 1
fO Y(a,rvo(a)) da

and therefore )

g—
. a;,n\* Y(ai,rvo(aq
lim n B[(Hy")7] = e ))d-
Jo et da

This proves the first part of property (1).

To analyze the second limit lim,,_, o, n Var[(H;*")*], we observe from previous calculations
that lim,, ., n E[(H;"")*]* = 0, and therefore lim,, o, n Var[(H;"")*] = lim,, . n E[((H}"")*)?].
Consequently, it holds that

1 a;,n a;,mn g1
—)QE [((—rp+ﬁ”(ai)n/\t“ )X+ Y ) }

nVarl(H{")') =
Vv

In fact, by expanding the square only one of the six different terms remains. Indeed,
Minkowski’s inequality yields

E[(Xta“")Q] = E[(X:zn . :17?1 + $§zz)2] < (E[(Xta“n . x?i)Q]l/? + E[(:U?i)Q]l/z)z’

so that lim,, % E[(X["™)?] = 0. Then, by the same argumentation as above we have

n(yR)? B[] = V(') Ve E[(YV"")*] = 0,

which implies lim,,_, oo — (s ()772 EL(; 2 = 0. Next, it holds
Vv

BV < | B RBIG P 50 as s oo,

so that lim,,_ ﬁ E[X["Y*"] = 0. Similarly, we have

[y BN XY )| <l TBI(AT)?]2 BICXG) A BL ),

which together with assumption (ii) and the fact that nnV'A" converges to a constant and

E[(A?i’n)2]1/2 —0 1mphes hmnﬁoo 27125”(111)77\//\ (f[Aa; a i Y . ]
Vv

(ii), the fact that E[(A{"")%]'/2 — 0, and because

= 0. Finally, from assumption

| B[AT (X2 < BIAF)? 2 B2,
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—2rpnf" (a;) E[A;" (X, )2
D)
n(nvv )

it follows that lim,,_ = 0. Consequently, it holds that

lim n Var[(HE")] = i Do) g (a2 (xeemy2).
n—00 n—oo (N157)

] a;,n
Since /nA;"" ~ N (0, n2as;
A

WA (1 — e k")), it holds that

a;,n 3
E[(vrA{*")] = 15 B[(vrAf ") = 15(”?—% - >) ,
Qp
and therefore

[n B [(AF")? (X2 = (2§))]| < nBIAT"))P BILX" — o

3]1/3 EHXtai,n + x;zi 3]1/3

implies together with the discussion at the beginning of the proof that

lim n B [(AF™)?((X7) — (254)2)] = 0.

n—oo

and thus
lim nE [(A?")2(Xta’")2] = lim nE [(Afl")Q] (z8)2.

n—o0 n—oo

By the definition of n}}" given in (E.1), it follows from Lemma C.6 and Lemma C.12 that

(v(ai)og — wlai)n)* (08 — agy)’

: aq,n
lim nn\}" =

ki (0% + o2 ’
and therefore together with i‘”;(f;?o({‘;.))’og) = — e Tlvo o) by Corollary E.22 we find
: as iy Bla;)? (v(ai)o? — w(a;)p)*(0f — agy)? 2ot
11_>m nVar[(H;"")"| = 5 5 5o 55 (I1—e ).
n—00 My r?y(a;, roo(a;i)) 2ap(p?0g; + o)

We thus observe that in a trivial equilibrium it holds that lim,, ., n Var[(H;"")*] = 0 (see
Proposition 3.1). In a non-trivial equilibrium, however, we know that (see Proposition 3.2)

No? —wla)p) = kw(a; i reo(ai)) K
(v(as) ¢ (ai)p) (ai) 3(ay) ) #0,

and therefore

\2 2/ 2 2
lim nvarKHtai,n)*] _ w(al) K (0G O'/G’Y)

. 1 — —2apt )
n—yo0 2000 nEyr(plol + 0?)2( ¢ )

By using (4.1), we may conclude the proof of property (1).
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Proof of property (2): Let us first note that

Q;, M\ * 1 rp n a;,m a;,n a;,ny a;,n

Vin(H" ) = _(nai7n)2((_ \/—_+5 (ai)v/nAL” )Xt SR RVATINS P )
4%

Together with Corollary E.22 it holds

]_ Tp a;i,n A,y Aq,1
T (V)

in probability as n — oo. Moreover, again by Corollary E.22, we have

5n(az)Xal W Bla) 1

77VV nvv T@D(ai, rvo(%))

in probability as n — oo. On the other hand, note that

1
o T _ _

nee \/_ f(] w(arvo a)) da

; a/L’n . . . . .
Since /nA{"" ~ N(0,n24-(1 — e 2%4)) converges in distribution to a centered Gaussian
A

random variable with variance

(V(az)o'g - w(ai>p“)2(o-?} - a07)2 . e—QaAt)

1
donRE TR

Y

it follows by Slutsky’s theorem that

1
1 ( & T )
_ n(th, )* . - 171 i
\/ﬁ fO Y(a,rvo(a)) da

converges in distribution to a centered Gaussian random variable with variance

(la)o? = wla)w?* (08 = 060 | ey Bla)?
20n (1202 + 02)? (s, roo(as))2

Again, the conclusion follows together with (4.1).
Proof of property (3): The result follows from (1) and (2) as t — oo. [ |
Next we prove the market clearing equation (3.3).

Proposition F.2. Let the assumptions of Proposition E.16 hold, and assume additionally
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that

Zl T VIS Tu(wle),0) |
|| Jox" (@ VI AT ae(tv00(@i), 0) (| oy
and ' '
qp |V AT
oin—1 | Joz" (6, VI, AT)

i probability as n — oo. Then the sum

Xby= > (H™), (a1 €0,1) xRy

0<i<n—1,
a;<a

converges to X () uniformly on compacts in probability as n — oo, where X(q4) satisfies

X :_/a 'O(H‘W aA/X ds
(@) 0 77vv¢(u rvo(u) (@:2)

Blu)(w(u)p — y(u)ag)
/ T]vv?”w(u rvo(u)) /0 dfi(Ds, GS, =)
8 (v (u)o? — w(u)ye)
’ /[(0 Oat)  Mvr(u,rvg(u))

Afa(Equs), Gy Es).-

The functions f1 and fs are defined as in Theorem C.9.

Proof. For simplicity, let us denote

Jor VAT et volad), 0)

_ Jgé’n(ty ‘/taim7 A?iﬁl) Za,-,n _— 2
Jgé7n<tv‘/;ai7n7A?i’n), ! . Jﬁg”(t, V;fai’n>A?i’n>, b wa(tﬁvo(ai)70).

ai,mn
Y

Since the optimal trading strategy in the n-th discrete economy is given by

(=52 + B (@) A" Jgom (8, VI N") + i T (8, VT AT

Hal,n * : 7
( t ) n{a;‘,?] (t, ‘/;a“n,A?“ )

the reduced notational form reads as

. 1 ; Aai,n a;,n
(e =z e g LTy
Nyy N Nyy Ny

Since 0y does not depend on a; (see the proof of Lemma E.18), and by applying Holder’s
inequality, we find that

) rp 1 rip| 1 ) .
2| 3 -l < T A e
0<i<n—1, Myy N v M ocich,
a;<a a;<a
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By assumption we thus obtain for each fixed ¢ > 0 that

. ) 1
V) I
77 i n

0<i<n—1, 4%
a;<a
converges in L'(P) and thus in probability as n — co. On the other hand, by continuity of
a — 22bw@0) ol 6ws for each fixed ¢ > 0 that

Tow(t:00(a),0)

) 1 “ JI t7 70

> gl [,
0<i<n—1, nVV n v Jo wa(tﬂJO(a)?O)
a;<a

in probability as n — oo, and thus by Corollary E.22 we eventually find that

J(ll’,’n, t Vai7n Aaizn
s BT .
0<i<n—1 @& VI ATy n nvkurvo( )
Tai<a '

in probability as n — oo, for each fixed ¢ > 0.
Similarly, we know from Corollary E.22 that Y;*"" — 0 in probability, and by assumption
now also supy<;<,_; |Y;""| = 0 in probability as n — oo for each fixed ¢ > 0. Since

nal,n |nal,n
ai,n VA ai,n
> Y sup [V D
0<i<n—1, 0<;_§<";17 0<i<n—1, Y
a;<a v a;<a
and because = 7" Aa; for some constant 77" — see Lemma E.19) with 7%
VA VA VA A VA

being the evaluation of some continuous function 75 : [0,1) — R at a; € [0,1), it holds that

LA /7S " fiva(u)
anm a;,n Aa’i — —du < 0
) T
0<i<n—1, vy 0<i<n—1, ''VV 0 nvv
a;<a a;<a

in probability. Therefore, we find that

D

0<i<n—1,
a;<a

T VAR

= 0
VI AR

in probability as n — oo, for each fixed ¢ > 0.
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Finally, for the term including the inference wedge, let us first note that

dl

a;,m a; ﬁn Q; Aai,n
Z (Zy _Ztl)—< A,

|< 5 i@ - Bl ey

a;,n a;,n
0<i<n—1, n 0<izn1, v
a;<a a;<a
< Z HZaim _ Zai |ﬁn<al>’ . (nXRn)I/Q
= t t 2 iy
) R
a;<a
where we use that wn o
E[(A%m2] — TAA (1 _ =208ty « TaA
(A7) = G — e < T

Since 73" is of order Aa; with Aa; = % and because

L2(P)_>0 n — 00

1 : _
DR Cit
n

0<i<n—1,
a;<a

by assumption, it follows that

> (g Oy
0<i<n—1, v

a;<a

in L'(P), and thus in probability as n — oo, for each fixed ¢ > 0. On the other hand,
Theorem C.9 implies

DB @A (B0 | Tulm(),0
3 ST (30 Sl )
(art)

0<i<n—1, g;‘,/n nvv sz(a UO('), O)

a;<a

uniformly on compacts in probability, and so by Corollary E.22

VA PN (B0 )
VATl et T

uniformly on compacts in probability, where

(@ * AN)ap + ozA/O (% A)(a,sds = /0 o(u)(w(u)p — V(u)0§)2 du/o dfi(Ds, @S, =s)

T / () ()0 — w(w)pe) dfo(Euys o Zo)
[(0,0),(a,t))
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as in Theorem C.9. By defining

B CIO N ) [ P
Kan) = (varlﬂ(ﬁvo(')) A (@) /o v (u, rvo(u)) e

it holds that

a t
P B()
— du — « / — 2 % A ds
/o vy (u, mvg(u)) * o (nvvrw("%(')) )(a’s)

a t t a
P P
= — du—a/Xasds—a// duds
/0 vt (u, oo (u)) My T Yo Jo mevi(usro(u))

a 1 t
= —/ ( + aAt)p du — OéA/ X(a”g) dS,
o mv(u, rvg(u)) 0

and this concludes the proof. |

Lemma F.3. Let A{"" and AP be defined as in Corollary C.3. Then E[Af""AY™] is of
order max{(Aa;)?, (Aa;)*}.

Proof. By using Corollary C.3, applying [t6’s formula, and by noting that the private signal
at t = 0 is equal to zero because (5" = A W(gai o) and the fact that a Brownian sheet is zero
whenever one of its coordinate is zero, we find that the inference wedge A*™ satisfies

a;,n T Aa;
. t L™ (s) = T'e(s) dDs + ap(Ds — (i‘s“’") ds
APt = / e~ Js ok () du 57" (s) — 5 (s) d=" — ppag(g — Ggi") ds ) (F.1)
" T5"(s) ¢ — Ty, nac(g — Gm) ds

For our purpose, it is enough to look at the steady state Riccati solution, which essentially
means we can work with the constants o}, T'7"", T'5"", and I'3"". From Lemma C.6 we know
that both differences I'7"" — I'! and T'5"" — 'y are of order Aa;. Moreover, we know from
Lemma C.1 that I's"" is of order 1, and by definition 7,, ,, = v(a;)Aa; (see Appendix B). We
already know that
ai,n ai,n
Bl = G (1 — e 2R < S8

which together with Hélder’s inequality implies

a;,n\ 1/2 aj,ny\ 1/2 a;,n\1/2(, 457\1/2
EHA;%’VIA?JHH < E[|A?i’"|2]1/2 E[|A?j,n|2]1/2 < (ZA/}l) (ZAAH) _ (7A4 ) 5 (:ZAA ) ‘
Qp Qp Q)

So E[A{""A{7"] is bounded above by a term that is at least of order (Aa;)/2(Aa;)Y/2. To
prove the statement we shall show that the mixed terms of order less than Aa;Aa; vanish.
It is clear from the representation of A{"" above, that all the terms appearing from the
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expected value E[A{""A;7"] that include a product of the form
Oy =TH@™" =17)  kle{L2}

are of order Aa;Aa;, by the argumentation above. For the remaining terms, let us first note
that (*™ is of the form

AG™ = Ty AGy + My AW = v(a;) Aa; dGy 4 (Aa)2 AW,

a;,n

where (I/VtC " o<i<n—1 is a collection of independent Brownian motions that is also inde-
pendent of WP and W¢. Here, we use that by definition m,, , = (Aa;)'/? (see again
Appendix B). So the only term in Ay*" that is not of order Aq; is the term including W™,
that is

¢
/ e~ @A (t=5) 3" (Ag; )1/2 dWCa .
0

Since WP and W& are independent of W¢*" so are D and G, which immediately implies

t t
E K/ e A=) (dD, + apD, ds)) (/ e A=) dwg‘”’")] = 0.
0 0

a;,n

Likewise, since (Wf " No<i<n_1 s a collection of independent Brownian motions it holds that

t t
E K/ e RU=s) (qgam — vaj,naggds)> (/ e k(=) dwg“i’”)] =0 Vi#j
0 0

Moreover, because the public signal satisfies

n—1

= = Gt S (e

1=0

we find that

t
E [ / e~ AR (t=s) (dEZ — Gy ds ) ( e~k (t=s) M n dWﬁai’n)]
0

0
t 2
B[ e wtam?, s |
0
t 2 A
= w(az’)zACLi/ e 20R(t5) 4 — M(l _ e—aXt)‘
0

n
20

n

Since E" is multiplied by I'5"" — I'y which is of order Aa; by Lemma C.6 we still obtain
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Aa;Aa; here. It thus remains to consider the terms
t ~
/ efaﬁ(tfs) G dg
S
0
in A{"". For this purpose, let us first note that Lemma C.1 implies

) T
Fcll“n th -+ OéDDt dt
dGi" = (agg — (@)™ = Va,nacls™)G") dt + | T3 A=) = pmaggdt ),
I3 ) \dG™" = Vo, magg dt

Qs s

where we denote ay"" = apl'{"" + ag(l — u,I's""). By It6’s formula we then have

t
~ ~ a;n  _ a;,n a;,m  _— a;,mn
Gaim = Gaim o=(03" TaymacT5™)t 4 g / e~ (O8" Fanacls ) =s) 4 g
0

ren\ '/ dp D, d
t 1 s T aplsds
7(O‘ai’n*§a' naGFai’n)(tfs) g1 —n
+ [ e " i 3 I d=" — ppaggds
0 ai,n ; —
ry d¢d" — Uy, nagg ds

Hence, by the exact same argumentation as above, we find that the only term contributing
anything here is =", so that

t t
E {(/ e @A (t—s) (/J\‘;J'v” ds) (/ e ORE=S) deai’n>]
0 0
ai,n ) ) t s wn wn t
_ I woggtt)Aal E |:/ N (/ e~ ()" —Ta;nacls" ) (s—u) de‘”“) ds(/ eORs dWSCGz”)]
€A 0 0 0

Note that here =" does not enter with an additional factor I'y" — I'} as above. However,
it can be seen from (F.1) that each term G%"™dt¢ is multiplied by a factor Aa;, either via
Iy =17, Iy =Ty, or Uy, ,. This is enough to conclude the proof. |

F.2. Risk Premium

Proposition F.4. The risk premium p satisfies

Ny o

P=—"7 1 .
fO Y(a,rvo(a)) da

Proof. Let us assume that we have found a weight function w which reduces the cumulative
demand function X 4 to (MC'). Our goal is to derive the risk premium p. For this purpose,
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we substitute (MC) into (MC'), which yields

Tﬁvve(l + OéAt)

—rp(l + apt) = . F.2
p(1+ axt) [—— (F.2)
Solving equation (F.2) for p yields
pm g
Jo Famvoray do
and this concludes the proof. [

F.3. Equilibrium conditions

We first give the proof of Proposition 3.1 which gives a necessary and sufficient condition for
a trivial equilibrium to exist.

Proof of Proposition 3.1. Let us assume that w: [0,1) — R is a weight function that yields
a trivial equilibrium. By definition and from the cumulative demand function (3.3) it must
at least hold true that

@ Bu)(w(u)p — v(u)of)?
/O " du=0 Vac[0,1).

(u, rvo(u))
a)(w(a)u—v(a)o?)?

rny v (a,rvo(a)) = 0 for any
a € {f # 0} , and therefore w(a)u = V<a)‘7§- This implies w(a) = V(a)Ug/M for all

a € {f # 0}. To prove the reverse implication, let us assume that w(a) = v(a)og/p for all
a € {8 # 0}. Hence, equation (3.3) reduces to

X, t):_P(l—{—OzAt) / 1 du_aA/tX( ds
“ nvv o Y(u,rvo(u)) o

for almost every a € [0,1), which by definition guarantees the existence of a trivial equilib-

Hence, by the Lebesgue differentiation theorem, it must hold il

rium. [ |

Next, we give the proof of Proposition 3.2 which provides a characterization of the weight

function in a non-trivial equilibrium when it exists.

Proof of Proposition 3.2. In order to prove the statement, we prove the two implications
(1) = (2) and (2) = (1).

(1) = (2): Let us assume that there exists a non-trivial equilibrium, which means that there
exists a well-defined weight function w that clears the market, which is not proportional to v

117



on {f # 0}. Furthermore, it means that {5 # 0} has positive Lebesgue measure. According
to equation (3.3), in order to have market clearing, the weight function must at least satisfy

B(a)(pw(a) — ofv(a))* -

= f(a) fora.e.a€l0,1), F.3
e (@ 0.1) (.3
for some non-zero function f: [0,1) — R satisfying fo a)da = 0. The functlon f must
be non-zero in order to obtain a non-trivial equilibrium, Whlle the condition fo a)da =0

is required for the market to clear. A particular candidate for such a function is given by
fla) = /fw(a)(,uw(a)~— o¢v(a)) for a.e. a € [0,1), for some coefficient x # 0. In fact, this
particular choice of f is the only one that clears the market in a non-trivial way. Indeed, let
us denote

U = Rg.

' B(u /wGV u) + w(w))(pw(u) — ogv(u))
2 2 2 d
U (u, rvo(u)) (W0 + of)
Then, in order to have market clearing, equation (3.3) implies (see the third and the fifth
terms on the right-hand side of (3.3))

() — Bu)(pw(u) — v(u)og) . N
/[(0 0),(1,1)) ( o) (u, rvg(u)) )dW(uvs) =0 P-as.,

and thus by the [t6 isometry for Brownian sheets we obtain

B(f 0 (ot~ 22 )

)
o (- 2D

which holds true if and only if

B(a)(pw(a) — ofv(a))

kow(a) — (. roo(@) =0 forae a€l0,1). (F.4)
Hence, we find from (F.3) and (F.4) that
Bla)ple) ~otvl@) _ fw
Y(a,rvg(a)) pw(a) — agy(a) 0 ’

which implies that f(a) = kow(a)(uw(a) — v(a)o?). By letting

B(a)(pw(a) — ogv(a))
¥(a, rvo(a))

= rw(a),
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for some general k # 0, we get

/ B(u WGV u) + w(u)) (pulu) — ogv(v))
W (u, roo(u)) (420 + 0¢)

[ i) Lot ,

p2od + Ug

K.

As a result, we obtain that the weight function must be of the general form

_ otle)  o(a)Bla)
a4+ Hw pp(a) + ki (a, rvg(a))

for a.e. a € [0,1), k#0. (F.5)

From (F.5) we observe immediately that w(a) = 0 for all a € {5 = 0}.

(2) = (1): Let us now assume that the weight function is well-defined and of the form
(F.5), and that the set {5 # 0} has positive Lebesgue measure. We thus obtain that

Bla)(pw(a) — afv(a))
w(ﬂ% TUO(G))

— _Hw<a) for a.e. a & [Oa 1)7

and therefore

/ Blu) (pw(u) — ofv(u))?

U(u rvo(u))

du = K,/O (ogv(uw)w(u) — pw(u)?) du = 0.

Moreover, we find that

(/ B(u /wGV u) + w(u))(pw(u) — ogv(u))
W (u, roo(u)) (20 + o¢)

() ()02 — o)
! /[(0 0),(L,))

du) (2 - /Lagfot(g ~G,) ds)

S s —v(wac(g = G) duds)

= /@(Et — ,uoz(;fg(g — @5) ds) — /{(Et — ,uoz(;fg(g — @S) ds) =0,

which implies

1+ant) (! 1 t
X(l,t) = —p( t XA ) / da — OéA/ X(l,s) ds P—a.s.,
nvv o Y(a,rvp(a)) 0
and so the market clears under the condition (MC’). [

F.4. Existence of non-trivial equilibria

We first prove Proposition 3.4 which gives a necessary and sufficient condition for a non-

trivial equilibrium to exist.
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Proof of Proposition 3.4. If (3.6) holds, set w(a) = M%B{B#O}m)- We find that
I

1 2
O'g :/ w(a)? da :/ Vd)((a)r BT da
0 (sr0y (14 rHelal)

B(a)

_ O Vol e rfe)

(640} (1 + gwf (540} (1 + HMf B(a)

B(a) B(a)
V(a)2 /1
= da= [ v(a)w(a)da=p
~¥(a,rvo(a))
{p#0y 1 + K 5a) 0

The condition that { # 0} has positive measure guarantees that fo )2da > 0 and thus
= p > 0. Therefore, we can write

v(a) ozv(a)
w(a) = Liszoy(a) = Ls0}(a)
1 4 ez {570} o+ ezl {670}

for k = pk # 0, which shows that a non-trivial equilibrium exists by Proposition 3.2.
Conversely, Proposition 3.2 implies that the weight function is of the form

w(a) =

oiv(a) " (@)
Uarvo(a)) ~ (FA0HY
AT

or some k # 0 and that {8 # 0} has positive measure. Hence, we find that

1 ()2
of :/ w(a)? da:/ s (L(”z @ 5 da,
0 (80} (p + reg(el)?

which implies

oiv(a)?
/ N da-1. (F.6)
{20y (p+ reol)

Moreover, we have

! oiv(a)?
= / v(a)w(a)da = / o da
0 (s a,rvo(a))

#0} L+ R B(a)

o2u(a)? ov(a)?
— 1 34 (a) da + 3 (a) ﬁw(a,rvo(a)) da,
Y(a,rvo(a))\2 Y(a,rvo(a)) \2 5((1,)
{B=£0} (u + HT> {B#0} (# + K B(a) )
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which together with (F.6), yields

ogv(a)? W(a, rvo(a))
da =0,
/{ﬂ;«éO} (1 + RM)QK B(a) a

B(a)
and thus 2
/ v(a) “Y(a,rvo(a)) o
o0} (1474 - W)Z 5(a)
This is of the form (3.6) with & = r/p. m

Next we prove the existence result of non-trivial equilibria given in Proposition 3.5.

Proof of Proposition 3.5. Consider the functions

- v(a)? (a,rvo(a))
I(R) = /{ﬁ>0} (1 | R 1(”11 (a))) B(a) ‘

0
B(a)
w=- [
{8<0} (1 + &

(
(a,
From (3.7), we know that 1(0) # J(0).

First assume that I(0) > J(0). We note that J(&) is continuous on [0, s;), where s; is
the first blow-up time to infinity. We next show that such blow-ups indeed happen. Fix
a; € (0,1) with (a;) < 0. Because §(a) and ¢ (a,rvy(a)) are locally Lipschitz-continuous
on {f # 0}, ¥(a,rvg(a))/B(a) is locally Lipschitz-continuous at a;; denote by L; the related
Lipschitz constant. We have

(Tamrae) ™ e (1 i e

1/1((11 rvo(a1))B(a
_ _/ @D(alvTUO(fllW (a)? L Wla,rv(a) o
<0} B(ar)?

a,

<
S

2 )

Bllara@))? " f(a)

a
(w(a;(vaol()al)) _ TZJ((IBTZ;())(a)))Q ﬁ(a)
> _ [ P(ar, rvo(ar))*v(a)®  ¥(a,rvo(a)) »
B a1—e ﬁ(a1)2L%(a1 - CL)2 B(a)

-2

for a suitably chosen ¢ > 0. Because the integral of (a; — a)™* over (a; — €,a;) diverges,

we obtain J (ﬁm) = 00. Moreover, the assumption supyz gy 6 < 0 guarantees that
the blow-up does not happen immediately at zero, so s; > 0. Since I(0) > J(0), I(R) is
continuous and decreasing on [0, 00), and J(&) is continuous on [0, s1) and diverges to oo at
s1, there exists £ € (0, s1) such that [(&*) = J(&*).

Now assume that I(0) < J(0). We note that I(k) is continuous on (sg,0], where so
is the last blow-up time to infinity before zero. We next show that such blow-ups indeed
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happen. Fix ay € (0, 1) with 5(az) > 0. Because 3(a) and ¢(a, rv9(a)) are locally Lipschitz-
continuous on {8 # 0}, ¥(a,rve(a))/F(a) is locally Lipschitz-continuous at ay; denote by Loy
the related Lipschitz constant. We have

S ) (@) ¥(0,r0(a)
I| ————— | = . d
(i) Lo (1= Zentlormtny? ™ Gla)

_/ ¥(az, rvo(az))?v(a)? L Wla,rv(a)
- az,rvo(asz a,rvg(a))\ 2
(5501 Blay)?(Hezglea) _ Slermial B(a)

>

/am Y(as, rvo(az))*v(a)® Y(a,rvo(a))
aw  Blaz)’Li(az — a)? B(a)

2

for a suitably chosen ¢ > 0. Because the integral of (a3 — a)™* over (ag,as + €) diverges,

we obtain ](¢( —B(as)

az,rvo(az))

the blow-up does not happen immediately at zero, so so < 0. Since I(0) < J(0), J(R) is

) = oo. Moreover, the assumption infyz.oy 8 > 0 guarantees that

continuous and increasing on (—oo,0], and I(%) is continuous on (sq,0] and diverges to oo
at sg, there exists £* € (s2,0) such that I(&*) = J(K*).
In either case, we obtain

/ v(a)? wlaru(@)
{820} (1+ pu*%)z 5(a)
for £* # 0, which shows that a non-trivial equilibrium exists by Proposition 3.4. -

G. Proofs of Sections 4 and 5

This appendix contains the proofs of the results and statements from Sections 4 and 5.

Appendix G.1 covers Section 4, while Appendix G.2 covers Section 5.

G.1. Key financial market measures

Proof of Proposition 4.1. The conditional variance is defined as Var[G,|G] = E[(G,—G,)?|Gl],
which implies E[Var[G,|G,]] = E[(G; — G,)?] = ~. This is the mean squared filtering error
described by the Riccati equation (C.7). On the other hand, to compute the variance of Gy,
recall that dG; = ag(g — G;) dt + o dWE, and so we obtain by 1t6’s lemma that

t
Gr=e "G+ g(l—e ") + Ugf e Qe
0
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which implies Var(G;) = I_Z;ngtoé. Hence, we find that price informativeness satisfies
E|[Var|G 2 2
71—t VGG, Z0en 2067
t=oo  Var(Gy) t—oo 0, (1 — e2aa6t) o

Since the steady state mean squared filtering error satisfies

oo T EACRETD ey o
2 (ahol + aZo%) + oF ’ 0?

we thus obtain

2ag opy/(ahol + agop) (20 + 1) — agop

¢ T2 (apo + agop) + ap,

(1202 + 1) (%02 + aZ0}) — 20pagy/ (@302 + aZ02) (1202 + 1) + a0
T2og(abog + agop) + apog;

_ (V(apod + agop)(t20g +1) — O'DO{(;)2

2.2 2 2 2 2 2 2
204 (ahod + agop) + ahog,

I=1-

This concludes the proof. [ |

Proof of Proposition 4.2. From the market clearing equation (3.3) we immediately get

_ (0% — o)’ B (v(w)og — w(u)p)®
(XX e (H20g +07)? /[(0’0),(%0) 2020 (u, rug(u))? duds
(0% —agy)?, [* (U)Q(V(U)Ug —w(u)p)?
(12of, + o?)?t/o O i)

which implies

WXJQW@__wé—aan/“ﬁ@f@@ﬁﬁ—ﬂdwuf

ot - (u20 + 0Z)? 20 (u, rvg(u))?

Taking the square root concludes the proof. [ |

Proof of Proposition 4.4. Recall from Proposition 3.1 and Proposition 3.2 that the weight
function w that describes the equilibrium can be written as
oiv(a)

w(a) = oy Lisroy(@),  KER.

Note that x € R, since we want to describe both, trivial and non-trivial equilibria. Solving
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for k and then integrating over a from 0 to 1 thus yields

" /01 <% - M) % do= /{6760} (Ui”(ic)”) - M) w(a,ﬁ:;)(a)) da-

Since p # 0 by assumption, we may divide both sides of the above equation by u, and thus

g N /{ﬂﬂ} (Z%((Z; N 1) w(a,ﬁf;?(a)) da-

o and by realizing that the weight function in a trivial equilibrium is of

obtain

By denoting k& =
ng/(a)
I

" /{,8750} (wtzv(iz)(a) - 1) ¢(a7ﬁ7“(jo)(a)) o

Therefore, we see that the level of disagreement in the market satisfies

k| = ‘/{B;ﬁo} (wtr#z)(a) N 1)%01@‘ - /{57&0}

The second identity follows from

the form wyyiyial(a) = for any a € {8 # 0} (see Proposition 3.1), we may thus write

Wtrivial (CL)

_ ‘ |5(a)]
w(a) ¥(a,rvo(a))

da.

Z_ <wtrivial<a> B 1) o Bla) Va € {8 #0}.

w(a) a,rvo(a))
This concludes the proof. [ |

Proof of Proposition 4.5. By assumption, there exists a non-trivial equilibrium for the belief-
function 5. Hence, by Proposition 3.4 it holds that

/ v(a)? Wlarw(@)
(80} (

~¥(a,rvo(a)) |2
1+ k& ) ) 5(@

for some k # 0. However, for any ¢ # 0 it holds that

/ v(a)® Yl ru(a)) o }/ v(a)® Wla,rug(a)
(0 (14 Rrlep@)®  f'(a) ¢ Jippoy (14 £ term@)® - fa)

which is equal to 0 if %/ = R, or equivalently &' = ck. Hence, by Proposition 3.4 a non-trivial

equilibrium exists for the belief function /' = ¢f with &’ = ck. Its weight function satisfies

(0¢)*v(a) (oe)? v(a)
w'(a) = < 10y (a) = —— - Tig20y(a) = w(a)
P(arvo(a)) P70} / w  larvg(a)) - 1F'#0} g
W+ F&/—,B’(a) 1% 14 v B
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(;) =1, 5 = F = ck and {f # 0} = {8 # 0}. Hence, the weight

function remains the same. [ |

Proof of Corollary 4.6. This statement follows immediately from Proposition 4.5 by letting
G = %ﬁ, and keeping 1) as is. [ |

G.2. Market quality, wealth effects and the role of beliefs

Proof of Proposition 5.1. To prove (1), we note that

||wL||1 :/ Vfbajrvo(a)) daZ/ 1;?(1(6:30 (a)) da7
(a>0y |1 — I/ﬁl—\ 18>0} Rl =5

as well as

||wH||1 = / Vlgyao?r'ug a)) da < / wycfilgo(a)) da
<oy 1+ |5 L rnial) (p<oy || U555l

Since &k < 0, the strict inequality in (5.3) holds true, which by assumption implies

[ s g, [ das,
{B>0} Y(a,rvo(a)) {B<0} Y(a,rvo(a))
and therefore ||wr ||y > [|wgl|1-
Assertion (2) follows from (1) by replacing H with L and vice versa. |

Proof of Proposition 5.2. Let us first assume that vg(a) > vo(a’) implies v(a) > v(a') and
|B(a)] > |B(a)] for all a,a’ € [0,1). Since in addition vy(a) > vo(a’) implies ¥ (a, rvy(a)) <
w(a',rvg(a’)) for all a,a’ € [0,1), we find that

via via via
‘1—|R|@|21+||@>1+| |w (G.1)
8@ 8@ B(@)

for all & € R. Now, if LT(8) = 0 and # < 0 or L™ () = 0 and & > 0, then the weight
function of the less wealthy agents satisfies

wr(a) = Ha) g, (G.2)

L
14+ |,€|w a?’vo(a))

and it immediately follows from (G.1) that |wg|1 > ||wg]:-
Now, let us assume that vo(a) > wvg(a’) implies |B(a)| < |5(a’)| for all a,a’ € [0,1).

Moreover, assume that

min v(a) v(a)

> ma .
TR R
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Hence, the inequalities in (G.1) still hold true but with a,a” € [0, 1) such that vg(a’) > vo(a).
If HY(f) =0 and & <0 or H () =0 and &k > 0, then the weight function of the wealthier
agents is of the form given in equation (G.2), which now implies ||wg||1 > ||wg]|i- |

Proof of Proposition 5.5. Under the assumptions of assertion (1a), total precision of the

initial wealth allocation is given by

2 2
0 :/ v(a) _ ch_/ v(a) o
L) 1— |H°1d‘w)l(a)) HB) 1+ |/<;°1d|w(“|;“0)|( a))

and total precision of the new wealth allocation is given by

2 2
IuneW _ / - V<Zza,rv“ew(a)) da —|—/ - V(z)a ) da.
w8 1= R | =gy (o) 1+ [fmew | Moty

Since all investors have DARA utilities we find that ¥(a, rvi®(a)) < ¥(a,rvd(a)) for all
a € L(B), whereas ¥(a, rvi® (a)) > ¥(a, rv(a)) for all a € H(3). Hence, if 0 > "™ > geld
it holds that |&"V| < |#°4|, and thus by assumption we find for all a € L(3) that

1 — |~new|w<a rvgew(a)) 1— |~old| (a rvgld(a)) 1 max |l€01d| (a' Tvgld(a))

Ba)] Ba)] = o B(a)]

and therefore 0 < w*(a) < w¥4(a) for all a € L(B). On the other hand, for all a € H(3)
it holds by assumption that

> 0,

G rvgld(a)) max |0 Y(a, Tvgld(a))
Bl = R )
<1+ min |f<dnew|—(a Q) U(a, rvg™(a))

W H (5) 18(a)] B(a)]

and therefore 0 < wi"(a) < w%d(a) for alla € H(B). Consequently it holds that p°d > prev
and thus by Proposition 4.1 it follows that Z°4 > Znew,
To prove assertion (1b), we note that assumption &% > %% together with %4 < 0

1+ &%)

S 1+ ‘Rnew’

implies |#°4| < |&"%|, and therefore

a,rv5(a))

~old (
R )

Yla, rvg®™(a))

< LR )
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for all @ € H(S). On the other hand, we have by assumption that

R O ) o 075 (0)

>1— max |k

B =LA, B(a)]
sy ib(a, ro§(a)) sy, g (@)
2 1= min R 2 e Ry >

for all a € L(B). Hence, we find that w°4(a) > w""¥(a) > 0 for all a € [0,1) as before, and
so the same conclusion as in (1a) holds true.
Under the assumptions of assertion (2a), total precision of the initial wealth allocation is

given by

, 2
o / v(a)  da+ / v(a) —— da,
1+ |Kold’¢(“Lo)‘()) HPB) 1 — ’ROMIW

and total precision of the new wealth allocation is given by

. vw? [ vy
L(B) 1+ ’Knew|¢ a’rvne)“l'(a)) H(B) 1 — ’Knew‘d’ arg(r‘:;lr(a))

Since (a, vV (a)) < ¥(a, rvd(a)) for all a € L(B), &4 < &Y implies

Y(a, rvg®(a)) W(a, rvg(a))

|6(a)l |6(a)l

for all @ € L(3). On the other hand, it holds that 1 — max,epg) || X2TELD > 0 and

1_‘_|/~énew| S 1+|/~%01d|

1 — max |/{new|¢(a ) <1— min |Knewl¢(a ,T0 (a))

a€H(B) |B(a)] - acH(B) 1B(a)|
) bl @) (e rg(a)
<L e R g < R

for all a € H(f3). Hence, we find that w™*"(a) > w°4(a) > 0 for all a € [0, 1), and therefore

Iunew 2 ,UOld
Finally, to prove assertion (2b) we note that by assumption

BT ) L e )
Bl =T & B
<1+ min ’HOId’w (CL TU(C)) ((I))

a€L(p) |B( )| |B( )l

for all a € L(), and thus w}*"(a) > w94(a) for all @ € L(B). On the other hand, since

1 + ’Rnew|

<1+ |f@°1dy

127



|&°] < |&"Y|, and because ¥(a, rvi® (a)) > ¥(a, rvgd(a)) for all @ € H(f), it holds that

1 — |,~iold|¢(a’ rv(())ld(a)) >1— |%new|¢(a’ rv(r)lew(a))

|6(a)l

> 1 — max |,ﬂ%new|77/}(a7rv0 (CL))

18(a)| T acH(®) 1B(a)l

> 0,

for all @ € H(B). The strict inequality holds by assumption. Hence, we have wj™(a) >
w%(a) for all a € H(B). We may again conclude that w™¥(a) > w®4(a) > 0 for all
a € [0,1), and therefore pmev > 4. |
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